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ABSTRACT. Let E be a real Banach space with a uniformly Gateaux differen-
tiable norm possessing uniform normal structure, K be a nonempty closed con-
vex and bounded subset of E, T': K — K be an asymptotically nonexpansive
mapping with sequence {kn }n C [1,00). Let u € K be fixed, {tn}n C (0,1) be

such that lim ¢, =1, tykn < 1, and lim k"_’tl = 0. Define the sequence
n—oo n—oo kn—tn

{zn}n iteratively by z0 € K, zp41 = (1 — Z#)u + %T"zn, n=20,1,2,...
It is proved that, for each integer n > 0, there is a unique z, € K such

that z, = (1 — £2)u + 2T z,. If, in addition, lim |z, — Tz,| = 0 and
n n oo

lim ||zn, — T2n|| = 0, then {zn }» converges strongly to a fixed point of T'.

n—oo

1. INTRODUCTION

Let F be a normed linear space with dual E*, and let K be a nonempty subset
of E. Let J : E — 27" denote the normalized duality mapping defined by J(z) =
{fe Bz, f) = |z|%|If]l = |lzl|, z € E}. A mapping T : K — K is called
uniformly L-Lipschitzian (L > 0) if |[T"z — T"y| < L|lz — y||, Vz,y € K and
for all integers n > 0. The mapping T is called asymptotically nonexpansive if
there exists a sequence {ky,} C [1,00) with nlLII;O kn = 1 such that ||T"z —T"y|| <
knllz — y| for all integers n > 0. It is clear that every asymptotically nonexpansive
mapping is uniformly L-Lipschitzian for some constant L > 0. The asymptotically
nonexpansive mappings are important generalizations of nonexpansive mappings,
where a mapping T is said to be nonexpansive if ||Tz — Ty|| < ||z — y|| for all
T,y € E.

The asymptotically nonexpansive mappings were introduced by Goebel and Kirk
[7], and they proved that if K is a nonempty bounded closed and convex subset of
a uniformly convex Banach space F, and T : K — K is asymptotically nonexpan-
sive, then T has a fixed point. In [8], they extended this result to the broader class
of uniformly L-Lipschitzian mappings with L < -, where  is sufficiently near 1.
Several authors have investigated iterative methods for approximating fixed points
of asymptotically nonexpansive mappings (e.g., Bruck, Kuczumow and Reich [3],
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Chang [4], Lim and Xu [I1], Schu [14, 15], Shioji and Takahashi [12} [I3], Tan and
Xu [16]). In [15], Schu proved the following theorems.

Theorem S1 ([15]). Let (E,|.||) be a smooth reflexive Banach space possessing a
duality mapping J : E — E* that is weakly sequentially continuous at 0; ) # A C
E closed, bounded and star-shaped with respect to 0; T : A — A asymptotically
nonexpansive with sequence {ky}n C [1,00) and uniformly asymptotically regular
(see [18] for definition), (id —T) demiclosed; {An}n C (3,1); nlg{.lo A =1; K, <

22
2X,—1

for all integers n > 0. Then,

(i) for each n € N there is exactly one x,, € A such that x,, = 2 T"x,,
(ii) {xn}n converges strongly to some fized point of T

Theorem S2 ([15]). Let (E,||.||) be a normed space; § # A C E bounded and star-

shaped with respect to 0; T : A — A asymptotically nonexpansive with sequence

{kn}n C [1,00); {Aa}n C (0,1) with lim X\, = 1; {z,}n C A; pn = 22 for all
n—oo

kn
2‘ T"x, for all integersn > 0, and 2,41 = Q—ET"zn
for all integers n > 0; {en}n C (0,00) such that ({€n}n, {tn}n) is admissible (see,
e.g., [19] or [10] for a definition). Also

(i) {t—‘;ﬂ} is bounded;

(i) [|T"x — T 2| < €, for all integers n >0 and all v € A.

Assume further that ¢ :== lim =z, exists. Then lim z, = q.

n—oo n—oo

integersn >0, z, € A; x,, =

Theorem S1 provides sufficient conditions for the path given by the sequence
{z,}n for an asymptotically nonexpansive mapping to converge strongly to a fixed
point of T'. However, since J is assumed to be weakly sequentially continuous at
0, the theorem is not applicable to L, spaces (p > 1, p # 2). In [II], Lim and Xu
proved a path-convergence theorem for asymptotically nonexpansive mappings in
the more general uniformly smooth Banach spaces. These spaces include the L,
spaces, 1 < p < co. They proved the following theorem.

