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ABSTRACT. If X is an infinite-dimensional Banach space, with separable dual,
and M C X* is an analytic set such that any point x* € M can be reached
from 0 by a continuous path contained (except for the point z*) in the interior
of M, then M is the range of the derivative of a C'-smooth function on X
with bounded nonempty support.

1. INTRODUCTION

A real-valued function f defined on a Banach space X is called a bump provided
that its support supp f := {x € X : f(x) # 0} is bounded and nonempty. We
say that f is Cl-smooth if it is (Fréchet) differentiable at each point of X and its
derivative f’ is continuous on X. If X is finite-dimensional, then the range f'(X)
of f’ is automatically closed. If X is separable (infinite-dimensional), then f'(X)
is, by the very definition, an analytic set. So a natural question arises, whether,
any analytic set in a separable dual space X*, satisfying some reasonable additional
conditions, can be expressed as the range of the derivative of a C'-smooth bump on
X. The aim of this note is to answer this question affirmatively.

This result has the following (pre)history. D. Azagra and R. Deville, encouraged
by S. Bates’s pioneering paper [6], filled, by the derivatives of a suitable C!'-smooth
bump, all of the dual X* [I]. This was then further elaborated in [2]. There, higher-
order derivatives of mappings between X and another Banach space Y, and also the
Gateaux derivatives were considered. In [7], the problem of exact filling of various
closed sets in finite-dimensional spaces by the derivatives of C'*-smooth bumps was
studied. [§] is a continuation of this in infinite dimensions, with focus on open and
closed sets. [3] is a kind of a common roof over [2], [7], and [8]. Finally, when the
proof of our theorem was done, we learned that T. Gaspari [10] had succeeded to
fill in convex analytic sets by derivatives of C'-smooth bumps.
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For more information about the ranges of the derivatives of bumps we refer to
a survey paper of D. Azagra and M. Jiménez-Sevilla [4].
The main result of this note is the following theorem:

Theorem. Let X be an infinite-dimensional Banach space with separable dual X*.
Let M C X* be an analytic set such that for every & € M there is a continuous
mapping ¢: [0,1] — X*, with $(0) = 0, ¢(1) = &, and ¢([0,1)) C int M. Then
there exists a C*-smooth bump b: X — R such that V' (X) = M.

It is natural to ask whether a converse to our Theorem holds. However, a negative
answer follows from [5], where the authors construct a C'-smooth bump on /3 such
that the range of its gradient has empty interior. When adding this bump with
another suitable C'-smooth bump, with support disjoint from the support of the
first bump, we get a Cl-smooth bump b: X — R, with int4'(X) # 0, and yet
satisfying o'(X) \ int &' (X) # 0. In Example 21 below, we show that &' (X) need not
satisfy the assumptions of our Theorem even if &' (X) C int & (X) and int b’ (X) is
connected. Recently, the third author showed that int b’ (X) need not be connected.
This result will be contained in another paper. Nonetheless, it seems to be unknown
whether for every C'-smooth bump b: X — R the set M = b'(X) satisfies the
assumptions of our Theorem provided that M is closed. That our Theorem does
not hold (for closed sets) in finite dimensions was shown by T. Gaspari [10]; see
Example 3

2. PROOF OF THEOREM

Before proving our Theorem itself we fix some notation and give three lemmas.

Let (X, - ||) be a Banach space. The symbol Bx denotes its closed unit ball
centered at the origin. Given u,v € X, we put [u,v] = {au+ (1 —a)v: a € [0,1]}.
By a path in X we understand any set C = ¢([0,1]) where ¢: [0,1] — X is a
continuous mapping. We then put C'(0) = ¢(0) and C(1) = ¢(1).

The first two lemmas are basic bricks for building suitable C' smooth bumps.

Lemma 1 ([8) Lemma 2]). Let X be a Banach space, with separable dual X*, let
e >0, and let £ € X* be given. Then there exists a C*-smooth bump f: X — [0,1]
such that supp f C Bx, f'(X) C [0,£] + eBx~, and (f')~1(&) is a neighbourhood
of 0.

