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ABSTRACT. We give conditions on an arbitrary directed graph FE for the asso-
ciated Cuntz-Krieger algebra C*(FE) to be decomposable as a direct sum. We
describe the direct summands as certain graph algebras.

0. INTRODUCTION

Recently various generalizations of Cuntz-Krieger algebras [2] have attracted a
lot of attention. In this article we are concerned with generalized Cuntz-Krieger
algebras based on directed graphs ([7] and references therein). One of the key
advantages in the theory of graph algebras is that a directed graph F is used
to conveniently represent generators and relations of the associated graph algebra
C*(E). Thanks to the combined efforts of a number of researchers, it is now known
how to read from the graph many of the basic properties and invariants of the
algebra.

As with many a mathematical theory, classification of the objects in question
presents itself as an important objective. A future classification of graph algebras
might be very useful in paving the way for other classifications of more general
classes of C*-algebras, similarly to the way the classification of Cuntz-Krieger alge-
bras was the starting point for the Kirchberg-Phillips classification of purely infinite
simple algebras. In this context, the class of non-simple purely infinite graph al-
gebras (in the sense of Kirchberg-Rgrdam) appears to be of particular interest (cf.
[6]). Certainly, the first necessary step towards a classification of non-simple al-
gebras is good understanding of their ideal structure. For graph algebras this has
been recently achieved (cf. [1,5]). These results have already been successfully ap-
plied in solutions to some concrete problems in the classification of graph algebras
as well as in quantum groups (cf. [4] 8] B]).

In the present article we consider the question when an ideal of a graph algebra
is a direct summand or, in other words, when a graph algebra decomposes as a
direct sum. This very natural question turns out to be more complicated than it
appears. Obviously, C*(E) splits as a direct sum when the graph FE is disconnected.
However, such a splitting also exists for many connected directed graphs. Especially
in the context of infinite directed graphs this is a subtle problem requiring careful
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analysis, and even for finite graphs it is not a trivial one. The main result of this
paper is a necessary and sufficient condition on an arbitrary infinite graph E that
guarantees that the associated graph algebra C*(E) decomposes as a direct sum.
Furthermore, we show that the summands are themselves isomorphic to certain
graph algebras.

1. PRELIMINARIES ON GRAPH C*-ALGEBRAS

Let E = (E° El,r s) be a directed graph with countably many vertices EY
and edges E', and range, source functions r,s : E' — E°, respectively. The
graph C*-algebra, or simply graph algebra C*(E) is defined as the universal C*-
algebra generated by families of projections {P, : v € E} and partial isometries
{S. : e € E'}, subject to the following relations:

(GA1) P,P, =0 for v,w € E°, v # w.

(GA2) S¥Sy=0fore, feFE, e f.

(GA3) S}S. = P, for e € E*.

(GA4) SeSZ < Ps(e) for e € B!,

(GA5) P, = Z S, S for v € E° such that 0 < [s71(v)| < oo.
e€EEL: s(e)=v

In this case, {P,,S. : v € E°,e € E'} is called a Cuntz-Krieger E-family. Uni-
versality in the definition means that if {Q, : v € E°} and {T. : e € E'} are
families of projections and partial isometries, respectively, satisfying conditions
(GA1-GAD), then there exists a C*-algebra homomorphism from C*(FE) to the C*-
algebra generated by {Q, : v € E°} and {T. : e € E'} such that P, — @Q, and
Se+— T, forv e E° e € E'. It is also equivalent to the existence of a gauge action
v : T — Aut(C*(FE)), which is characterized by v:(Se) = ¢S, and v.(P,) = P, for
ecE',ve E° teT.

As usual we denote by E* the set of all finite paths in E (vertices in E° are
identified with paths of length 0), and by E*° the set of all infinite paths in E. By
writing v > w when there is a path from v to w, we say that a subset H of E°
is hereditary if v € H and v > w imply w € H. A subset X of EY is said to be
saturated if every vertex v that satisfies 0 < [s71(v)| < co and s(e) = v = r(e) € X
itself belongs to X. The following definitions come from [I]. For a hereditary and
saturated subset X of E°, we denote Xfi* = {v € EO\ X : [s7'(v)| = 00, 0 <
[s7 ) Nr B\ X)| < oo} If w € XB, Pux = Yoept a(e)muwr(e)gx SeSe
denotes the subprojection of P,,.

