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ABSTRACT. We characterize linear maps between different rectangular matrix
spaces preserving Ky Fan norms.

1. INTRODUCTION AND STATEMENTS OF RESULTS

Let M, (M,) be the linear space of m x n (n x n) complex matrices. The
singular values of A € M,, ,, are the nonnegative square roots of the eigenvalues of
A*A, and they are denoted by s1(A) > -+ > s,(A). For 1 < k < min{m,n}, the
Ky Fan k-norm on M,, , is defined and denoted by

[Allk = s1(A) + -+ sk(A).

The Ky Fan 1-norm reduces to the operator norm; when m = n the Ky Fan n-norm
is also known as the trace norm.
Evidently, Ky Fan k-norms are unitarily invariant norms, i.e.,

[UAV [ = [l Al

for any A € M,, , and unitary U € My, and V € M,. Actually, they form an
important class of unitarily invariant norms; see [I, Chapters 2 and 3]. For instance,
given A, B € My, .,

IAllx < ||B|lx forall k=1,...,min{m,n}
if and only if
Al < ||B||  for all unitarily invariant norms || - ||.

There has been considerable interest in studying isometries for Ky Fan norms on
matrix spaces. For example, by a result of Kadison [5], one easily deduces that
isometries for the operator norm on M,, have to have the form

(1) A—UAV or A UAYV
for some unitary matrices U,V € M,. In [4], the authors showed that the same
conclusion holds for Ky Fan k-norm isometries for any k¥ = 1, ..., min{m,n}, where

the second form in () can occur only when m = n. In [8], the authors considered the
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370 CHI-KWONG LI, YIU-TUNG POON, AND NUNG-SING SZE

problem on block triangular matrix algebras in M,,, and showed that the isometries
essentially have the same structure. In [3], the authors studied isometries ¢ :
(M, |- 111), = (Mp, ||-]11) for n # p, and obtained a complete characterization when
p < 2n — 2; moreover, examples were given to show that ¢ may have complicated
structure for p > 2n — 2. In view of these, one may think that isometries ¢ :
(M, || - |lk),— (Mp, || - |x) also have complicated structure for & > 1. It turns
out that it is not the case as shown in the corollary of our main theorem, which
characterizes isometries ¢ : (Mpn, || - &) — (Mp,q. || - ||lx) provided k¥’ > 1. We
need some notation and definitions to describe our main result.

For two matrices A and B with A = (a;;) denote by A ® B the block matrix
(a;;B). An r x s matrix X is called a partial isometry if X*X = I, i.e., X has
orthonormal columns.

Theorem 1.1. Let 1 < k' < min{m,n} and 1 < k < min{p,q}. Suppose ¢ :
My — My, 4 satisfies

(2) lo(A)|lk = || Al for all A€ My, p.

Then there exist nonnegative integers ¢y and co with c1 +c2 > 0, and partial isome-
tries U and V' of sizes p X (c1m + can) and g X (c1n + cam), respectively, such that
one of the following holds:

(a) ¥ <min{m,n}, k =k (c1 + c2), and ¢ has the form

A Ul(I, ® A) @ (I, ® A)H|V*.

c1 + co
(b) ¥ = min{m,n}, k'(c1 +c2) <k, and there are diagonal matrices D1 € M.,
and Dy € M., with positive diagonal entries satisfying tr D1 + tr Do = 1,
such that ¢ has the form

A—U[(D1®A) & (Dy® AV,

If k' = k, then either (c1,c2) = (1,0) or (¢1,c2) = (0,1). By adding columns to
U and V to form unitary matrices, we have the following corollary.

Corollary 1.2. Let 1 < k < min{m,n}. Suppose ¢ : My, n, — M, o satisfies
I6(A) Ik = [Allx for all A€ My,
Then there are unitary matrices U € M, and V € My such that ¢ has the form
A= UA®Opmgn]V or A= U[A @ O0p_pg—m]V.

