PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 133, Number 1, Pages 223-228

S 0002-9939(04)07602-6

Article electronically published on July 26, 2004

EXISTENCE AND UNIQUENESS OF SOLUTIONS
FOR QUASILINEAR ELLIPTIC SYSTEMS
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ABSTRACT. We obtain necessary and sufficient conditions for the existence of
positive solutions for a class of sublinear Dirichlet quasilinear elliptic systems.

1. INTRODUCTION

Consider the quasilinear elliptic system

—Apu=Af(v) inQ,
) —Agv = pg(u) inQ,
u=v=0 on 0},

where £, g :[0,00) — [0,00), Q is a bounded domain in RY with smooth boundary
00, Apu = div(|VulP~=2Vu), Ayv = div(|Vo]|9=2Vv), p,q > 1, and A, p are positive
parameters.

Recently, Dalmasso [2] studied existence and uniqueness of positive solutions
to (I) when p = ¢ = 2 and f(cg(x)) is sublinear at 0 and oo for every ¢ > 0.
Related results in the case when f(0) < 0 or g(0) < 0 are obtained in [4]. In this
paper, we are interested in the existence and uniqueness of positive solutions for
the quasilinear system (I) when f1/(=1(cg?/(@=1)(z)) is sublinear at 0 and oo for
every ¢ > (. We also show under additional assumptions that these conditions are
necessary for (I) to have a positive solution for all A, x> 0. Our results complement
and extend corresponding results in [2]. Our approach depends on fixed points
arguments and maximum principles.

2. MAIN RESULTS

We make the following assumptions:

(H.1) f,g:[0,00) — [0,00) are continuous, nondecreasing, and g(x) > 0 for z >
0.

(H.2) For each ¢ > 0,

limsup ————— = oo.
z—0t €
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(H.3) For each ¢ >0,

Then we have

Theorem 1. Let (H.1)-(H.3) hold. Then (I) has a positive solution (u,v) for all
A > 0.

Theorem 2. Let f,g satisfy (H.1). Suppose that there exist positive numbers
r,s with rs < (p—1)(¢ — 1) such that

[@) g 9@

x?" mS
are nonincreasing for x > 0. Then (1) has at most one positive solution.

Theorem 3. Let (H.1) hold, and suppose that there exist positive numbers ki, ko

such that
1 1
(*) iminf 27 FLITT(@) g
z—0t xT
and
1 1
(**) lim sup o (hag e (@) < 00.

Tr— 00 X

Suppose that (1) has a positive solution for all A, > 0. Then for each ¢ > 0,
o £ 0T @)
r—0+ x

and

lim inf —fp_l (g7 (@)

T—00 €T

=0.

Remarks. 1. Theorems 1 and 2 were established in [2] in the case when p = ¢ = 2.

2. The conclusion of Theorem 3 holds under the weaker assumption that (I) has
a positive solution for A, small and A, p large.

3. Let f(x) =2" +1, g(x) = 2°, where r,s > 0 and rs < (p — 1)(¢ — 1). Then
f, g satisfy the assumptions of Theorems 1 and 2, thus giving the existence and
uniqueness of a positive solution of (I).

4. Let f(z) = e*® g(z) = (In(1 + 2))® where a,3 > 0 and # < ¢ — 1. Then
(*) is satisfied for all k; > 0 and (**) is satisfied for small ko > 0. It follows from
Theorems 1 and 3 that (I) has a positive solution for all A\, u > 0 if and only if

8<q—1.

Let ¢, satisfy
(1) —App=1in Q, ¢ =0 on 09,
(2) —Agp=11in Q, ¥ =0 on .

Let D be a sub-domain of Q with D C Q. Let

1 ifze D,
M”_{Oﬁx¢p
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and let é, ¥ be the solution of
~App=h inQ,
¢ =0 on 9N

and
~Agp=h inQ,
{ =0 on 9%,
respectively. By the strong maximum principle (see [7]), there exist positive num-
bers M, m such that ¢ > M¢ in Q and ¢, ¢, ¢,¥ > m in D.
Without loss of generality, we assume that A = u = 1 in the proof of Theorems
1 and 2.

Proof of Theorem 1. By (H.2), there exists € € (0,1) such that
M fot (mgq%l(em)> > €.

For each w € C(Q), let u = Tw be the solution of

—Apu = f(v) in £,
—Agv = g(max(w,e¢)) in Q,
u=v=0 on 0N2.

Then T : C(2) — C(Q) is completely continuous (see e.g. [3], [5]). By (H.3), there
exists a number R > |¢|o such that
77 (loog ™ (R) ) [9]oc < B.

