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ON NEARLY ABELIAN POLYNOMIAL SEMIGROUPS
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(Communicated by Linda Keen)

Abstract. Let G be a polynomial semigroup containing an element with de-
gree at least 2 with the semigroup operation being functional composition. We
prove that G is nearly abelian if and only if the smallest G−completely invari-
ant closed subset of the Riemann sphere is not equal to the Riemann sphere.
We also give a positive answer to Conjecture 7.1 in Hinkkanen and Martin’s
paper on the dynamics of semigroups of rational functions.

1. Introduction

In the series of their papers, Hinkkanen and Martin tried to extend the classical
theory of the dynamics associated to the iteration of a rational function of a complex
variable to the more general setting of semigroups of rational functions; see [4, 5],
etc.

Let
fj : Ĉ → Ĉ (j = 1, 2, · · · )

be rational functions. We denote by

G = 〈f1, f2, · · · , fn, · · · 〉

the semigroup generated by the family {fj : j = 1, 2, · · · } with the semigroup
operation being functional composition.

The Fatou set of the semigroup G is defined by

F (G) = {z ∈ Ĉ : G is normal in some neighbourhood of z}

and the Julia set of G by J(G) = Ĉ \ F (G). We write F (f) and J(f) for F (〈f〉)
and J(〈f〉). Then F (f) and J(f) are the Fatou set and Julia set respectively, in
the classical iteration theory of Fatou and Julia. It is obvious that the dynamics of
a semigroup is more complicated than that of iteration of a single function. Some
properties in the classical case cannot be preserved for the case of semigroups. For
example, F (G) and J(G) may not be completely invariant, and J(G) may not be
Ĉ when J(G) has an interior point; see the examples in [4].
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In order to extend Sullivan’s famous result, non-existence of wandering domain
([8]), to the rational semigroups, Hinkkanen and Martin introduced a new notion.

A rational semigroup G is called nearly abelian if there exists a compact set
Φ(G) of Möbius transformations such that

(1) for any pair {f, g} ⊂ G, there exists an element (denoted by [f, g] here and
in the following) in Φ(G) such that f ◦ g = [f, g] ◦ g ◦ f ;

(2) for any pair {f, g} ⊂ G, [f, g](F (G)) = F (G).
They proved that Sullivan’s theorem remains valid in such semigroups. In [7],

Stankewitz defines the Julia set J(G) of G in a different way as follows:

K(G) =
⋂
{S ⊂ Ĉ : S is closed, G-completely invariant and card(S) ≥ 3},

where a set M is called G-completely invariant if it satisfies the following:
(1) f(M) ⊂M for any f ∈ G;
(2) f−1(M) = {z : f(z) ∈M} ⊂M for any f ∈ G.
Then, obviously, K(G) is completely invariant and we have

Proposition 1.1. If G contains an element whose degree is at least 2, then K(G) =
J(G) if and only if J(G) is G-completely invariant.

In [7], Stankewitz proved

Theorem S. Let both f and g be two polynomials with degree at least 2. If J(f) 6=
J(g), then K(〈f, g〉) = Ĉ.

We will discuss this further and prove

Lemma 1.1. Let G be a polynomial semigroup containing an element with degree
at least 2. Then K(G) = Ĉ if and only if there exist two elements f, g ∈ G with
degree at least 2 such that J(f) 6= J(g).

By using this generalization of Theorem S, we will prove the following result in
Section 2.

Theorem 1.1. Let G be a polynomial semigroup containing an element with degree
at least 2. Then G is nearly abelian if and only if K(G) 6= Ĉ if and only if ∞ /∈
K(G).

Corollary 1.1. Let G be a polynomial semigroup containing an element with degree
at least 2 and J(G) completely invariant. Then G has no wandering domains.

Remark 1.2. Theorem 1.1 generalizes [4, Corollary 4.1 and Theorem 4.4] and [8,
Theorem 2.1]. Also, Corollary 1.1 follows from the fact that∞ 6∈ J(G), Proposition
1.1, Lemma 1.1 and [4, Theorem 5.1].