Theorem LX ([11, Theorem 2, p. 1348]). Let E be a uniformly smooth Banach
space, K a nonempty closed conver and bounded subset of E, T : K — K an
asymptotically nonexpansive mapping with sequence {kn}n, C [1,00). Fiz u € K
and let {tn}n C [0,1) be chosen such that nlln;o t, =1 and lim H =0. Then,

n—oo *n

(i) for each integer n > 0, there is a unique x, € K such that
t t
(1) Ty =(1— ﬁ)u + ﬁT”xn.

Suppose, in addition, that lim ||z, — Tz,| = 0. Then,
n—oo
(ii) the sequence {xy}n converges strongly to a fixed point of T'.

Very recently Xu [I7] proved the following theorem (which is the main result
of [I7]) for iterative approximation of a fixed point of a nonexpansive mapping in
uniformly smooth Banach spaces.

Theorem Xu ([I7, Theorem 3.1, p. 244]). Let X be a uniformly smooth Banach
space, C be a closed convexr subset of X, and S : C — C' be a nonexrpansive
mapping with a fived point. Let u, xog € C be given. Assume that {a,} C [0,1]
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satisfies the following conditions:

(i) lim o, =0;

n—oo
o0
(ii) an, =00 or equivalently T[]0 (1 — a,,) = 0;
n=0
(i) lim 2202t —
n— o0 n

Then the sequence {x,} generated by
Tnt1 = aptu+ (1 —ap)Sz,, n=0,1,2, ...,
converges strongly to a fized point of S.

Our main purpose in this paper is to prove, under appropriate conditions on K

and T, that a sequence defined iteratively by: zg € K,

tn tn
2 nt1 = (1 —— —
) = (1= P+

converges strongly to a fixed point of the asymptotically nonexpansive mapping 7.

T"z,, n=0,1,2,...,

2. PRELIMINARIES

Let S:={z € E : ||z|| = 1} denote the unit sphere of the Banach space E. E is
said to have a Gateauz differentiable norm if the limit

Ll tyl el
n—o00 t

exists for each z,y € S, and we call E smooth; and F is said to have a uniformly
Gateauz differentiable norm if for each y € S the limit is attained uniformly for
x € S. Furthermore, F is said to be uniformly smooth if the limit exists uniformly
for (z,y) € S x S. Tt is known that if F is smooth, then any duality mapping on
FE is single-valued, and if E has a uniformly Gateaux differentiable norm, then the
duality mapping is norm-to-weak™ continuous (see, e.g., [6]). Let K be a nonempty
closed convex and bounded subset of the Banach space E, and let the diameter
of K be defined by d(K) := sup{|lz —y[| : z,y € K}. For each z € K, let
r(x,K) :=sup{||z —y| : y € K} and let r(K) := inf{r(z, K) : € K} denote the
Chebyshev radius of K relative to itself. The normal structure coefficient N(E) of
E (cf. [2]) is defined by
. . d(K) . .
N(E) := mf{TK) : K is a closed convex and bounded subset of E with d(K) > 0}.
A space E such that N(E) > 1 is said to have uniform normal structure. It is known
that every space with a uniform normal structure is reflexive, and that all uniformly
convex and uniformly smooth Banach spaces have uniform normal structure (see,
e.g., [1] or [T1]).

We shall let LIM be a Banach limit. Recall that LIM € (¢°°)* such that | LIM|| =
1, linrrigf an < LIMya, <limsup a,, and LIM,a, = LIM,a,,41 for all {a,}, € €.

The following lemmas will be needed in the sequel.
Lemma 2.1. Let E be an arbitrary real Banach space. Then
3) 2+ ylI* < [l2[* + 2y, j(x +y)),

Va,y € E andVj(z+y) € J(x +y).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



476 C. E. CHIDUME, JINLU LI, AND A. UDOMENE

Lemma 2.2 ([I1]). Suppose X is a Banach space with uniformly normal struc-
ture, C is a nonempty bounded subset of X, and T : C — C is a uniformly k-
Lipschitzian mapping with k < N(X)%. Suppose also that there exists a nonempty
bounded closed convex subset A of C' with the following property (P):

(P) x € A implies wy(x) C A,

where wy,(x) is the weak w-limit set of T at z, i.e., the set

{y € X 1y =weak-ImT™ z for some n; — oco}.
J

Then T has a fized point in A.

Lemma 2.3 (see, e.g., [17]). Let {an} be a sequence of nonnegative real numbers
satisfying the following relation:

any1 < (1 - an)an +opn,n >0,

where (i) 0 < ay,, < 1; (it) Yo o = o0. Suppose, either (a)o, = o(ay), or
(b)limsup o, < 0. Then a, — 0 as n — co.