2. AUXILIARY RESULTS AND PROOFS

Replacing ¢ by the mapping(s) A — ¢(A?) and/or A — [¢(A)]*, we may assume
that m < n and p < ¢. Two nonzero matrices A, B € M,, , are said to be orthogonal
if AB* =0 and A*B = 0. Equivalently, there are unitary matrices U and V such
that UAV = Z;Zl a;jEj; and UBV = Z;:;_H b;E;; with a; > -+ > a, > 0 and
by > --+ > bs > 0 for some r,s with r + s < min{m,n}. The nonzero matrices
Ay, - Ag € My, are said to be pairwise orthogonal m x n matrices if AiA§ =0
and A} A; = 0 for any distinct pair (¢, j). In such a case, there are unitary U € M,
andV € M,,,0=r9 <ry < -+ <rg <min{m,n} and positive numbers a, ..., a,
such that UA,V =3 a; Ej;.

d

ri—1<j<r;
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ISOMETRIES FOR KY FAN NORMS BETWEEN MATRIX SPACES 371

We begin with the following lemma from [8, Lemma 5].

Lemma 2.1. Let A, B € M, ,, be nonzero. Then || aA+bB|x = |al||Allx + [b]|| B«
for every a,b € C if and only if A and B are orthogonal and rank A + rank B < k.

By Lemma R.I]and a simple inductive argument, we have the following.

Lemma 2.2. Let ¢ : My, — My, be a map satisfying ). Suppose the rank
one matrices Ai,...,Aq € Mpn, d < min{m,n}, are pairwise orthogonal. Then
d(A1),...,0(Aq) € Mpq are nonzero and pairwise orthogonal. Furthermore, for

any 1 < sy < - < s <0d, Eflzl rank ¢(As.) < k.

Proof of Theorem [I 1l For the sufficiency part of Theorem [Tl one readily sees
that singular values of ¢(A) have ¢ = (¢1 + ¢2) copies of s1(A)/c,...,sm(A)/c if
¢ has the form (a). On the other hand, if ¥ = m and ¢ has the form (b), then
k > ck’ and so the Ky Fan k-norm of ¢(A) is just the sum of its singular values.
Let D1 (&) D2 = dlag (dl, PN ,dc). Then,

o)k = dul[Allsr + - - + de[|Allyr = tr(Dr © Da)[[Aller = [[Allx-

To prove the necessity part, let (p/,q') = (p — cim — can, ¢ — c1n — com). It
suffices to prove that there are unitary matrices U € M,, and V' € M, such that ¢
has the form

1
A
(a) - 1+ co

Ul(Ie, @ A) © (I, @ A @ 0 ]V if K <m,
(b) A U[(D1®A)@(D2®At)@0p«,q«]v* if K =m.

We divide the proof into three cases:

I) ¥ <m=n, (II) ¥=m=mn, and III) m<n.

First consider case (I) : ¥ < m = n. For any A € M,,,, with singular values
1,0,...,0, there are unitary X and Y such that A = XE Y. Let A; = XE;Y
for j = 1,...,m. Then A;,..., A, are pairwise orthogonal. By Lemma 22]
d(A1),...,0(An) are pairwise orthogonal. Thus, there exist unitary U and V,

0=70<r; <---<rg <m and positive numbers a1, ..., a,, such that
B, =U¢(A)V = Z a;jEj; forany i=1,...,m.
ri—1<j<r;
By Lemma 2.2 again, the sum of any k&’ matrices chosen from Bj,..., B, has rank

at most k. Let 1 <t; < -+ <tp < m. Then

¥
(3) s> By, | =0, foralll>k.
j=1
Moreover, if t € {1,...,m}\ {t1,...,tx }, we claim that
W
(4) s1(Bt) < s ZBtj
j=1

If @) does not hold, then s;(B;) > si (Z?lzl Btj>, which gives the following con-
tradiction:

K K K K
K =|A+> Ay =|B+> Byl > D Byl =|D_A,| =F.
Jj=1 Jj=1 Jj=1 Jj=1

4 k k 4
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Let ¢ = k/K'. Tt follows from (@), (B) and (@) that for each 1 < j < m, we have
si(Bj) =1/cfor 1 <i<cand s;(B;) =0 for ¢ < i <p. Thus, we see that
(i) every rank one matrix is mapped to a rank ¢ matrix, and
(ii) every unitary matrix is mapped to a matrix with the singular values
1/¢,...,1/¢,0,...,0.
—_———

cm

Since (i) holds, by Theorem 2.5 in [7], ¢ has the form
A= Rl(l, @ A) @ (I, 2 A) @ 0pq]S”

for some invertible R € M, and S € M,. Let Ry (respectively, S1) be obtained
from R (respectively, S) by removing its last p’ (respectively, ¢’) columns. Then

Rl(Ie, ® A) @ (I, ® A") ® 0y ¢/]S™ = Ra[(Ie, ® A) ® (I, ® A")]ST.