As the main result of this paper, we will prove in Section 3,

Theorem 1.3. If G is a nearly abelian polynomial semigroup containing an element
with degree at least 2, then there exist a neighborhood D of ∞ and a conformal
mapping B on D such that

B ◦G ◦B−1 ⊂ Γ = 〈z → azn : |a| = 1, n = 1, 2, · · · 〉,
where B ◦G ◦B−1 = {B ◦ f ◦B−1, f ∈ G}.
Remark 1.4. In [4, Conjecture 7.1], Hinkkanen and Martin raised the question of
whether there is a neighborhood of ∞ on which G is analytically conjugate into
the nearly abelian semigroup Γ = 〈z → azn : |a| = 1, n = 1, 2, 3, ...〉 if G is a nearly
abelian polynomial semigroup. Theorem 1.3 is a positive answer to this question.
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2. The proof of Theorem 1.1

In order to prove Theorem 1.1, we need the following lemmas.

Lemma 2.1. Let G be a polynomial semigroup containing an element with degree
at least 2. Suppose that for any f ∈ G with deg(f) ≥ 2, J(f) = J(G). Then J(G)
is completely invariant.

Proof. Let h ∈ G. We need to treat two cases:
(i) Assume deg(h) ≥ 2. Then we have

h(J(G)) = h(J(h)) = J(h) = J(G)

and
h−1(J(G)) = h−1(J(h)) = J(h) = J(G).

(ii) Assume deg(h) = 1. Take an f ∈ G with deg(f) ≥ 2. Then we have
deg(h ◦ f) ≥ 2 and J(f) = J(h ◦ f) = J(G). By (i), we obtain

J(G) = h ◦ f(J(G)) = h(J(G))

and
J(G) = (f ◦ h)−1(J(G)) = h−1 ◦ f−1(J(G)) = h−1(J(G)).

This implies that h−1(J(G)) = J(G) = h(J(G)).

Lemma 2.1 follows from (i) and (ii).

Lemma 2.2. Under the assumptions of Lemma 2.1, for any f, g ∈ G, there exists
φ(z) = az + b with |a| = 1 such that φ(J(G)) = J(G) and

f ◦ g = φ ◦ g ◦ f.
Proof. Assume that neither the degree of f nor the degree of g is equal to 1. Then
by [4, Theorem 4.2], there exists φ(z) = az+b with |a| = 1 such that f ◦g = φ◦g◦f .

Assume that deg(f) = deg(g) = 1. Let f(z) = az + b and g(z) = cz + d,
a, b, c, d ∈ Ĉ, a 6= 0 and c 6= 0. Then f ◦g(z) = acz+ad+b and g◦f(z) = acz+bc+d.
It follows that f ◦ g = φ ◦ (g ◦ f) where φ(z) = z − bc− d+ ad+ b.

For the remaining case, without loss of generality, we can assume that deg(f) = 1
and deg(g) ≥ 2. Take an h ∈ G with deg(h) ≥ 2. Then

g ◦ f ◦ h = φ1 ◦ f ◦ h ◦ g
= φ1 ◦ f ◦ φ2 ◦ g ◦ h
= φ1 ◦ φ3 ◦ φ2 ◦ f ◦ g ◦ h.

This implies that g ◦ f = φ1 ◦ φ3 ◦ φ2 ◦ f ◦ g = φ ◦ f ◦ g, where φ = φ1 ◦ φ2 ◦ φ3.
By the discussion stated as above, for any f, g ∈ G, there exists φ(z) = az + b

with |a| = 1 such that f ◦ g = φ ◦ g ◦ f . Combining this and Lemma 2.1, we can
easily deduce that φ(J(G)) = J(G).