Our methods in this article are mainly based on the structure of gauge-invariant
ideals of graph algebras (see [1] for details). Let X be a hereditary and saturated
subset of E°. For B C Xfi» we denote by Jx g the ideal of C*(E) generated by

{P, :ve X} and {P, — Py,x : we B}. When B = (), we write Jx g = Ix, the
ideal generated by {P, : v € X}. We have
(1) Jx,B = span{SanS;’;, Su(Pyw — Py, x)S,, -

a,n, v € E* r(a) =r(n) =veX, r(u) =r(v) =w € B}.
The ideal Jx g is gauge-invariant, i.e. v (Jx,g) = Jx g for all t € T. It is now
fully known that Jx g and the quotient C*(E)/Jx g are isomorphic to graph al-

gebras, associated with a directed graph xFp and a quotient graph E/X. To
form a directed graph xEp, let Fr(X,B) be the collection of all finite paths
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o = (a1,...,a)) of positive length such that s(a) € E°\ X, r(a) € X U B,
and r(a;) € X UB for j < |a|. Set Fg(X,B) = Fg(X,B)\ {e € E' : s(e) €
B and r(e) € X}. We denote by Fg(X, B) another copy of Fg(X, B), and write
@ € Fg(X,B) for the copy of @ € Fg(X,B). Then the graph yEp is given as
follows:

(xEB)’ = xE% = X UBU Fg(X, B),
(xEp)' = xEp
={ecE':s(e)e X}U{e€ E':s(e) € Band r(e) € X} UFg(X,B),

with s(@) = « and r(@) = r(a) for @ € Fg(X, B), and the source and range as
in E for the other edges of xEL. When B = (), we simply denote xEy = xE.
The quotient graph E/X is given by (E/X)? = (E°\ X) U {B(v) : v € Xfi"} and
(E/X)' =r~Y(E°\ X)U{B(e) : e € E*,r(e) € X"}, where r, s are extended by
s(B(e)) = s(e) and r(B(e)) = B(r(e)). Here [ is just a symbol helping to distinguish
v and e from the extra G(v) and f(e) in E/X, respectively. See [3, Example 1.4]
and [II Example 3.3], which illustrate the graphs x Fp and E/X respectively.

Theorem 1.1. Let E be a directed graph. Then there is a 1-1 correspondence
between the set of gauge-invariant ideals of C*(E) and the set of ideals of the form
Jx g where X is a hereditary and saturated subset of E® and B C X80 Moreover,
(1) ([3} Lemma 1.5]) the ideal Jx g is isomorphic to C*(xEg), and
(ii) ([ Corollary 3.5]) its quotient C*(E)/Jx p is isomorphic to
C*((E/X)\ B(B)).
If B= Xf" then
C*(B)/Jx i = C*(E\ X),
where E\ X = (E°\ X,r~1(E°\ X),r,s).

2. DIRECT SUM DECOMPOSITIONS OF GRAPH C*-ALGEBRAS

Definition 2.1. Let E be a directed graph. If there exist two non-zero C*-algebras
A, B such that C*(E) = A® B, then C*(FE) is said to be decomposable. Otherwise
C*(E) is indecomposable.

Our aim is to find conditions on E so that C*(E) is decomposable. We denote
by Prim(A) the set of all primitive ideals in a C*-algebra A, equipped with the
hull-kernel topology.

Lemma 2.2. If C*(E) = A® B with non-zero closed ideals A and B, then A and
B are gauge-invariant.

Proof. Since every ideal in C*(FE) can be realized as the intersection of a family of
primitive ideals and Prim(C*(E)) is the disjoint union of Prim(A) and Prim(B), it
suffices to show that Prim(A) and Prim(B) are invariant under the gauge action ~.

If J is a primitive ideal of C*(F) that is not gauge-invariant, then there exists
a homeomorphic imbedding ¢ : T — Prim(C*(E)) such that J belongs to ¢(T),
by combining Lemma 2.8 and Theorem 2.10 of [5]. Furthermore, ¢(T) is invariant
under the gauge action. Since T is connected, ¢(T) is connected in Prim(C*(E)).
However, both Prim(A4) and Prim(B) are closed and open, and therefore ¢(T) is
entirely contained either in Prim(A) or in Prim(B). Consequently, both Prim(A)
and Prim(B) are invariant under the gauge action. d
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Note that in Definition 1] for C*(E) to be decomposable we do not a priori
require that A and B be graph algebras. However, this turns out to be true by the
following theorem.

