PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 133, Number 2, Pages 455-464

S 0002-9939(04)07552-5

Article electronically published on August 30, 2004

SELF-ADJOINTNESS OF THE PERTURBED
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ABSTRACT. We give classes of unbounded real-valued V' for which OO0 + V' is
self-adjoint on D(00) C L?(R™), n > 2, where O is the wave operator defined
on R™.

1. INTRODUCTION

There are many classes of V' for which —A 4V is self-adjoint on D(—A). In this
2 2 92
By By
is the usual wave operator and V is an unbounded real-valued function defined
on R®. By using Fourier transforms on L?(R™) one can show that O is self-
adjoint on D(0) = {f € L?(R™) : Of € L*(R™)} (we understand that the partial
derivative is taken in the distributional sense). In the sequel D(0OJ) will be denoted
by M™ where n stands for the dimension. We assume definitions and notions about
unbounded operators, Fourier transforms, BM O and interpolation theory, and for
references one may consult [2], [3] or [4]. We also recall without proof the Kato-
Rellich perturbation theorem (for a proof see [3], Theorem X.12), but before that

we have

paper we investigate the self-adjointness of 0+ V where [J =

Definition 1. Let A and B be densely defined linear operators on a Hilbert space
H. Suppose that:

i) D(A) Cc D(B);

ii) for some a and b in R and all ¢ € D(A),

[1Boll < allAp]| + blle]l-

Then B is said to be A-bounded. The infimum of such an a is called the relative
bound of B with respect to A.

Theorem 1 (Kato-Rellich theorem). Suppose that A is self-adjoint, B is symmet-
ric, and B is A-bounded with relative bound a < 1. Then A+ B is self-adjoint on
D(A).

Remark 1. Throughout this paper, ¢ will denote any arbitrary constant that need
not be the same each time.
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456 MOHAMMED HICHEM MORTAD

2. M? AND THE SPACE BMO
It is known that by a simple change of variables we can change g—; — % into
%. So we will use % to mean [J. We will prove that M? C BMO(R?), but
first we have

Lemma 1. Fiz y; € R, and put fi(x) = ¢(z,y1) where ¢ € M?. Then f, €
BMO(R) with uniform BMO bound. Also y— g1(y) = p(z1,y) is in BMO(R).

Proof. We have to prove ﬁ Sl fi(x) — fildr < ¢ where ¢ does not depend on y;,
JE— 2
and where f; = ﬁ J; fi(z)dz . By putting p = 8‘1—5’;} we have

(h-0w- [ " p(z, 2)dz where £(z) = p(z,y),

and where we have the freedom to choose the y that is convenient to us. Then we
have

I(f1 = £)1I2 < (11 — v)||0¢||3 < oo with the assumption y < y; .

So (f1 — f)" € L*(R). Hence, f; — f is continuous and so there exists a ¢ € I such
that

(fi=H@) = fi— == z) = ([ - o),
and since (f1 — f)’ € Li,.(R) we have

loc
(hr= D)@ - (=)0 = | (- P

By taking I = (a,b) and since both ¢ and x are in I, one has

(i = H)@) = (= DI < b—a)2[[(fr = £ ll2= I = £) 2.
Hence

ﬁ/ﬁ(fl = N@) = (fi = H)lde < |12 (g1 —)* [T .

So in order to find a uniform bound for || f1 — f|| samo for this particular I, it suffices

to take y such that (y; — y)% < IITL , and in such a case we will have
2

ﬁ / (F1 = P)(@) = Th = Plde < |0z

But our interest is in the function f; itself, not in f; — f. We can find a BMO
bound for f; for this particular I if we come to show that f is BMO. We have

o 1@ = Tiae < o [1@las+ o [ (0 [1swiar) ae

1L T < 2
7 f1) =T < T2

So far we have not used the fact that ¢ € L?(R2)! To have a uniform BMO
bound for f we need for instance ||f|lz < ¢[I|2 (¢ > 0, to be determined). By

Then
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THE PERTURBED WAVE OPERATOR 457

applying a simple calculus argument, one can say that there existsay € R, |y1—y| <

(bia) such that || f]l2 < 2[l¢ll2|1]2. So

7 [ 19(e) = Tilde < e8¢l + el
The same proof works for g;. O
Theorem 2. Let ¢ € M%. Then p € BMO(R?) and
lellBrromzy < allOpll2 + bl
Proof. The proof follows from Lemma 1 and Fubini’s Theorem. O

Hence we have the following corollary whose proof is an immediate consequence
of an interpolation theorem ([4], Theorem 6.8).