3. MAIN RESULTS

In the sequel F(T') will denote the fixed point set of T'.

Theorem 3.1. Let E be a real Banach space with a uniformly Gdteaux differ-
entiable norm possessing uniform normal structure, K a nonempty closed convex
and bounded subset of E, T : K — K an asymptotically nonexpansive mapping
with sequence {kn}n C [1,00). Let w € K be fized, {tn}n C (0,1) be such that
lim ¢, =1, and lim ,f"*tl = 0. Then,

n—00 n—oo "nTn

(i) for each integer n > 0, there is a unique x,, € K such that

t t
= (1— ﬁ)u—l— ﬁT”mn;
and if, in addition, im ||z, — Tz,| =0, then,

(ii) the sequence {xzy}n converges strongly to a fixed point of T'.

Remark 1. We remark that Theorem 2 of [I1] (cited here as Theorem LX) actually
works in a Banach space that has a uniformly Gateaux differentiable norm and
has a uniformly normal structure. Consequently, following the lines of the proof of
Theorem LX, Theorem 3.1 is easily proved.

Remark 2. Lim and Xu [11] have shown that a sequence {t,}, C (0,1) satisfy-
ing the condition of Theorem 3.1 always exists. They gave, for example, ¢, :=
min{1 — (k, —1)2,1 —n~'},

Corollary 3.2. Let E be a real reflexive Banach space with a uniformly Gateauz
differentiable norm, K a nonempty closed conver and bounded subset of E, T :
K — K a completely continuous, asymptotically nonexpansive mapping with se-
quence {kp}n C [1,00). Letu € K be fized, {tn}n C (0,1) be such that lim t, =1,

n—00
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and lim kk”_tl =0. Then,

n—oo “n
(i) for each integer n > 0, there is a unique x, € K such that
t t
T =(1-— ﬁ)u—l— ﬁT”mn;
and if, in addition, lim ||z, — Tz,| =0, then,
n—oo

(ii) the sequence {xy}n converges strongly to a fixed point of T'.

Proof. For each integer n > 0, the mapping f,, : K — K defined for each z € K
by fax = (1 — Z—”L)u + Z—’;T"m is a contraction. It follows that there exists a
unique x, € K such that f,x, = x,. Since T is completely continuous there is a
subsequence {T'xy,, }; of {Tx,}, that converges strongly to some y* € K, and since
|€n, — Tan,|| — 0 as i — oo, we have that y* = Ty*. The rest of the proof follows

as in the proof of Theorem 3.1. O

Theorem 3.3. Let E be a real Banach space with a uniformly Gateauz differen-
tiable norm possessing uniform normal structure, K be a nonempty closed convex
and bounded subset of E, T : K — K be an asymptotically nonexpansive mapping
with sequence {kn}n C [1,00). Let w € K be fized, {t,}n C (0,1) be such that

Jim t, =1, tpkn <1, and lim fu—L — 0. Define the sequence {2y}, iteratively
by 2o € K,

t t
(4) Zni1=(1— 2u+ —T"2,, n=0,1,2,....

kn, kn,
Then,

(i) for each integer n > 0, there is a unique x, € K such that
t t
(5) Tn = (1— ﬁ)u + ﬁT"mn;
and if, in addition, lim |z, —Tz,| =0, lim ||z, — Tz,|| =0, then
n— 00 n—oo

(ii) {zn}n converges strongly to a fized point of T
Proof. From (@), @m —2n = (1— £2)(u—2n) + 2= (T @m — 2 ). Applying inequality

m

(3), we estimate as follows:

t2 t .
[Zm — Zn||2 < k_QHmem - Zn||2 +2(1 - k_m)<u — 2n, J(Tm — 2n))
m m
tgn m m m 2
< k_g[”T Ty — Tz || + | T™ 20 — 2nll]
m
tm .
+2(1 = =) = T, (2 = 2n)) + llem — zn ]
m
tgn m 2
< E[kmnxm = zn|l + [[T™2n — 2n]]
tm - 2 2
+200 = ) = @m, (@ = zn)) + K llwm = zal|7]
m
tgn 2 2 m m 2
= k_g[km”xm = znI* + 2km |z — 2n [T 20 — 20|l + [|[T™ 20 — 20 ||]

lm .
+2(1 = ) = @, (@ = 20) + |2 — 2]
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t 2
= (1 -(1- kﬂ)) krllzm = zall® + 1T 20 — 20l|[2km | T — 2nl

m tm .
+ 1 T™ 20 — znll] +2(1 — k_)Ku = Ty J(Tm — 2n)) + kzn”xm - Zn||2]