For another proof of the above Lemma, see [2] or [3, Lemma 2.1].

Lemma 2. Let X be a Banach space, with separable dual, let C C X* be a path,
with C(0) = 0, and let € > 0 be given. Then there exists a C'-smooth bump
f: X — [0,1] such that supp f C Bx, f(X) C C +eBx~ and (f')"1(C(1)) is
a neighbourhood of 0.

Proof. First, we shall show the following statement: For everyn € N, every A > 0,
and every &1,...,&, € X* there exists a C*t-smooth bump f: X — [0,1] such that
Suppf C Bx, f/(X) C ([0,51]U[€1,§2]U' ’ U[fn—lafn])_’_ABX* and (f/)_l(gn) is
neighbourhood of 0. For n = 1 the statement is reduced to Lemmal[ll Assume that
we verified the statement for some n € N. Let A > 0 and &;,...,&,, &1 € X* be
given. Find a C'-smooth bump g: X — [0, +00) such that suppg C By, ¢'(X) C
([0, &)U, &)U - U [En -1, {n]) +ABx-~, and (¢')"1(&,) is a neighbourhood of 0. By
Lemmal[I, find a C*'-smooth bump h: X — [0, +00) such that supp h C (g')~(&,)N
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Bx, M (X) C[0,&n41—&n] + ABx~, and (h') 71 (&,41 — &) is a neighbourhood of 0.
Then put f = g+ h; this is a C'-smooth bump with supp f C Bx. Take any = € X.
If ¢ Supp hv then f’((E) = g/(l') € ([0751] u---u [gn*hfn] U [gnvfnJrl]) + ABx-.
Ifxe Supp hv then f’({E) = fn + h/(l') - gn + [vanJrl - fn] + ABX* = [fnagnJrl] +
ABx+ C ([0,&4] U -+ U [&,&n41]) + ABx-. Also, if ||lz]| is small enough, then
f'(@) =g (x) + W (x) = &+ Eng1 — &n = Enga. Finally, replacing f by 1 f(\-), with
a suitable A > 0, we can force that f(X) C [0,1].

Having the above statement verified, we can complete the proof. Write C' =
©([0,1]), with ¢: [0,1] — X continuous. Then ¢ is uniformly continuous, and hence
there is n € N so large that [|¢(t) —(t')|| < § whenever ¢,#' € [0,1] and [t—t/| < L

By the statement, find the bump f for A = £ and for § = gp(%), coey &n1 =
¢(727), & = ¢(1). Then
F1(X) < ([p(0), ()] U U [o(%2),0(1)]) + §Bx- € C+eBx-. O

The lemma below is a key statement. It enables us to use the analytic structure
of M. To formulate it we need some more notation.

The set of positive integers is denoted by N. We denote by N<N the set of all
finite sequences of elements of N. We assume that N € N<N. The empty sequence
is denoted by (); thus ) € N<N. The symbol |s| means the “length” of a sequence
se NN If se NNand n < |s|,or s € N¥ and n = 0,1,2,..., then s|n denotes
the finite sequence formed by the first n elements of the sequence s. For s € N<N
and ¢t € NN UNN the relation s < ¢ means that s is a “beginning” of .

Lemma 3. Let X and M be as in our Theorem. Then there are points ys € int M
and paths Cs C int M, s € NN, such that the following conditions are fulfilled:

(1) @—0 and Cy = {0};

(2) Cs(0) = ysi(1s|—1), Cs(1) = ys for every s € NS\ {0};

(3) for every & € M there is o € NN such that ||yy|, — || — 0;

(4) for every o € NN there is £ € M such that ||y, — || — 0 (this is a crucial

property);
(5) the diameter of Cy is less than 271171 for every s € N<NV\ N.

Proof. From the analyticity of M, we find a (countable) system F,, s € N<N of
nonempty closed subsets of M such that M = UaeNN ﬂzozl F5|n, and such that
F, C F; whenever s,t € NN and s = t; see, e.g., [J, Chapter III, §35.11].