The proof of Theorem 1.1. First of all, we need to prove Lemma 1.1. Let K(G) =
Ĉ. Suppose that J(f) = J(g) for any f, g ∈ G with deg(f) ≥ 2 and deg(g) ≥ 2. By
the proof of [4, Theorem 4.1] and Lemma 2.1, we have J(f) = J(G) for any f ∈ G
with deg(f) ≥ 2 and J(G) is completely invariant. Then K(G) ⊆ J(G). This
implies that J(G) = K(G) and furthermore that ∞ ∈ J(G); so ∞ ∈ J(f) = J(G).
But f is a polynomial, and we have ∞ ∈ F (f) = F (G). This is a contradiction.
Hence there exist two elements f, g ∈ G with degree at least 2 such that J(f) 6=
J(g). Combining this and Theorem S, we can deduce Lemma 1.1. Lemma 1.1
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also gives the positive answer that K(G) 6= Ĉ if and only if ∞ 6∈ K(G). Since
K(G) 6= Ĉ implies that J(f) = J(g) for any f, g ∈ G with deg(f) ≥ 2 and
deg(g) ≥ 2, then by Lemma 2.1, J(G) is completely invariant; thus J(G) = K(G).
Since∞ ∈ F (f) = F (G) for some f ∈ G with deg(f) ≥ 2 , then we have∞ 6∈ K(G).
If ∞ 6= K(G), then it is obvious that K(G) 6= Ĉ.

Now we are in a position to prove Theorem 1.1. If G is nearly abelian, then by
[4, Theorem 4.1], J(G) = J(g) for each g ∈ G of degree at least 2. Suppose that
K(G) = Ĉ. Then by Lemma 1.1, there exist two elements f, g ∈ G with degree at
least 2 such that J(f) 6= J(g). This is a contradiction. Thus K(G) 6= Ĉ.

Suppose that K(G) 6= Ĉ. Then by Lemma 1.1, J(f) = J(g) for any f, g ∈ G
with deg(f) ≥ 2 and deg(g) ≥ 2, and furthermore, J(f) = J(g) = J(G) by the
proof of [4, Theorem 4.1]. Then Theorem 1.1 follows from Lemmas 2.1 and 2.2.

3. The proof of Theorem 1.3

Lemma 3.1. Let f = afz
n + · · · + a0 be a polynomial with n = deg(f) ≥ 2, and

let F∞ denote the unbounded component of the Fatou set of f . Then there exist
D = {z : |z| > R} ⊂ F∞ and a function B(z), univalent in D,

(3.1) B(z) = z + b0 +
b1
z

+
b2
z

+ · · · in D,

such that |B(z)| ≥ 1, f(D) ⊂ D, and

B ◦ f ◦B−1(z) = afz
n

for all z ∈ B(D). Then

gF∞(z,∞) = log |B(z)|+ 1
n+ 1

log |af |

for all z ∈ D, where gF∞(z,∞) denotes the Green function with respect to F∞ at
∞.

See [1] (p. 231), [2] (p. 105, p. 206) for its proof.
Without loss of generality, we can take an f ∈ G with deg(f) = n ≥ 2 and

af = 1. Or we choose a suitable conjugate semigroup of G such that this conjugate
semigroup of G contains an element f with deg(f) = n ≥ 2 and af = 1. By [6] or
[1], there must exist D = {z : |z| > R} for some R > 1 and a univalent function
B(z) in D such that

B ◦ f ◦B−1(z) = zn and log |B(z)| = gF∞(z,∞).

Below, we will denote by G a polynomial semigroup with a polynomial f such that
deg(f) ≥ 2 and af = 1, by B(z) the univalent function in Lemma 3.1 with respect
to f , and by D the neighborhood of ∞ in Lemma 3.1 with respect to f .

Lemma 3.2. If G is nearly abelian, then for any g ∈ G, |ag| = 1.