m

t
< (1 +(1— kﬂ)Q)kfnllxm - Zn||2 + | T™2n — 20| M
t .
+ 2(1 - kﬁ)@ - J)m,j(.ﬁm - Zn)>a

for some constant M > 0. It follows that

B~ 1+ R (1= )]
»—— limsup ||z — 24,

limsup(u — Tm, j(2n — Tm)) <

M -Tm
+limsup MlEn = T2l
nooo (1= g2)
ko —14k7, (1 £2)? - ; :
Observe that | 2(1757” )’“m) ] =k (kQ L [k]jn—tyln} + %(1 - };—n) —0 asm —

o0. Since {z,} and {z,,} are bounded, {T™z,} is bounded and ||z, — Tz,|| — 0 as
n — 00, it follows from the last inequality that
(6) lim sup lim sup{u — &y, j (20, — Tpm)) < 0.

But by Theorem 3.1 we have that z,, — 2* € F(T) as m — oo. Moreover, j
is norm to weak® uniformly continuous on bounded sets. Therefore, there exists
N > 0 such that

(z* = T, §(2n — Tm))| < % and |(u — 2%, j(zn — Tm) — j(zn — 2%))| < %
for all n,m > N. This implies
|<U_$maj(zn_xm) <u—x*,j(zn —x*)>

) |
(= T, (20 — Tm)) — (u = 2%, j(2n — )]

)

)

IN

F{u =27, j(zn = 2m)) = (u =27, j (20 — 27))|
= &7 —@m, J(zn = zm))| + [{u =27, (20 = 2m) = j (20 — 27))]|
(7) < eforall n,m > N.
Thus, from (B) and (),

limsup(u — z*, j(z, — z*)) < limsup lim sup(u — &y, j(2n — Tm)) + € < e

n—oo m—00 n—oo

Since € > 0 is arbitrary, we obtain that

limsup(u — z*, j(zn, — z*)) <0.

n—oo

Now from the iteration procedure () and inequality (3) we have that

* t2 mn * t’ﬂ * *
lonsr =2 < BT 20 = @72 4+ 201 = 250 = @,z — 7))
n n
tn * (12 tn I *
< llz =TT 4+ 200 = =) (u — 27, (2 — 27)),
kn, kn,
< (1 - an)”Zn - $*||2 + 20, 8p,
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where o, == (1 — ). So Bp == (u— 2", j(2nq1 — &*)), so that limsup a3, < 0.
It now follows from Lemma 2.3 that z,, — x* as n — oo, completing the proof. [

Corollary 3.4. Let E be a real reflexive Banach space with a uniformly Gateauz
differentiable norm, let K be a nonempty closed convex and bounded subset of E,
and let T : K — K be a completely continuous asymptotically nonexpansive map-
ping with sequence {ky}, C [1,00). Let u € K be fized, {tn}n C (0,1) be such that

lim ¢, =1, t,k, < 1 and lim kk%tl = 0. Define the sequence {z,}n iteratively
n— o0 n—oo kn—tn
by 2o € K,
t t
Zpg1 = (1= 2)u+ —T"2,, n=0,1,2,....
kn, kn
Then,
(i) for each integer n > 0, there is a unique x,, € K such that
ln ln
Tn=(1— —=)u+ —T"xy;
and if, in addition, lim |z, —Tz,|| =0 and lim ||z, — Tz,| = 0, then,
n—oo n

(ii) {zn}n converges strongly to a fized point of T.

Proof. As in the proof of Corollary 3.2 there exists y* € K such that Ty* = y*.
The rest of the proof follows as in Theorem 3.3. (]

Remark 3. An example of a sequence {t,}, C (0,1) satisfying the conditions of
Theorem 3.3 and Corollary 3.4 is given by

tni=min{k; ' =k '(kn —1)2,1—n"'}, n=0,1,2,....

n

Remark 4. We observe that if we set o, = 1 — ,i— and T is nonexpansive, in

which case k,, = 1V integers n > 0, then, replacing T by T, our iteration process
(@) reduces to the one studied by Xu [I7]. Moreover, the boundedness of K in
Theorem 3.3 is no longer required. Only the boundedness of the sequence {z,}
is needed, and this follows as in Xu [I7]. Furthermore, in this case the condition
lim ||z, —Tz,|| = 0 is satisfied. The choice t,, := min{k; ' —k; L (kn—1)%,1—n"1}

n— 00

reduces to a, = %, which is the natural choice that is part of the motivation of
the paper of Xu [I7]. Finally, it is well known (see, e.g., [6] and [9]) that every
uniformly smooth Banach space has a uniformly Gateaux differentiable norm and
possesses uniform normal structure.
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