By polar decomposition, there are unitary matrices U € M,V € M, and positive
definite matrices P € Mo m+tc,n and Q € M nic,m Such that

R1=U< P ) and SQZV< Q )
Op/761m+62n Oq/,c1n+czm

d)(A) =U {P[(Iq & A) D (162 & At)]Q* D Op/,q/} V.

Define ¢ : M, — M, such that ¢(X) = cP[(I;, ® A) & (I, ® A")]Q*. By (ii), we
see that ¢ maps unitary matrices to unitary matrices. By the result in [2], we see
that ¢(A) = Wi[(I,, ® A) @ (I, ® A")]W; for some unitary Wy, Wy € M,,,. Thus,
condition (a) holds.

Next, we turn to case (II) : ¥ = m = n. From the first part of the proof
in case (I), we can see that for any unitary X,Y € M,, and Ay,..., A, € C,
Yot Ai¢(XE;Y) has rank at most k. Hence, ¢(A) has rank at most k for all
A € M,,. We may assume that p = ¢ by appending ¢ — p zero rows to ¢(A) for
each A € M,,. So, we assume that ¢ : M,, — M, and suppose ¢(I,,) = D is a
nonnegative diagonal matrix with diagonal entries arranged in descending order.
For any Hermitian X € M,, with trace zero and spectrum in [—1,1] and ¢t € [-1, 1],

16(Tm + tX) [k = T + tX [ = K" = [[Imlls = 6(Im) |5 = tr D.
Let Y = ¢(X). Then trY = 0 because

Thus,

[tr D+ ttr Y| < ||¢(Lm +tX)|lp = [|¢(Tm + tX)||x = tr D
for t = +1. Moreover,
K=t (DY) < [0+ tX)]p = |6(Tn + LX)l = K.

By [0, Corollary 3.2], we conclude that D+Y is positive semidefinite. As a result, if
¢(Im) = D = diag (dy,...,d,,0,...,0) with dy > --+ > d, > 0, then ¢(X) has the
form Y ®0,_,. We may now consider v : M,,, — M, such that ¢(A) = (A)S0p_,.
It follows from the above argument that ¢ maps Hermitian matrices to Hermitian
matrices and || (A)]l, = ||¢(A)|lx = [|A|l- We claim that

(i) v maps positive semidefinite matrices to positive semidefinite matrices, and
(ii) v maps invertible Hermitian matrices to invertible Hermitian matrices.
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To see (i), suppose that A € M,, is positive semidefinite. Let Dy = 9(I,,) =
diag (dy,...,d,). Choose t > 0 such that Dy + ti)(A) is positive semidefinite. Then
we have
tr (D1 +tp(A)) = || D1+ t(A)[|r = [[Im + tA|[w = tr (Im) + ttr (A)
= [Imllw + tl| Al = [0 L) llr + tp(A)[|r = tr D1 + t]|1p(A)]]r-
Thus, tre(A) = || (A)||, and it follows from [6] Corollary 3.2] again that 1(A) is

positive semidefinite.
To prove (ii), let

A=U* Y NE; |U
j=1

for some unitary U and A\; € R\ {0} for j = 1,...,m. Since ¢(U*E1U),...,
d(U* Ep U) are pairwise orthogonal and ¢(I,,,) = D, ¢(U*E;;U) = V*F,;V &0,_,
for j = 1,...,m, such that F; = Zm_1<s<m asEss for 0 =rg < --- <r, =r and
positive numbers a1, ..., a,, . Therefore, B

P(A) =V* ZAj( Y aEu) |V

ri—1<s<r;

is also invertible. Thus, condition (ii) holds.

Now, () is positive definite and ¢ maps invertible Hermitian matrices to
invertible Hermitian matrices. By (the proof of) [7, Proposition 3.4], we see that
(5) V(X)) =T [(Ie, ® X) ® (I, ® X')|T

for some invertible T' € M,.. In particular, we see that

(iii) v maps rank s matrices to rank cs matrices for s = 1,...,m.