Corollary 1. Let 2 < p < co. Then any ¢ € M? will be in LP(R?), and we have
(1) lell, < all0ell2 + bllell2

where the constants a and b depend on p.
Remark 2. The case p = oo is excluded, as will be shown below.
Lemma 2. The constant a in Corollary 1 may be made as small as we want.

Proof. Take px(x,y) = p(Az, Ay) : A > 0. We get

1 1
IBpall2 = Al0ell2, llealla = Tllellz and feall, = )\—gllwllp
Thus the estimate (1) applied to ¢y instead of ¢ becomes

2 2 _
lellp < aXe ™Dl +0A2Hlgll2, A >0, p>2.

By taking A small enough, the constant in front of ||Jepl||2 will be arbitrarily small.
O

Theorem 3. Let O be the wave operator on L*(R?). Lete > 0, and letV : R?2 - R
be such that V € L**¢(R?). Then O+ V is self-adjoint on D(O).

Proof. We have by Corollary 1 that
lellp < allBellz 4 bllpll2, for 2 <p < oco.
Then by Hoélder’s inequality,
Vell < [Vilgllelly < alVIlgBellz + bV Igllell2,

for 3 = % + é or g = 1%. Since the constant in front of ||[Jy||2 can be made small

enough so that we have a||V||, < 1, we conclude by the Kato-Rellich perturbation
theorem that O + V is self-adjoint on D(0J) = M?2. O

Proposition 1. Let V € L*t¢(R2) + L>°(R2) be a real-valued function, ¢ > 0.
Then O+ V is self-adjoint on D(O).

Proof. The same as for Theorem 3. O
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458 MOHAMMED HICHEM MORTAD

3. A COUNTEREXAMPLE

Proposition 2. Let ¢ € L*(R?) be such that 5)728% € L*(R?). Then ¢ need not be
essentially bounded on R2.

Proof. We are going to build up the counterexample by using a linear interpolation.
We define (z,y) — ¢(z,y) on R X (yn,ynt1) by

1
e(@,y) = ———— (¥ = yn) fos1(®) = (Y = Yn+1) fu(@)] Where frn(z) = o(z,yn),
Yn+1 — Yn
and the f, and y,, are to be defined below.
Hence on R X (y1,00) we have
el =[[ tewl dxdy—z I e updsay
R x(y1,00) Rx(yn yv7+1)

After some calculations the condition that makes ¢ belong to L? is

o0

Y a1 = ya) (Ifall3 + 1 fasall3) < o0

1
We also have

02 1 , , ,
ax;’y (= f) € LR x (31, 00)) if
Z ||¢ 13 < 0o where ¢ () = fat1(2) — fal@).
1 n
Since ¥ (z) = fo+1(z) — fu(x), then f,(x Zwk . We also want f, ¢

L*(R) so that ¢ ¢ L>=(R?).
%x—l—% if —e™<z<0,
Take ¢, (z) = —%nx + % if 0<z<e™,
0 if |z|>e ™.

Hence [|¢,[|2 ~ & and ||¢]|3 ~ 5. We also have

_n
2

o0 oo _n o0 ,l e}
e 2 2 1 =z e
5l € el =3 S 2 = [ e [ eaen
e P n n xr n Jn n

Now if we choose ¥y, 11 — yn = €™, then the series

(oo} oo oo
S =Y x =30
L ¥nll2 el e )
er n n
Yn+1 — 1 1
converges and so does
o0 o0 — — o0
e (n+1) e~

Y @nrr = ya) (U fnll3 + 1 farall3) < zl:en x [m ol > %

1

Now the ¢ defined on R X (yn, yn+1) is given by

o(z,y) = e "y — yn)( Zwk ¥ = yni) (=Y tr(2))]:
n+1 n
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THE PERTURBED WAVE OPERATOR 459

This ¢ is actually defined only for x € R and y > y;. To extend it to the case
y < y1 we define ¢ for x € R and y1 — yn4+1 < y < y1 — yn as follows:

1
e(@,y) = ———[(y = v1 + ¥n) frt1(2) = (¥ — ¥1 + Yns1) fu ().
Ynt+1 — Yn
This ¢ is in M? for sure. Now we need to show that ¢ is not in L>°(R?2). Let z > 0
and z < e F. Then Inz < —k or 1n% > k. So

[In 1] ek [In %J 1 [In 1] 1
—fa@)=a Y =D T2 DT
k k k
n n n
Now as  — 0, then [In2] — co. Hence In [Inl| — oco. Thus f,(z) — oo, which
implies that op(x,y) — 0o. So ¢ ¢ L>®(R2). O
Remark 3. This counterexample found is a BM O function by Theorem 2.