By induction, we shall construct index sets Sy € N¥ x N¥, £k =0,1,2,..., and
open sets G5 C X*, (s,t) € S := ;- Sk in such a way that they satisfy:

() So={(0,0)}, Gop = X~
(i) Sk = {(s/\m,tAn) 2 (s,t) € Sp—1y Fsnm NGsy 0, myn € N} for every
keN;
(iii) the diameter of G is less than 271! for every (s,t) € S\ {(0,0)};
(iv) Gsu N Fy # 0 for every (s,t) € S;
(v) Gsamnn C Gsy whenever (s,t) € S, m,n € N, and (s m,t"n) € S;
(vi) if (s,t) € S, m € N, and Fsnp, NGy 75@ then

FSAm N Gs,t C U Gs/\m,t/\n-

n=1
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The construction starts by fulfilling (i) and then continues by induction. Let
k € N be arbitrary fixed and assume that we have already constructed Si_; and
G for every (s,t) € Sp—1. Define Sy as in (ii). Now fix any (s,t) € Sy—1 and any
m € N such that Ferp N Gsy # 0. As X* is a separable metric space (and hence
hereditarily Lindel6f), we can find a sequence of open sets Gsam trn C X*, n €N,
so that diam Gsnm ian < 27%, Foam N Gsamarn # 0, Gsamann C Gsy for every
n €N, and Forp NGt C Uzo:l Gsamrn. This completes the induction step.

Let 0 € D C int M be a countable set, dense in int M. We shall construct index
sets 7, C NF x N¥ x N* k = 0,1,..., and for every (s,t,u) € 7 := Ug_, Tn
points §s ¢ € D and paths Cy,, in int M. Put 7y = {(0,0,0)}, Upop =0€ X7,
and 5@7@7@ = {0} € X*. Let k € N be arbitrary fixed, and suppose we have

defined T;—1 and §s,¢u, Csiu for every (s,t,u) € Tp—1. Moreover, suppose that
(s,t) € Sk—1 whenever (s,t,u) € Ty—1. For (s,t,u) € Ty—1 and for m,n € N such
that (s"m,t"n) € Sk, put

D??t’z - {§ ebn GsAm,tAn :
Us,t.w = C(0), €= C(1) for a path C Cint M N Gsﬂg}.

Clearly, this set is either empty or countable. In the second case, we enumerate it as
D = {gs/\m’tAn’u/\l cle N}. Let Cyam,irn unri denote a path C corresponding

to the point sam tan uri. Further, put
T = {(s"'m,t"n,u™l) : (s,t,u) € Tr—1, (s"m,t"n) € S, D% #0, m,n,l € N},

s, t,u
[T] = {(o,7,v) e N" x N" x N¥: Vk € N (o|k, 7|k, v|k) € Tp},
and
U={(olk,7lk,vlk) : (o,7,v) € [T],k € N} U{(0,0,0)}.

We claim that the set [T] is large enough, i.e., for every § € M thereis (o, 7,v) €
[T] such that Gg|k r|k,vx converge to & as k — co. Indeed, let £ € M be arbitrary.
Then there is some o € NY such that ¢ € (2, Fyx. Then (0,0) € So, € €
Fy1 NGy, and (vi) yields t; € N such that (o[1, (t1)) € S1 and £ € G4y1,(1,). Thus
£ € Fy)2NGyjr,1,) and (vi) yields t2 € N such that (02, (t1,t2)) € Sz. For a general
k € N, if we already found t¢4,...,t; € N such that (olk, (t1,...,tx)) € S and & €
Fa\(k+1) mGa\k,(tl,...,tk)a (VI) yields tx+1 € N such that (U|(/€+1), (tl, R 72 tk+1)) €
Sk+1 and € € Go|(ky1),(t,....t0,tnsr)- Performing this for every k € N, it is clear that
there is 7 € NV such that for every k € N we have (o|k, 7|k) € S, and € € Golk,r|k-
Let ¢: [0,1] — M be a continuous mapping such that ©(0) = 0, (1) = &, and
©([0,1)) C int M. For every k € N find 7 € (0,1) so that ¢([rx,1]) C Gojg,r|k-
By a microscopic change of ¢, we can reach that ¢(ry) € D for every k € N.
Thus, by the definition of 7, there is v € NV such that for every k € N we have
(olk, 7|k, v|k) € T and ©(T%) = Jo|k,r|k,v|k- Lhis proves the Claim.