Next, we show that ¢ has the form X — U*[(D; ® X) & (D2 ® X')]U for some
unitary matrix U and diagonal matrices D; and Dy with positive diagonal entries
such that tr Dy + tr Do = 1. Equivalently, we show that ¢ has the form

A = (auy) — VBV, where B = (Byy)1<u,v<m With By = ayyD1 @ aypy D2
for some unitary V. First, by a suitable permutation, we can rewrite ¢ in (&) as
(6)

A = (ayy) — S*BS with B = (Buyy)i<u,v<m With Byy = ayple; ® apule,
for some nonsingular S € M,.. By Lemma 2.2, we see that ¢(E11),...,d(Emm) are
pairwise orthogonal. Then for any distinct pair 7 and 7,
[S%(Eii @ L) ST [S™(Ej; © Ic)S] = ¢ (Ei) " (Ej5) = 0.
Thus, (E;;®1:)SS*(E;;®I.) = 0 whenever i # j. It follows that SS* = S1®---®S,
where S; € M..

Let i > 1, X = F11 + By, and Y = E;j; — Ey;. From (@), ¥(X) = S*(B,s)S and

YY) = 5*(Cyrs)S so that

B B B\ _ 1. 1., © 0,
Bil Bii 001 SY Icz Oc ’

0 — Cii Cu\ _ 0c Oc, ® I,
S \Ca Cy)  \de, @0, —1c
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and all other B,, and Cy, are O.. Let J; = I., ® 0., and Jy = 0., & I.,. Since
X and Y are orthogonal, so are ¥(X) and #(Y). Hence B*(SS*)C = 0 and
B(S5*)C* = 0. Thus,

JoSiJ1 S1d2 — J2S; S0 N =
( 0 J151J2 ) =B(5:®85)0=0
= B(S1 @ 5)C" = (Jlsi‘]? S - JlSi) :

0 J251J1

Since JoS1J1 = J1S1Jo = JoS;J1 = J1S;Jo = 0, each of the matrices S; and
S; is a direct sum of a matrix in M., and a matrix in M.,. Furthermore, we
can conclude that S1 = S; = P, & P, where P, € M., and P, € M,,, from
S1J1— J1S; = 0= S1J2 — J2S;. Since i is arbitrary, SS* = I,,, ® (P1 @ P») where P,
and P» are both positive definite. Thus there exist unitary Uy € M., and Uy € M.,
such that Uy PLU{ = D; and Us PoUs = Dy, where Dy and D, are diagonal matrices
with positive diagonal entries.

Let U = I,,, ® (U ® Us) and S = US. Then S5* = I, ® (D1 @ Ds). Since
the row vectors of S form an orthogonal basis, we may write S = DV, where
D =1, ®(D; ® Dy)"/? and V is unitary.

On the other hand, we have U*BU = B for the block matrix B in ({]), since

a'zwIcl @ aUuICQ = (Ul @ UQ)*(auvIcl @ a/UUICQ)(Ul @ UQ)

Then S*BS = S*U*BUS = S*BS = V*D*BDV. In fact, the (i,j)-th block of
D*BD is equal to

(Dl 57 D2)1/2(auvIcl 57 avuIcz)(Dl SY D2)1/2 - aule 57 a'uuD2~

Thus, ¢ has the asserted form. Since || I, @(D1®D2)||x = [V (L) llr = Im|ler = m,
it follows that tr (D1 @ D3) = tr D1 + tr Dy = 1.

Finally, we consider case (III) : m < n. We prove the desired conclusion by
induction on n — m starting from n —m = 0, which follows from cases (I) and
(IT). Suppose that n —m = r > 0 and that the result holds for the cases when
n—m < r. Applying the assumption on the restriction of ¢ on M,?WL, the subspace
of M,, , that consists of matrices with zero n-th column, we conclude that for any
Ae M

7 P(A) =U[(D1 @ A) @ (D2 @ AY) @ 0, o]V

where A denotes the m x (n — 1) matrix obtained from A by deleting the n-th
column, (p/,¢')=(p—cam—ca(n—1),g—c1(n—1) —com), U € M, and V € M,
are unitary, and the following holds:

(a) if ¥ <m and c= ¢y + co = k/k', then D; = %Icl and Dy = %162;
(b) if ¥ =mand ¢ = c1+co < k/K', then D1 € M., and Dy € M., are diagonal
matrices with positive diagonal entries such that tr Dy + tr Do = 1.
Now replacing ¢ by X — U*¢(X)V*, we may assume that U = I, and V = I,.
For any x € My, 1, let A be the m x n matrix with x as the n-th column and
zero in the other columns, and X = (Xyy)1<u,v<c+1 = ¢(A), where Xy, € My n—1
for 1 <u<ey, Xyuw € My—1,m for c; <u<cand Xcyie41 € My -
Take any nonzero y € My, such that x*y = 0. (Note that 1 < k < m and
hence y exists.) For any [ < n, let B be the m X n matrix with y as the I-th column

and zero in all other columns. Then Y = ¢(B) = (D1 ® B) @ (D2 ® (B)t) B 0p g
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Since A and B are orthogonal, X*Y = 0, and XY* = 0,. It follows from the
structure of Y that