One can prove Proposition 2 by using Fourier transforms, but it is only an
existence proof. One may also wonder under what additional conditions M? will
be in L>°(R?). The answer is given by

Proposition 3. Let ¢ € L?(R?) be such that 92, %‘yﬁ and ;—;;% are all in L*(R2).
Then ¢ € L*(R?) and hence ¢ € L>=(R?).

4. CLASSES OF SELF-ADJOINT (J+V oN L*(R™),n >3

Remark 4. We will state theorems and propositions in the n-dimensional case, but
we will only prove them for n = 3 since the proofs are the same for n > 3.

Let us first discuss the following Cauchy problem:

(I) { Utt_umc_uyy:f(xayvt)a (x7y7t)€R2XR+a
u(@,y,0) = p(2,y);u(z,y,0) = ¥(2,y).
Now let us take the Fourier transform of (I) in the (z,y)-plane only. We get
- ﬁtt + (772 + 52)1}' = f(777§7t)7
() X ) A .
U(Ua Ev 0) = 50(777 §)7 Ut (777 §7 O) = w(nv g)
(I) is a second-order ODE in ¢ that has the following solution:
A . b, &)
Un,e(t) = p(n, &) cos(ty/n? + §2) + — === sin(t\/n* + £?)
n,€ /7772 s
b sin \/n? + &2(t — s)

+ [ &) — s

0 A/
The previous holds for ¢ > 0. For ¢ < 0, (I) becomes, after setting a(x,y,t) =
’LL(:L’, Y, _t)a
(j) { @tt_axx_ayy:fngya_t)a ($7yat)€R2XR_a

U(J?, Y, O) = QO(JJ, y)7 U’t(xv Y, O) = —w(ﬂ% y)

Now we “fourier” everything in the (x,y)-plane to obtain

(f) { @tt+(772+§2)ﬁ: f:(777£7 _t)v ~
ﬂ(na 3 O) = 85(777 f), ﬁt(na 3 O) = —11)(777 E)a

(2)
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460 MOHAMMED HICHEM MORTAD

which has the following solution:

iy =1) = (1) = 90, €) costr/ P ) = L sin(e /P )

0 t |
N O L I
O ) ) 772 +€2 )

and this holds for ¢ < 0. After adding up (2) and (3), one gets for ¢t € R:

t . )
R o > 5 R sin/n? + &£2(t — s)
U e (t) = 24(n, &) cos(ty/n +£)+/0 f(n,&s) NN ds
. sin\/n? 4+ &2(—t — s) .
+ . f(nafas) \/W ds_ufhf(_t)'

Now we can change our Cauchy problem by introducing different initial conditions
mainly for the ¢ variable; i.e., instead of working on the intervals (0,¢) and (—t,0),
we will be working on (£52,¢) and (a, £52) where « is to be chosen freely. Now
given u € C§°, then we can regard it as a solution of the Cauchy problem with
u € C§°(R3) where f = Ou, u(z,y,0) = ¢(z,y) and u(z,y,0) = ¢ (z,y). Then (4)
will be:

(5)

01,€,1) = 2001, 5% cosliE + E(0)] — (. &, )

L sin /02 + €2(t — s) ¢ sin\/n2 + &2 (a — s)
+ f(ﬂafws) 5 ) ds + f(77a§73) ) ) ds.

i Vit 4§ i n°+E€
Proposition 4. Let n > 1. Let u € M™"'. Then |[u(...,t)| ,2mn) € L(R) and
we have

(4)

Sulg ||u(...,t)||L2(Rn) < a||DuHL2(Rn+1) —+ b||u||L2(Rn+1).
te
Proof. We shall prove this proposition for functions in C§°(R3) first]] Then the
result follows for functions in M3 since C§°(R3) is dense in M? in the graph norm
of O

We choose a such that |t — «| <1, and then we obtain:

t «
& 0] < 2aln.&, N+ [ 1 g oldsae [ 176 o)lds+am g o)l

t+a t+ao

2

where we have used the fact that |¥| < 1. Using the Cauchy-Schwarz inequality
and taking the squares of both sides, we will have

N 2 ol A t+ « 2 - t ~ 2 ~ @ ~ 9
o [EOP Sl & GNP [P e [ 1506 o)

2
+ a(n, &, o).