Theorem 2.3. If C*(E) = A® B with non-zero closed ideals A and B, then there
exist non-empty, disjoint, hereditary and saturated subsets X and Y of E° such that
A= Jx xin, B=Jyysn, and (X U Xiyn (Y uYln) = 0. Furthermore, C*(E) is
decomposed into the direct sum of two graph algebras as C*(E\Y)® C*(E \ X).

Proof. By Lemma 2:2] A and B are gauge-invariant. Then by Theorem [ there
exist two hereditary and saturated subsets X and Y of E° such that A = J x,c and
B = Jy,p where C C Xg‘on and D C YO%“. We have

X={veE":P,cA, C={veE’\X:P,—~P,xcA},
Y={veE":P,eB}, D={veE°\Y :P,—P,y € B}.

It follows from the decomposability of C*(F) that X and Y are non-empty and
disjoint. Then, by the definitions of X" and Yfir xfinnyfin =g,

To show the fact C' = X" suppose that there is a vertex v € Xfi"\ C. Then
the projection P, — P, x ¢ Jx,c. Since C*(E) = Jx.c ® Jy,p, we must have
P, — P, x € Jyp, or v € D CYH a contradiction to the fact Xin nyfin = ¢.
Thus we must have C = X" and a similar argument yields D = Yf". The fact
(X UXin)yn (Y uYin) = () then follows easily from the hereditary and saturated
properties of X and Y.

Moreover, if C*(E) = Jx xin ® Jy,ysn, then
Ix xom = CH(E)/Jyymm = C*(E\Y)
and
Jyyin = C*(E)/Jx xim = C*(E\ X),
ie. C*(E) 2 C*(E\Y)® C*(E\ X). O

Remark 2.4. By Theorem [T} we know that Jy xmn = C*(xExm). If C*(E)
is decomposable as in Theorem X3 then C*(x Exin) & Jx xin & C*(E\Y). In
general, the two graphs x Exsin and E\Y are different even though their associated
graph algebras are isomorphioé.

The following observation will be useful later in this article.

Lemma 2.5. Let X andY be non-empty, disjoint, hereditary and saturated subsets
of E° such that C*(E) = Ix,xin @ Jyynn. Ifu € E°\ (X UY), then there exists
a path in E from u into X UY.

Proof. Suppose that there exists no paths in F from u into X UY. We have
u g X yyhin Since P, must be in one of the summands, it suffices to show
PyJx xin = 0 = PyJyysn to obtain a contradiction. We use the description of
the ideals Jx xsn and Jyysn given by the formula (I). If w € X (or Y) and a,n
are paths in E with r(«) = r(n) = w, then there must be no paths in F from u
to both a and n by assumption. Hence P,(S.PyS;) = 0. Let w € XA and p,v
be paths in F with r(u) = r(v) = w. Again there must be no paths in F from u
to both 1 and v. Hence we get P, (S, (Pw — Puw,x)S;) = 0. Similarly we obtain
Py, (Su(Py — Pyy)S:) = 0 for the case of w € YA, O
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3. CERTAIN REPRESENTATIONS

We now focus on constructing two representations (Lemmas and B4) of
C*(FE), which will play a crucial role in proving our main result. To this end, it is
useful to consider a certain subgraph F' of E. Let X and Y be non-empty, disjoint,
hereditary and saturated subsets of E°. Then the subgraph F = (F°, Fl r s) of E
is given by
(2) FO = E°,

(3)
F'=FE'"\ ({e€ E': s(e) € X8, r(e) e X}U{f € E': s(f) e YA, r(f) €Y}).

Let Q be the collection of all finite paths in F' beginning outside X UY and ending
inside X UY, upon the first entry into X UY, i.e.,

Qi={w=(e1,...,ex) € F: s(w) € X UY, r(w) € XUY, r(e;)) ¢ X UY
for i <k (ke N\ {0})},

and let Hq be the Hilbert space with an orthonormal basis {£, : w € Q} indexed
by Q. We define projections {Q, : v € E°} and partial isometries {T, : e € E'} on
Hq as follows:

| & ifv=s(w),
(4) Qu(€) = { 0 otherwise,

_J &ew) ifr(e) =s(w),
(5) Te(g“) - { 0( : otherwise.

Note that for v € E°\ (X UY), the projection @, has finite rank if and only if there
exist finitely many paths in F' from v to X UY. Indeed, the vertex v € E°\ (XUY)
corresponds to a projection @, that maps onto span{¢, : s(w) = v,w € Q}.