X;UB = 0 when 1<u<candl<wv<c+1,
X;vBt = 0 when c¢;<u<candl<v<c+1,
X,wB* = 0 when 1<u<c+landl<v<ey,
XW(Bt)* = 0 when 1<u<c+landc <v<ec

Since the I-th column of the m x (n — 1) matrix B is the nonzero vector y, if
X.oB* = 0, then the [-th row of X, must be the zero vector. Furthermore, since
[ can be any integer in {1,...,n — 1}, we conclude that X,, = 0. Similarly, X,
must be the zero matrix if X, B* = 0.

On the other hand, if X, B = 0, then all the columns of X, must be orthogonal
to y. Since y can be any vector orthogonal to x, all columns of X,, must be
multiples of x. Hence, X,, = xw' for some vector w of suitable size. Similarly,
since Xuv(Bt)* = 0, we have X, = zx' for some z.

By the arguments in the last two paragraphs, if 1 < u < ¢; and ¢ < v < ¢,
then xw' = X,,, = zx' for some w and z of suitable sizes. Thus, w = Ax for some
constant A in C, that is, X, = Axx".

Combining the above analysis, we know that

’

061777,70177, E(x) F(X)
d)[om}nfl | X] = OCQn,cln OCQn,CQm OCQn,q
Opr.ein G(x) H(x)

where

E(x) = (AwXX")1<u<er 1<v<ens

xw!
F)=|( : |,

xwl
G(x) = (zw' -+ ze,x'),

H(x), A\uv, Wy and z, all depend on x. By linearity of ¢, Ay,, w,, and z, must be
the same for all x, and Ay, must be zero. i.e., E(x) = 0cym,com-

Now we consider the orthogonal pair A = Ey1 + E1, and B = —F5, + Fs,. Let
e; be the i-th column of I,,,. Then

D1 ® Ell Oclm,c%m F(el)
‘/5(‘4) = Ocyn,ern D2 ® Eil Ocon,g’
0p'c1m G(e1) H(el)

and

D1 ® _E21 Oclm,czin F(e2)
d)(B) = Oczn,cln D2 (24 _Eél Oczn,q’
Op/ern Gle2)  Hez)
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Set W= : |. Since ¢p(A)p(B)* =0, the (1,1)-th block equals

Ocym = (D1 ® En) (D1 ® —Ea1)* + F(e1)F(ez)”
= —(D?®Ep)+(WW*® E)
= (WW* - D?})® Es.

Thus, WW* = D?. Let D; = diag(dy,...,d.,). Hence, {w1/d1,..., W, /de,} is

a set of orthonormal vectors. Let U € M, be a unitary matrix with wt/dy,...,

wl /dc, as the first ¢; rows. Then F'(x) = F(x)U* = [D1 @ X | 0¢ym,q/—cy)-
Similarly, by considering ¢(A)*¢(B) = 0, we write

t
G (x) = V" G(x) = <0D2 s >
p’'—ca2,cam

for some unitary V. Now, we write

Oclm,cln Oclm,cﬂn FI(X)
d)[om,nfl | X] = (Icn D V) ch,cm Ocm,62m ch,q’ (Icn & U)'
Opein  G'(x)  H'(x)

On the other hand, by applying the assumption on the restriction of ¢ on the
subspace of M, ,, that consists of matrices with zero in the (n — 1)-th column, we
conclude that

rank ¢[0,, n—1|x] = rank ¢[x | 0, n—2 | x] = rank ¢[x | Oy n—1] = ¢

(Note that here we used the fact that n > m > 2 to ensure nontrivial consideration.)
Therefore, H'(x) = 0 for all x. Finally, there exist permutation matrices P and Q
such that for A = [0y n—1]|x],

(b(A) = (Icn D V)P[(Dl ® A) D (DQ ® At) @ Op’—CQ,q’—cl]Q(Icn 52 U)-

The result follows. (|
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