We claim that T : B(0,R) — B(0,R), where B(0,R) denotes the closed ball
centered at 0 with radius R in C(£2). Indeed, let w € C(£2) with |w|s < R. Then

we have
—Agv = g (max(w,e¢)) < g(R) in Q,
which implies by the maximum principle that
v < g (R) ¥,
Thus
- -
~Apu=f(0) < f (977 (R) v) < f (I¥lg ™ (),
and therefore
1 -
< 7 ([Wleg ™ (R)) &
Consequently,
o o
juloo < 7T (101acg ™7 (R)) [0]c < B
proving the claim.

By the Schauder fixed point theorem, T" has a fixed point v with |u|s < R. Next,
we verify that u > e¢. Since

em) in D,
“ Ay = g(max(u, £6)) > { glem) o o,

it follows from the maximum principle that

v > g7 (em) ¢
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Using this in the equation for u gives
1 .
—Apu _ f(’U) > f (mgq*l (ﬁm)> m D;
0 in Q|D,
and therefore
u > fﬁ (mgq—%(am)) ¢>M fv%l (mgq%l(em)) ¢ > €.

Since g(x) > 0 for z > 0, we have v > 0 in Q by the strong maximum principle.
This completes the proof of Theorem 1. O

Proof of Theorem 2. Let (u,v) and (u1,v1) be positive solutions of (I). As in [1],
[6], we define 6 = sup{e > 0: v > evy in Q}. Then v > dv;. If § < 1, then we have

“Agu = f(0) = f(61) = 6 f(vn).
Since )
—Ap(éﬁul) = 5Tf(’l}1),
it follows that
uw>0rTuy.
Using this in the equation for v gives
—Agv =g(u) > g(67 T ur) > 671 g(un)
which implies
v > §E D@ py,
a contradiction with the definition of . Thus 6 =1, i.e., v > vy, and so v = vy, u =
u1, proving Theorem 2. O

Before proving Theorem 3, we first establish

Lemma 4. Suppose that (H.1) and (*) hold, and let o, > 0 be such that

(3) fp_il (klgﬁ(x)) >ox for x€l0,n)].
Then there exists a positive number K > 0 such that for A\, > K, any positive
solution (u,v) of (I) satisfies
u>Co,
where C = —1—

|loc

Proof. Let (u,v) be a positive solution of (I), and let & = sup{e > 0 : u > €¢
in Q}. Then a > 0 and u > a¢. We claim that « > C' if A\, p are sufficiently large.
Suppose to the contrary that o < C. We have

am) in D,
—Aqv = pg(u) = pg(ag) = { gg( ) in QD
and so
This, in turn, implies

and

(4 uz AT ((uglam) T m) 6 = A7T 7 ((ng(am) 77 m) Mo
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follows. If mu'/(@=1) > k; and AP ToMm > 2, then since am < C|¢|oo = 7, it
follows from (3) and (4) that

u > AT f7T (/glgﬁ(am)) M6 > A\rTgamMeé > 2a¢,
a contradiction with the definition of a.. This completes the proof of Lemma 4. O

Proof of Theorem 3. Let ¢ > 0, and suppose that (I) has a positive solution (u,v)
for every A, u > 0. Then we have

[t oo < (AF([0]00)) 7 [ Bl
and

9]0 < (g(J1lo0)) 7 [
Hence

11 1 _1_
[uloo < AFTSTT (17T [9)oeg T (uloc) ) [9]cc-
For ,uﬁ [t)]oo < co = min(e, k), this implies
1 1 1 1 1
17 (g™t (ul)) 17 (7T W™ (i)
= [u]oc Rt

Using (**) and (5), we deduce that |uy|eo = |t|oo is bounded for A small, and hence

()

|] oo

0 Jim s = 0.

Combining (5) and (6) gives

Jimsup L9 @) _
X

z—0t+

Next, let A, be large enough so that A\, u > K, )\p%lmmin(al,k;) > 1, and
muq+1 > max(1, c), where

aj

ko= f7 (g7 ().

I
~
s
L
N
k)
Q
||~
—~~
Q
2
——

By Lemma 4,
—Aqv = pg(u) 2 pg(Ce)

and, using the arguments as in the proof of Lemma 4, we obtain
(7) v > pTTgTT (Cm) ¢,
Similarly, using (7) in the equation for u gives

w2 AT (T Tmg T (Cm)) 6 = AT Tard.
By repeating the arguments, we obtain a sequence of positive numbers (a,) such
that for n =1,2,...,

(U )\p%lanév

1 I TN
py1 = fr 1 (muq—lgq—l (Ap—lman)).
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Clearly, (a,) is monotone and bounded, thus converging to a limit ay. An induction
argument shows that
an, >k for n>2.

Hence a) > k > 0 and
ay = [ (m/“+194+1 (Aﬁmak)) '
This implies
77 (0™ ) 7T (1T (AP Tma )

1 - 1 )
Zx AP—Tmay Ar=11m

1 .
where z) = AP—Tmay. Since z)y — 00 as A — 00,

1,
lim inf —fp H(egT T (@)
T—00 x

This completes the proof of Theorem 3. 0

=0.
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