Lemma 3.1. Let X and Y be non-empty, disjoint, hereditary and saturated subsets
of E°. Let F be the subgraph of E as defined in (2) and (3). If for every v €
E°\ (X UY) there exist finitely many (and at least one) paths in F with source v
to X UY, then there exist only finitely many edges in F' emitting from v.

Proof. Let v € E°\ (X UY) satisfy the above conditions. Suppose that there are
infinitely many edges e in F' with s(e) = v. By passing this into the graph E, we
see that v ¢ X2 UYfn in E. Hence only two cases are possible.

(i) If all edges e € s~1(v) satisfy 7(e) € E°\ (X UY) except finitely many edges,
then there are finitely many paths in F' from r(e) to X UY by assumption. These
would produce infinitely many paths in F' from v to X UY, a contradiction.

(ii) If there are infinitely many e € E' with s(e) = v, r(e) € X and infinitely
many f € E! with s(f) = v, r(f) € Y, then all these edges still remain in the graph
F to yield infinitely many paths in F' from v to X UY, a contradiction. U

We now examine whether the family {Q,,T. : v € EY e € E'} satisfies the
Cuntz-Krieger relations for E. Conditions (GA1) and (GA2) are obvious. Condition
(GA3) follows from the fact that T T (£,) = Qv(&w) if and only if s(w) = v = r(e).
Similarly, condition (GA4) is fulfilled. Unfortunately this family may not satisfy
(GA5). Indeed, suppose v € E° has the property 0 < [s7!(v)] < oo in E. For
any e € s 1(v), T.T} is a projection onto span{&, : w = (e,w’) for some w' €
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Q and r(e) = s(w’)}, while the range of the projection @, includes the vector
&ty for some w” € Q and r(f) = s(w”), whenever there is an edge f € E' such
that s(f) = s(e) = v and e # f. Bearing this in mind, let us define R, as the
projection onto span{&. |e € E',s(e) = v,7(e) € X UY'}. Then R, is a projection
of finite rank in B(Hgq) by the construction, and

(6) Q. = > T.T) + R,.
e€E! s(e)=v,r(e)gXUY

By hint of this, we pass the generating family into B(Hgq)/K(Hg) so that the image
forms a Cuntz-Krieger E-family. To this end let 7 : B(Hg) — B(Hq)/K(Hq) be
the canonical quotient map. Then {7(Q,),7(T.) : v € E°,e € E'} forms a Cuntz-
Krieger E-family in B(Hq)/K(Hq). Indeed, it is enough to check (GA5). Solet v €
E°be 0 < |s71(v)] < co. Since the rank of R, onto 5pan{&,. |e € El, s(e) = v,r(e) €
XUY} is finite in B(Hq), the formula (6) yields m(Quv) = > .cp1 5(e)=p T(Te)m(Te)"
in B(Ha)/K(Hgq), and hence (GAS5) holds.

Lemma 3.2. Let X and Y be non-empty, disjoint, hereditary and saturated subsets
of E°. Then there is a *-homomorphism

p: C*(E) — B(Ha)/K(Ha),
satisfying p(Se) = w(Te), p(Py) = 7(Q.), e € E', v € E°, and p(Jx xmn) =
P(JY,YQH) = {0}.
Proof. Since {7(Q,),n(T.) : v € E°,e € E'} forms a Cuntz-Krieger E-family in
B(Hq)/K(Hq) by the above argument, universality of C*(E) implies that there
exists a *—homomorphism p : C*(E) — B(Hq)/K(Hq) such that p(S.) = n(T.),
p(P,) =7(Q,), e € E', v e EY.

For the remaining part p(Jx xsn) = {0}, we check on the generators P, and
Py — Py, x of Jx xin, whenv € X and w € Xfn Ifv € X, then p(P,) = 71(Q,) =0
because there is no a € Q satisfying s(a) = v. Let w € X% Ifa = (ey,...,ex) €Q
with s(a) = w, then r(e1) ¢ X. Hence we have m(Qu)éa = T(Qu,x )& for all
a € Q, and thus p(Py, — Py x) = m(Quw — Qu,x) = 0. The similar argument gives
P(JY,Yggn) = {0}. 0