1C’(‘)><’(R3) is the space of infinitely differentiable functions with compact support.
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THE PERTURBED WAVE OPERATOR 461

Then integrate (6) with respect to 7 and € in R2, and bound the integral of |f|?
by the one over R3 to obtain

[ [t c.orande < [ [ 106, 5% Pande + [ [ [ 170, Panagas
R2 R2 RS
v [[[\ing ondeds 2 [ [ i, .)Pande.
R3 R2

Now integrate everything w.r.t. « in the segment |t — | < 1 and bound again by
integrals over R2 to get

//|un,5t|dndf<c// (g, 222 dndfda+0// 1., ) Pdndeds
+c///|fnf, |dnd§ds+c///|unf, ) 2 dndéda.

Thus by taking the supremum in ¢ over R and by using the Plancherel theorem,
one has

(7) tsug ||u(, . t)||L2(R2) < éHDu||L2(R3) + EH’U,HL2(R3).
S

The estimate for functions in M3 then follows by the denseness of C§° in M3. O

Theorem 4. Let [ be the wave operator defined on L?*(R™1). Let V be a real-
valued function such that [~ ||V (.. )H%M(Rn)dt < 00. Then O+V is self-adjoint
on D(O).

Proof. The proof is very similar to the one of Theorem 3. (]

Proposition 5. Let V = Vi + V5 be real-valued such that Vi is as in Theorem 4
and Vo € L®(R™T1). Then O+ V is self-adjoint on D(D).

By going back to equation (4), we can have a better estimate than the one in
Proposition 4 and we have

Proposition 6. Let n > 2, and let w € M™". Then |lu(...,t)||L~®=) € L=(R),
2<r <y ” and we have

Sulg ||u(, .,t)HLr(Rn) < a||DuHL2(Rn+1) -+ bHuHLQ(Rn-H).
te

In order to do that we will need some lemmas.

Lemma 3 (Sobolev s inequality). Let n > 2. Let f € HY(R®)A Then f € L1(R™)
for 2 < q < 25 (with n = 2 giving ¢ = 00) and we have

[fllg < allV £z + bl
We recall the following interpolation result:
Proposition 7. Let u(t) € L*(R™) be such that also u(t) € LE(R™B Then
u(t) € L"(R™) for 2 <r <p.

2 HY(R™) is the Sobolev space {f € L2(R™) : Vf € L2(R™}.
3The LP-weak norm of u will be denoted by ||. |p,w-
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462 MOHAMMED HICHEM MORTAD

Lemma 4. Assume for all € > 0, there exist V, g such that u(t) = V+g, |V]|2 < de

and [|g|lq < € where c,d are two constants. Then u(t) € LF (R™) where p = 24

2+q
and 2 < q < %

Proof. We only prove the lemma for n = 2. Let Ey = {x : |u(z)| > A}. Then, since
u=V-+g,

By C o V@) 2 5)Ufe:lg@) 2 ),

| >

so that N \
[Exl € Ha: V@)l 2 S+ {2 = g(@)] 2 S},

Then by using the Chebyshev inequality, we get [Ex| < 4A72[|V||3 + 2927 9||g]|2.
But we have the freedom to choose any €(\) > 0. So take e(A) = A’ (b to be
determined). With this choice we obtain
|Ex| < 4d?X?072 4 29¢I)\7%79 or NP|E)\| < 4d2M\PT2072 4 299 \P—ba—a,
Then u(t) belongs to L? (R?) if and only if sup[4d?\PT2072 4 29cI\P~0179] < oo,
A>0
4q

which is only possible if b = 2%” and p = 5L O

Now we prove Proposition 6.
Proof. Let u € C§°. We use (5) to show that u(t) is in L"(R?), 2 <r <4 (n =2
gives ¢ < oo and hence r < 4). We set u(t) =V +g¢. So i(t) =V + g,

V(01,€) = 20, & o) cos|VE + E0)] — (0. &,)

and

t N in 2 2(+
o06) = [, Fn.69)° V&;TZ(; Las
sinyn® + E(a—s)
ViP+ &

[ e

where f € L2(R3).
We observe that both V and § depend on «.. We will first show that Vg € L?(R?)
so that ¢ € LY(R?), 2 < ¢ < oo, by Lemma 3 since ¢ € L?(R?). Then we

show that V' € L?(R?). We only do the cases @(n, &, 552) cos[y/n? + £2(t)] and

ILTQ fn, & s) VT2 79 ”\Z:Tiit_s)ds, which we also denote by V(n,€) and §(n,€). The
proof of the other two cases is simply the same.