Further, fix any (o, 7,v) € [T]. For every k € N, k > 2, the set

U {C‘S,t,u 2 (s, t,u) €U, olk < s, Tk <t v|k < u}
is contained in G, |(x—1),r|(k—1), and hence has diameter less than 27k+1 1In partic-
ular, using this and the completeness of X*, we have that g, i - x,0x converges to
some £ € X* whenever (0, 7,v) € [T]. Further, §, |k, r|k,0|x € Go|k,r|k; hence, by (iii)
and (iv), the distance of o |k r(k,0(% from F,; is at most 27 for every k,1 € N, k > L.
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It follows that € F,|; for every [ € N, and therefore £ € ﬂfil Fy; € M. Thus we
proved that for every (o,7,v) € [T] the sequence (ngﬂk’v‘k) converges to an
element of the set M.

Now, we are going to relabel the points ys ¢, and the paths @,t,u, and thus
we shall obtain the points y, € D and paths Cs C int M, s € N<N. We define
a bijection ¢: N<N — I/ as follows. Put ¢(0) = (0,0,0). Take any » € N<N and
assume that ¢ (r) € U was already defined. Write ¢ (r) = (s,¢,u). From the above
construction, it follows that the set {(s"m,t"n,u"l) : m,n,l € N} N U is infinite.
We enumerate it as {w(r%') NS N}. Having v thus defined, for every r € N<N

we put ¥, = Gy (r) and Cp. = Cy,y for r € N<N. From the above paragraphs we can
easily deduce that these families have all the required properties (1) — (5). O

keN

Remark. If for every (s,t) € S we can choose the set Gs; in such a way that
G5 Nint M is connected, then the argument can be simplified. In particular,
considering the “third” index u is not necessary, and joining the points y, i, k € N,
by paths causes no problems. This happens, for instance, if int M is convex.

Proof of the Theorem. Let (ys : s € N<N) and (C5 : s € N<V) be the families
found in Lemma Bl For every s € N<N and every n € N choose 0 < g4n,, < 27 IsI+1
such that Cian + €srnBx- C int M. By Lemma B there is a C'-smooth bump
hsan: X — [0, 1] satisfying the following conditions:

(a) ,gAn(X) C Cs/\n _ys+€sAnBX*;
(b) (Won,,) " (ysrn — ys) is a neighborhood of 0;
(c) supp hsrn, C Bx.
The desired bump b will be a sum of suitably translated and scaled functions
hsrn. We shall define the translation and the scaling by induction.
We start by putting vy = 1, zp = 0 € X and finding an infinite i—discrete set
{zn : n € N} in $Bx. Then put g, (z) = $-hn(16(z — 2,)), x € X, for every n € N.
Next, suppose that for some s € N<N\ {()} we have already defined a C*-
smooth bump gs: X — [0, 1] such that (%)~ *(ys —¥s|(|s|-1)) has nonempty interior.
Then the latter set contains an open ball B(ug,r,) with centre us € X and radius
0 < ry, <2715l Choose an infinite %rs—discrete set {zsAn :ne N} in B(us, %7“3),
and put
Ts

16
s"n :_hsAn(_ — Rs’\n ); Xa
() = Tohorn (1@ = 2000)), w €

for every n € N. By the construction, gsn,, is a C'-smooth bump, |gsr, (z)] < #
for every z € X, and g’n,,(X) = h.n,,(X). Also, by (5) and (a), ||gin,, ()] < 2715172

whenever |s| > 1 and x € X. Moreover,

S

r 9 _
SUpp gsrn C B(st, 1_6) C B(us, 1—67“3) C (92) " (s — s)(s1-1))-

Hence, for every s € N<N\ {()}, the family of sets {suppgsrn : n € N} is discrete,
i.e., every x € X has a neighbourhood that intersects supp gsa, for at most one
n € N.