Now let v € E°\ (X UY) and suppose there is an infinite path, say a =
(a1,az2,as,---) in E such that s(a) = v. We define a corresponding representation
of C*(E). Let A be the collection of all infinite paths in E that are shift-tail
equivalent to « (recall that an infinite path (eq, eo, es, - - -) is shift-tail equivalent to
«a if there exist k,m € N such that exy; = a4 for all i € N), ie.,

A= {Bz(bl,bg,bg,”')GEwZ | k‘,mEN s.t. ka:amH for all iEN},

and let Hp be the Hilbert space with an orthonormal basis {(3 : € A} indexed
by A. For w € EY and e € E! we define a projection U, and a partial isometry D,
on Hy as follows:

(7) Uuw((s) = {06 otherwise,

if r(e) = s(83), where 8 = (b1,ba,...) € A,
otherwise.

© D {ger
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Lemma 3.3. Let X andY be non-empty, disjoint, hereditary and saturated subsets
of E°. If a vertex v € E°\ (X UY) has an infinite path o = (a1,az,a3,---) in E
with s(a) = v, then there is a x-homomorphism

0: C"(E) — B(Ha)

such that o(P,) = Uy, and o(S.) = D, for all w € E°, e € E'. Furthermore, if a
never enters X UY, then o(Jx xin) = o(Jy,ynn) = {0}.

Proof. Tt is easy to show that the family {U,,D. : w € EY e € E'} as defined
in (7) and (8) is a Cuntz-Krieger E-family, and thus universality of C*(F) implies
that there is a s*-homomorphism g : C*(E) — B(Ha) such that o(P,) = U, and
0(S.) = D, for all w € E°, e € EL.

Now suppose that o never enters X UY, that is, 7(a;) ¢ XUY for all j. It suffices
to check that  kills all the generating projections of the ideals Jx xnin and Jy yfin.
First we show that ¢ kills all generating projections P, and P, — Py x of Jx xiin
for w € X and u € X, If w € X satisfies o(P,) # 0, then there exists an infinite
path 8 = (b1,ba,---) such that s(3) = w and bxy; = am4,; for some k,m € N.
By the hereditary property of X, r(by) = r(am) € X, a contradiction. Now let
u € Xg‘o“ satisfy o(Py,x) # 0. Since P, x = P, — ZeEEl,s(e)=u,r(e)€X SeS?, there
exists an infinite path 8 = (by, b, ...) such that s(8) = u, bgy; = amy; for some
k,m € N, and r(b;) € X. This is a contradiction, since the hereditary property of
X would then imply that a enters X.

By replacing X with Y in the above argument we can easily show that o kills
the generating projections P, and P, — Py of Jy ysn forw € Y and u € yin O

Lemma 3.4. Let X and Y be non-empty, disjoint, hereditary and saturated subsets
of E° such that C*(E) = Jx,xm ® Jy,ysn, and let F be the subgraph of E as defined
in (2) and (3). Ifv € E°\(XUY) and there are no paths in F from v to XUY, then
there exists a representation ¢ of C*(E) such that o(Jx xin) = o(Jy,ysmn) = {0}
but o(Py) # 0.

Proof. Let v € E°\ (X UY). Assume that there are no paths in F' from v into
X UY. We first show that there exists an infinite path in E which begins at v
and never enters X UY . By Lemma there exists a path in E from v to X UY.
Suppose that it enters, say X. Let w be the last vertex on this path which is not
in X. Because of our assumption on v, the vertex w must satisfy the following:

(i) w belongs to X'in,

(ii) there is no edge in E which begins at w and ends inside Y.

Condition (i) is obvious. Indeed, if w ¢ X% then it would yield a path in F
from v to X, a contradiction. Condition (ii) also holds obviously by the same reason
as the case of (i). (Note that if the path enters Y, then the conditions become (i)
w € YA and (ii) there is no edge in E which begins at w and ends inside X.)
This means that there are finitely many edges e € E' such that s(e) = w and
r(e) ¢ X UY. Then, by applying Lemma again to the vertex r(e), we see
that there exists a path in E from r(e) to X UY. Now the same argument with
r(e) as before yields a vertex u satisfying the conditions (i) and (ii). Continuously
we can produce an infinite path in E from v that never enters X U Y. Call it
a= (a1, az,a3, ).

Now consider the corresponding representation ¢ on the Hilbert space Hp as
defined in (7) and (8). Since the path « begins at v, it follows that o(P,) # 0.
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Moreover, since « never enters X UY, p is zero on both Jx xsn and Jy yin by
17 F oo 77 oo
Lemma [3.3] (I

4. THE MAIN RESULTS

We now have all the ingredients to prove our main theorem.