Proof. For any g ∈ G, if deg(g) = k ≥ 2, then by [4, Theorem 4.1], J(f) = J(g),
i.e., F∞ = G∞ where F∞, G∞ denote respectively the unbounded components of
the Fatou sets of f, g. Then by Lemma 3.1, there exists a neighborhood D′ of ∞
and a function C(z) analogous to B(z) that is univalent in D′ such that

gG∞(z,∞) = log |C(z)|+ 1
k + 1

log |ag|,
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for all z ∈ D′. Also, we can choose D′ such that D′ ⊂ D. Since F∞ = G∞, then
gF∞(z,∞) = gG∞(z,∞). By the uniqueness of the Green function,

log |B(z)| = log |C(z)|+ 1
k − 1

log |ag|, where z ∈ D′.

From the expansions of B(z) and C(z), we have

1
k − 1

log |ag| = 0.

Hence |ag| = 1.
If deg(g) = 1, then deg(g ◦ f) = deg(f) = n ≥ 2. This implies that |ag◦f | =

|ag| = 1.

Lemma 3.3. Let g ∈ G with deg(g) = k ≥ 2. If G is nearly abelian and there
exists p > 0 such that

B ◦ gp ◦B−1(z) = agpz
kp

for all z ∈ B(D), then B ◦ g ◦B−1(z) = agz
k for all z ∈ B(D).

Proof. Since deg(g) = k ≥ 2, there exists a neighborhood D′ of ∞ and a function
C(z) that is univalent in D′ such that

CgC−1(z) = agz
k

for all z ∈ D′. Also, we can choose D′ such that D′ ⊂ D.

Since Jgp = Jg, that is Gp∞ = G∞, where Gp∞ denotes the unbounded component
of the Fatou set of gp, by the uniqueness of Green’s function over G∞, we know
that

gG∞(z,∞) = log |C(z)|+ 1
k − 1

log |ag|

= log |B(z)|+ 1
kp − 1

log |agp |

for all z ∈ D′. By Lemma 3.2, |ag| = 1 and |agp | = 1. This implies that B(z) ≡
C(z) in D′. It follows from BgB−1(z) being analytic in B(D) and BgB−1(z) =
CgC−1(z) = agz

k in B(D′) that

BgB−1(z) = agz
k

in B(D).

Theorem 3.1. Let G be a nearly abelian polynomial semigroup and g ∈ G be an
element with deg(g) = k ≥ 2. Then

BgB−1(z) = agz
k

for all z ∈ B(D).

Proof. Since ∞ is the superattracting point of g, and there exists p > 0 such that
gp(D) ⊂ D, by Lemma 3.3, we may assume that p = 1.

By Lemma 3.1, we know that there exists D′ ⊂ D and a function K(z) analogous
to B(z) that is univalent in D′ such that

K ◦ g ◦K−1(z) = agz
k

for all z ∈ K(D′).
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Since Jf = Jg, i.e., F∞ = G∞, by the uniqueness of the Green function, we know
that

K(z) ≡ B(z)
for all z ∈ D′.

We know that B ◦ g ◦B−1(z) is analytic in B(D) and B ◦ g ◦B−1(z) = K ◦ g ◦
K−1(z) = agz

k in B(D′). It follows that

B ◦ g ◦B−1(z) = agz
k

in B(D).

Theorem 3.2. Assume that G is nearly abelian. Let h ∈ G be an element with
deg(h) = 1. Then

B ◦ h ◦B−1(z) = ahz

for all z ∈ B(D).

Proof. Since deg(h ◦ f) = deg(f) = n ≥ 2, by Theorem 3.1, we know that

B ◦ (h ◦ f) ◦B−1(z) = ahz
n

for all z ∈ B(D), i.e.,

(B ◦ h ◦B−1) ◦ (B ◦ f ◦B−1(z)) = B ◦ h ◦B−1(zn)
= ahz

n

for all z ∈ B(D). Hence
B ◦ h ◦B−1(z) = ahz

for all z ∈ B(D).

The proof of Theorem 1.3. The proof of Theorem 1.3 follows from Theorems 3.1
and 3.2.
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