Having this information and the fact that supp gsr, C supp gs at hand, it follows
easily by induction that {suppgs : s € N<N |s| = n} is a discrete family for every
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n € N. Therefore, if for n € N we define
fn(@) = Z gs(z), z€X,
|s|=n
we obtain a C''-smooth bump satisfying f/ (z) = E|s\:n g.(x) for every x € X and

In(x) = gi(x) = ys — Ys|(1s|]—1) Whenever s € N* and z € B(us,rs).
Finally, put

b(x) = Z fulz), ze€X.
n=1

As |fo(z)] < 277 % and | f.(z)]] < 272 for every x € X and every n > 2, the
function b is a well-defined C'-smooth bump and ¥'(z) = Y7, f1(z) for every
reX.

We observe that b'(X) C M. Indeed, by the construction, given any z € X, then:
either there is K € N so that b'(z) = ZnK:1 f!(z) and there is s € N<N such that
|s| = K, @ € suppgs, and V' (z) = S0 (Ysjn — Ys|(n-1)) + g4(x) € int M, by the
choice of e,; or there is o € N such that = € MNpen SUPP Joln C Npen B(Uojns Toln)
and hence b/(l‘) - Zzozl(ya\n - ya\(nfl)) =limy, o0 Yoln € M, by (4)

In order to show that M C b'(X), let £ € M be arbitrary. Find o € NY by (3).
Then, since B(ug|n,Ton) O B(Uo|(nt1),To|(nt1)) and 74, < 27" for every n € N,
these balls have a one-point intersection, z € X, say. Thus

oo
/ = — frd 1 frd
b(z) = Z:l(ygm Yo|(n-1)) = 1M Yo =&
This completes the proof of our Theorem. O

3. EXAMPLES AND REMARKS

In the first example we shall show that our Theorem is false if the property of
the set M is weakened a little. In fact, the construction works in any at least
two-dimensional Banach space.

Example 1 (Comb). If X is any Banach space, of dimension at least two, then
there exists a closed pathwise connected subset M C X* such that 0 € int M and
int M is connected and dense in M, but M is the range of the derivative of no
C'-smooth bump on X.

Proof. Put
N = [—1,0] X [_L 1] U [Oa 1] X ([_17 %] U [%7 %] U [%a %] U---u {1}) :

This set is equal to the closure of its interior and (0,0) belongs to its interior.
Moreover, it is easy to check that N is pathwise connected and int V is connected.
Let X be any Banach space, with dimension at least 2. Then we can write X =
R? x Y, with a suitable (possibly trivial) subspace Y C X. Then put

M:NXBY*;

this set is equal to the closure of its interior and the origin belongs to its interior.
Clearly, int M is connected and every point of M can be reached by a continuous
path in M beginning at the origin (i.e., M is pathwise connected). However, the
paths corresponding to the points of the form ((¢,1),n), t € (0,1], n € By, do
not always go through int M, as is required in our Theorem. We shall show that
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M = f'(X) for no C'-smooth bump f: X — R. Assume that there exists such
an f. Consider £ = ((1,1),0) € M and take the direction h = ((0,1),0) € X.
By the proof of 7] Theorem 2], we find x € X and a sequence (z,)nen in X so
that f'(x) = &, 2z, — x, and f'(z,)(h) # &(h) = 1 for every n € N. Consider
the neighbourhood U = (%, %) X (%, %) x By~ of £. From the continuity of f’, we
find a convex neighbourhood V of z so that (V) C U. From the above, we find
z € V such that f'(z)(h) # 1. Then, as f'(z) € U N M, there is m € N such that
f'(z) € 0,1] x [, ﬁ—i;] X By«. Define
o(t) = f'(te + (L —t)z), te€[0,1];
this is a continuous function, and ¢(t) € f'(V) C UN M for every t € [0,1]. Put

to=sup {t € [0,1]: ©(t) € [0,1] x [;25, 2H] x By- }.

m+1’ m+2
Hence, ¢(t), with such ¢, belongs either to (2, 1]x {1} x By~ or to (%, 1] x [kLH, 2_4-; X

By~ for some k # m. Thus ||¢(to) — go(t)H > ﬁ—j_g - ﬁ—i; > 0 for every t € (to, 1],

which contradicts the continuity of ¢ at ¢t = . O

The next example shows that even a weak converse to our Theorem is false in £5.