Also, the assumptions we made in Lemma 4 suggested that ||[V]l2 < de and
llgllq < £. So here we find the constants ¢ and d explicitly and, with no surprise,
they depend on |Jul|z2(rs) and ||[Oul|z2rs)-

We also bear in mind that we still have the freedom to choose a. We also give
details of why we have Vg € L2(R2). We have @ = V 4 § where

V,€) = 2001, €, 5 cosly/7 + E4(0)

and

+ .
i) = [ F0.65)> V:’;;ng_ %) ds where f € L2(R®).
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THE PERTURBED WAVE OPERATOR 463

Also, § € L?*(R?) and since

then —ing, —iég € L?(R?), i.e., Vg e L?(R?2). So by Sobolev’s inequality we have
g € LY(R?),2 < g < co. We also have

1V6122m2) = 179122 0a2) = / / g (7, €) [2dnde + / / (€300, €)Pdnde.
R2 R?2

But

t

n?1g(n, &) < a®|t — a |f(n.€,5)*ds

t+a
2

and
t

Elon. O <a®lt—al | |f(1,€5)ds.

2

So by choosing « such that |t —a| < & we get
2 2a° ; 2
IVgllz2m2) < = e |f(n,€, 5)|"dnd&ds.
Rz 7

C
IVgllL2m2y < EHDUHL2(R3)~

Thus

In a similar way, one gets [|g|z2mr2) < -F||[0ulr2(rsy. So for € > 1 we have
€2

llgllL2r2) < £[|0ul|L2ms). Also, for € < 1 one has to use § = 4 — V and the
estimate we will get for ||V 2(r2) below and the fact that u belongs to L*(R?).
For V' we have

V0,€) = 2000, €, —5) cosly/E T (1),

t+a
V)12 s, < 4//|u 0.6 00 2anae,

and then by integrating w.r.t. a € {a [t —al < 6—2} one obtains

t+1 t+7
| T IV emayda <4 / [ [ v 52 Pandgao < 4l g
t -3

1
2

Then

2112
||“||L2(R3>

Then there exists o € (t — 5, t+ %) s.t. HV||L2(R2) S = So [V r2mz) <
dellul|L2(r3). So one has ‘
(8) sup[4d2/\p 2+42b + 29,9 )\P—9— b(I] — CH’U,HLQ (R3) + CHDU||L2(R3)

A>0

We have by Proposition 7 that |lu(t) < ¢lu®)|l2 + éllu(®)||pw- So by using
(8), Proposition 4, scaling by a suitable constant and taking the supremum in ¢
over R, one obtains

(9) SUII;HU(» SOl re) < al|Bullp2ms) + bllul| L2rs).-
te
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464 MOHAMMED HICHEM MORTAD

Remark 5. The constant a in (9) may be made as small as we would like.

Theorem 5. Let n > 2. Let O be the wave operator defined on L*(R™1). Let V
be a real-valued function such that [*_ |V (...,t)| %S(Rn)dt <oo fort=3—1and

2 T
2<r< 2 Then O+ V is self-adjoint on D(O).

n—1

Proof. Again we only prove the theorem for n = 2. We have by Holder’s inequality,
for%:l+%,2§r<4:

T

/ / V(@ g, e, g, 1) Pdady < [V (oo )2 o N0 D12 i
R2

< SuPHu('7 7t)H%T(R2)(HV(7 7t)H%*(R2))
teER

Then by using Proposition 6 and by integrating w.r.t. ¢t over R one gets

Vul <a / IV (oo ) remydt | [100l3 4 / IV ooyt | 2
R R

Since we can make a small enough to have QI{ e, ., t)H%w(Rz)dt < 1 we conclude
by the Kato-Rellich perturbation theorem that 0 4 V is self-adjoint on D(O0). O

5. OPEN PROBLEMS

This paper contains results from my Ph.D. thesis. I have a series of questions
that I would like to know the answers to:

1) If V is real-valued and V € L?(R™), then will (0 + V be self-adjoint?

2) If V > 0 is real-valued and V € L} (R™), then will O+ V be self-adjoint? (We
insist on V being positive since if it has no sign.) Then there are examples that show
that this may fail, and they exploit the non-self-adjointness of the one-dimensional
Hamiltonian for some classes of potentials [3].

3) In Section 4, can we have larger spaces than the ones found in Section 2 and
4 and which include M™, n > 37
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