Theorem 4.1. Let E be a directed graph. Then C*(E) is decomposable if and only
if there exist two non-empty, disjoint, hereditary and saturated subsets X andY of
E° such that for every v € E°\ (X UY) there exist finitely many (and at least one)
paths in F from v to X UY, where F is the subgraph of E as defined in (2) and
(3).

If this is the case, C*(E) is decomposed into two graph algebras as C*(E\Y) @
C*(E\ X).

Proof. (=) Let C*(E) be decomposable. Then by Theorem 23] there exist
two non-empty, disjoint, hereditary and saturated subsets X and Y of E° such
that C*(E) = Jx xm & Jy,ym and (X U Xy (Y uyin) = (. We now form
the subgraph F of E as defined in (2) and (3), and let v € E°\ (X UY). By
Lemma[3.2, there is a representation p of C*(FE) on the Hilbert space Hg, such that
P(JX,X?;) = P(JY,Yggn) = {0}.

Suppose that there are infinitely many paths in F' from v into X UY. Then the
projection @, as defined in (4), has infinite rank in B(Hgq), and hence 7(Q,) # 0
in B(Hq)/K(Hg). Since p(P,) = m(Q,), it follows from Lemma [B:2] that P, # 0
in C*(E)/(Jx xmm © Jy,ysn), or Py & Jx xin @ Jy,ysn = C*(E), a contradiction.
Thus there exist only finitely many paths in F' from v to X UY.

Now suppose that there are no paths in F' from v to X UY. Then by Lemma
B2l there exists a representation ¢ of C*(F) on the Hilbert space Hp such that
o(Jx, xun) = o(Jy,ysn) = {0}, but o(F,) # 0. This means P, & Jx xtin @ Jy,ysn =
C*(E), a contradiction. Hence there must exist at least one path in F' from v to
XUY.

(«<=) Let X and Y be non-empty subsets of E° satisfying the above conditions.
We show that Jx xin N Jy,ysn = {0} and Jx xmn U Jy,ysnn generates C*(E).

Step 1. For Jx xun N Jyynn = {0}, it is enough to check the following cases by
virtue of ().

(i) We show (Sa Py S5)(S,P5;) = 0 for paths a, 3, u, v such that r(a) = r(3) =
w €Y, r(u) =r(v) =v € X. Suppose that either 3 is an initial subpath of p
or p is an initial subpath of 8. This implies that either there is a path from Y to
X or vice versa, a contradiction since X and Y are hereditary and disjoint. Thus
S5S, = 0.

(ii) We show (SQPU,S;;)(SH(PU — P, x)S}) = 0 for paths «, 8, u, v such that
r(a) =7(8) =w €Y and r(u) = r(v) = v € X" Note that 3 cannot be an initial
subpath of . Otherwise this creates a path from w € Y to v, and the hereditary
property of Y implies v € Y; but now v € Xf*NY and v > X implies that XNY # ()
since X and Y are hereditary. This contradicts the fact Xi"NY = . Next, assume
that 4 is an initial subpath of 8. We write 8 = (u,81) and 31 = (e,e1, -+, ex).
Note that r(e) ¢ X because X is hereditary and r(8) = w € Y. Thus S}P, x =
Se X remt s(f=vr(f)gx SrSf = S¢. This implies S7 (P, — Py, x) = S; P, — 5¢ =0,
and hence

S5S(Py — Py x) =85 (P, — P, x) =5, ...5.,Sc(P, — P, x) =0.
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(iii) The same argument as (ii) gives (Sa(Puw—Pu,v)S5)(SuPuS;) = 0if a, B, p, v
are paths such that r(a) = 7(3) = w € YA and r(u) = r(v) = v € X.

(iv) We show (Sa (P — P,y )S5)(Su(Py — Py,x)S;) = 0 for paths a, 3, u, v such
that r(a) = r(8) = w € Yi" and r(u) = r(v) = v € X It is enough to show
this when there would be a path from v to w or vice versa. If v > w, then write
B = (u, B1) with a subpath 3y (if w > v, then write u = (5, u1) with a subpath
p1). The same argument as (ii) yields the result.

Step 2. To show that the ideal J generated by Jx xun U Jy yin equals C*(E),
it suffices to observe that J contains all projections P,, v € EY. Clearly, we only
need to examine vertices v € E°\ (X UY). To this end, we use the induction on
the number of finite paths in F from v € E%\ (X UY) to X UY.