Example 2. There is a Cl-smooth bump b: lo — R such that the set M = b/ ({5)
does not satisfy the assumptions of our Theorem and yet 0 € int M, M C int M
and int M is connected.

Proof. In [5], a C'-smooth bump by : £ — R is constructed such that
bi(ly) € Z :={0}U{(zn) € €2 : z, # 0 for infinitely many n € N}

(see the last two paragraphs of the proof of Theorem 2.2 and Corollary 2.3 in [A]).
Fix any nonzero & € by (f2), put r = [|£]|/2, and choose ng € N, with ng > 1.
Put

Fy = ({O}U {j:% > no}) X [—r, 1],
Ny = R?\ F,
NIZNOXEQCBQ.

Then N’ is an open connected subset of ¢5, dense in ¢5 such that 0 ¢ N’ and
there is no continuous ¢: [0,1] — f2 with ¢(1) = 0 and ¢([0,1)) C N’. Put
N = N’ + & Then N is an open connected set in £2 containing 0, and hence by
our Theorem (in fact already by [8] or [T0]) there is a C'-smooth bump by: f2 — R
with b (¢2) = N. Up to a translation, we may assume that supp by N supp bs = 0.
Then put b = by + be. Then b is a C''-smooth bump such that &' (fz) = N U b} (£2).
We claim that intd’(¢3) = N. The inclusion D is clear. Let us show the reverse
one. Suppose that there is some z = (z,,) € int¥'(¢2) \ N. Then necessarily x is a
relative interior point in H of b} (¢2)NH, where H = {(2y,) € o : 21 = x1, |22 <7}
However, Z N H has empty interior in H, a contradiction.

So, int b’ (¢3) = N is connected and dense in £» and, moreover, there is no path
@: [0,1] — £y with (1) = & and ([0, 1)) C int b’ (¢2). This completes the proof. O

The last example is from [I0] and shows that our Theorem does not hold in
finite dimensions, even for closed sets. (Note that the range of the gradient of any
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C'-smooth bump on a finite-dimensional space is closed, due to the compactness
of closed balls.)

Example 3. Ifn € N, n > 2, then there exists a closed subset M C R"™ that is the
range of the gradient of no C'-smooth bump on R™, and yet for every & € M there
is a continuous path from 0 to € through the points of int M. Moreover, these paths
can have uniformly bounded lengths.

Proof. Put
Ny =NU[-1,1] x [1,2], and M = Ny x [-1,1]"72,

where N is from Example 1. (If n = 2, put M = N;.) This set has all the required
properties. Yet there is no C'-smooth bump f: R" — R with f/(X) = M. Indeed,
if there were such an f, then M would be a continuous image of a compact locally
connected space (a sufficiently large closed ball in R™), and hence M itself would
be locally connected. However, it is obvious that M is not locally connected. [J

Next we shall formulate an open problem which seems to be essential for under-
standing what kind of property a set needs to have “to be the range of the derivative
of a C'-smooth bump”.

Problem. Let X be a Banach space with separable dual and M C X* the range
of the derivative of a C'-smooth bump on X. Suppose that h: X* — X* is a
homeomorphism (or even a linear isomorphism) of X* onto X* and 0 € int h(M).
Is then h(M) also the range of the derivative of a C'-smooth bump?

Let us remark that the answer is positive if h = L* when L is any linear isomor-
phism of X onto X. It can also be easily checked that M — £ is the range of the
derivative of a C'-smooth bump whenever M has this property, 0, ¢ € int M and &
can be reached from 0 by a path contained in int M.

Remark. We are convinced that our method (Lemma [3) can be used for several
“analytic” statements which may hold. We refer the reader to [3] for more fantasy
on how to formulate and prove such statements.
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