(i) Suppose that there is only one path (eq,...,ex) in F such that v = s(ey),
r(e;) € X UY for i < k, and r(ex) € X UY. We show by reverse induction on
i=1,...,k that P, belongs to the ideal J generated by Jy xin and Jy ysin. (To
simplify notation, we agree that eyi1 is the vertex r(e).) Indeed, suppose that
Pye, 1) € J. If s(e;) does not belong to XA U Y™ then e; is the only edge in E
emitted by s(e;), and hence r(e;) = s(e;y1). Now S, = Se, Pr(e;y = Se; Po(e, 1) € J,
and it follows that P,y = S, S, € J, and we are done. If s(e;) € Xfinthen e;
is the only edge emitted by s(e;) whose range lies outside X. For otherwise there
existed more than one path in F' from v to X UY. Thus S, S;, € J by the previous
observation. Hence we have Py(c,) = (Py(e,) — Ps(e;),x) +5¢,5, € J, and the claim
follows.

(ii) Now suppose that P, € J for all vertices w € E° \ (X UY') for which there
are at most n paths in F' from w to X UY. Let v be a vertex in E°\ (X UY) with
n + 1 paths in F' from v to X UY. Let (e1,...,ex) be one of these paths. Since
there are at least two paths in F' from v to X UY, it follows that there exists an
index 7 such that s(e;) emits at least two edges in F'. Let m be the smallest such
an index. Then for every edge f in F' with s(f) = s(en) we have P,y € J, by
the inductive hypothesis. Indeed, for each such f the number of paths in F' from
r(f) to X UY is not greater than n.

If s(ey,) does not belong to X" U VI then every edge emitted by s(e,,) is
in F, and there are only finitely many such edges by Lemma [3.1] Thus Pye,) =
Dos(f)=s(em) S157 belongs to J. If s(en) € Xfinthen every edge emitted by s(e)
with range outside X is in F'. Thus in this case we again see that Py, ) = (Py(,,)—
Pylen),x)F 25 (fy=s(enm) SrSF belongs to J. In either case, by the choice of m, there
exists a unique path (e, ..., e,—1) in F from v = s(e1) to s(ey,). Thus, a reasoning
as in part (i) above shows that Py ;) € J forall j =1,...,m. Consequently P, € J.
This ends the proof of the inductive step and the proof of Step 2.

Finally, if C*(E) = Jx xsn © Jy,ysn, then it is clear from Theorem [LT] that
Jx xm = CY(E)/Jyym = C*(E\Y)

and

Jyyan = C*(E)/Jx xun = C*(E\ X).
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Corollary 4.2. Let E be a directed graph with finitely many vertices. Then there
exist finitely many subgraphs F1,...,F, of E such that C*(E) =2 C*(Fy) ® -+ @
C*(F,) and each C*(Fy,) is indecomposable.

Proof. The decomposition of C*(E) depends on the existence of two non-empty,
disjoint, hereditary and saturated subsets X and Y of E° satisfying conditions in
Theorem Il If no such subsets X and Y exist, then the algebra C*(E) is itself
indecomposable. Otherwise, C*(E) = C*(Fy)® C*(F) for some graphs F} and Fb.
If both C*(Fy) and C*(F,) are indecomposable, we are done. Otherwise, find a
direct sum decomposition of the algebras C*(F;) whenever they are decomposable.
Continuing this process yields the result after a finite number of steps. O

5. C*-ALGEBRAS OF FINITE GRAPHS

This section is devoted to giving a more feasible criterion for C*-algebras of finite
directed graphs, even though it can be covered by Theorem ETl.

Theorem 5.1. Let E be a finite directed graph. Then C*(E) is decomposable if
and only if there exist two non-empty, disjoint, hereditary and saturated subsets X
and 'Y of E° such that for every vertex v € E°\ (X UY) (i) there exist paths from
v to both X and Y, and (ii) there is no loop passing through v. If this is the case,
CE)y=Ix® Iy 2C*(E\Y)®C*(E\ X).

Proof. (=) By taking B = ) in Theorem 23] we see that C*(F) = Ix @® Iy with
two non-empty, disjoint, hereditary and saturated subsets X and Y of E°.

(i) Consider a vertex v in E°\ (X UY) and suppose for a moment that there is
no path in F from v to a vertex in Y. Since Iy = W{SQPMSE ra,f € B weE
Y, r(a) = r(8) = w}, it is clear that P,Iy = {0}. Since C*(F) = Ix & Iy we must
have P, € Ix and consequently v € X, a contradiction. Hence there is a path from
v to Y. Similarly, there must be a path from v to X.

(ii) Suppose v € E°\ (X UY) and there is a loop p = (pi1, .. ., pix) in E through v.
Since the ideal Ixyy, generated by Ix and Iy, equals C*(E) we have Ixyy = Igo.
But XUY is a hereditary set and Ixuy equals I, xuyy, where X(XUY') denotes the
saturation of X UY. Since a gauge-invariant ideal determines the corresponding
hereditary and saturated subset of E?, we must have (X UY) = E° and, in
particular, v belongs to the saturation of X UY. Now (X UY) = E° is the
union of the sequence ¥, (X UY), defined inductively by £o(X UY) = X UY and
Ynt1 = Zn(XUY)U{w € E°: 0 < |s7}(w)| and s(e) = w imply r(e) € T, (XUY)}
(cf. [Il Remark 3.1]). Due to v & Xo(X UY) we can choose the smallest integer
n > 0 such that v € X,,(XUY"). Since s(u1) = v we have r(u1) € X,,—1(XUY). But
it is easy to see that 3, _1 (X UY) is hereditary. Therefore v = r(ux) € £,—1(XUY),
a contradiction to our choice of n.

(<=) Let X and Y be subsets of E° satisfying the above conditions. The fact
that Ix NIy = {0} follows by an argument similar to the proof of Theorem €Il To
show that the ideal generated by Ix U Iy equals C*(F), i.e. this ideal contains all
projections P,, v € E°, we show that the saturation (X UY') equals E°. Suppose,
by way of contradiction, that X(X UY) # EY. We define a partial order < for
vertices in E°\ £(X UY) so that v < w if and only if there is a path from v to w.
Note that since there are no loops through vertices in E°\ (X UY) it follows that
v =< w implies w A v. Since the set E°\ X(X UY) is finite, there exists a maximal
element vy with respect to <. This vertex vy is not a sink by assumption. Also,
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vo does not emit any edges into E° \ ¥(X UY), and hence it emits all its finitely
many edges into (X UY). Consequently vg € X(X UY), a contradiction. It is
then clear that C*(E) = Ix @ Iy 2 C*(E\Y)® C*(E\ X). O

6. EXAMPLES

Example 6.1. Let E, E5 be the following finite directed graphs. The algebra
C*(F4) is indecomposable by Theorem B, because X = {v,w} and Y = {u,w}
are the only hereditary and saturated subsets of EY, and they are not disjoint.

In the graph Fs, X = {v} and Y = {u} are disjoint hereditary and saturated
subsets of EY. Note that C*(Es) is decomposable by Theorem Bl because w €
E§\ (X UY) has paths to both X and Y, and there is no loop based at w. The
decomposition depends on the graph E»\Y = F2\ X, and hence C*(Ey) = (M2(C)®
C(T)) & (M2(C) ® C(T)).

E1 E2

B2\ Y

Example 6.2. Here (00) denotes that there are infinitely many edges from w to w.
X = {v} and Y = {u} are disjoint, hereditary and saturated subsets of E°. From
the corresponding subgraph I of E as defined in (2) and (3), we see that C*(E) is
decomposable by Theorem .11

—e Canii®

E F
Hence C*(E\ X) 2 K ® C(T) and C*(E \Y) = M(C) ® C(T), and both are
indecomposable.
w  (00) w
B\ X E\Y

That is, C*(F) 2 (K ® C(T)) & (M2(C) @ C(T)).

Example 6.3. The sets X = {v} and Y = {u} are disjoint, hereditary and sat-
urated subsets of E°. Here the corresponding subgraph F of F is the same as E.
Since there are infinitely many path in F from w € EY\ (X UY) entering X UY,
C*(E) is indecomposable by Theorem E.T]

E=F
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Example 6.4. The sets X = {«} and Y = {y} are disjoint, hereditary and satu-
rated subsets of E°. Since there exist no paths in F from v € E°\ (X UY) (and
from w € B\ (X UY)) entering X UY, C*(E) is indecomposable by Theorem F1l.

x Yy x Y
[ ] [ ]
(00) (00)
v w p‘<>' w
E F
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