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ABSTRACT. We prove the following generalization of the noncommutative
Tietze extension theorem: if V' is a countably generated Hilbert C*-module
over a o-unital C*-algebra, then the canonical extension ® of a surjective mor-
phism ® : V. — W of Hilbert C*-modules to extended (multiplier) modules,

®: V; — Wy, is also surjective.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Given a surjective morphism of C*-algebras ¢ : A — B, there exists a morphism
P M(A) — M(B), an extension of ¢ to the corresponding multiplier algebras.
There is a purely algebraic construction of @ by means of double centralizers (cf. [7],
Proposition 2.2.16). Another way to display P is to regard A and B as Hilbert C*-
modules then M(A) and M (B) are interpreted as the C*-algebras of adjointable
operators on A and B, respectively ([3]; see also the proof of Proposition Bl below).
It turns out that @ is the extension of ¢ by strict continuity, hence ¥ is the unique
(canonical) extension of ¢ to multiplier algebras.

The noncommutative Tietze theorem, first proved by G. Pedersen, asserts that
P is also a surjection whenever A is a o-unital C*-algebra; see, for instance, [5],
Proposition 6.8. As noted in [5], the assertion fails, even in the commutative case,
if one drops the requirement that A should be o-unital. Observe that in the com-
mutative case A = Cy(X), B = Cy(Y) with Y closed in X, we have M (A) = Cp(X)
and M (B) = Cp(Y'). Now the fact that any function in M (B)sa = Cp(Y, R) lifts to
a function in M (A)sa = Cp(X, R) explains the name of the theorem.

The aim of this note is to generalize the noncommutative Tietze extension theo-
rem to Hilbert C*-modules. However, we note: although our Theorem 2 generalizes
the noncommutative Tietze theorem, our proof uses that result. The proof of The-
orem 2 also relies on our previous article [2] where the Hilbert C*-module version
of the multiplier algebra is constructed.

A (right) Hilbert C*-module over a C*-algebra A is a right A-module V equipped
with an A-valued inner product (-,-) such that V is a Banach space with the norm
o]l = ||{v,v)||'/2. We assume that the linear structures on A and V are compatible
in the sense that (Av)a = A(va) =v(Aa) for allv e V,ae A, A € C. V is said to
be a full Hilbert A-module when the ideal (V, V) (= the closed linear span of all
elements in A of the form (z,y), x,y € V) coincides with A.
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If V and W are Hilbert .A-modules, we denote by B(V, W) the Banach space of
all adjointable operators from V' to W. The ideal of “compact” operators (gener-
ated by all operators of the form 6 ,, 0, ,(v) = z(y,v)) from V to W is denoted
by K(V,W). When V = W we write B(V) and K (V) instead of B(V,V) and
K (V,V), respectively. If a C*-algebra A is regarded as a Hilbert .A-module with
the inner product {a,b) = a*b, then A ~ K(A) and M(A) ~ B(A). The corre-
sponding identifications a < T, and m < T,,, with T, and T;, denoting the left
translations by a € A resp. m € M(A), will be used freely.

For general facts about Hilbert C*-modules the reader is referred to [5] and [7].

Given two Hilbert C*-modules V and W over A and B, respectively, we say that
amap ® : V — W is a morphism of Hilbert C*-modules if there exists a morphism
of C*-algebras ¢ : A — B such that (®(x), ®(y)) = ¢({z,y)) is satisfied for all z and
y in V. When the underlying morphism ¢ has to be emphasized, the map ¢ will
be called a @-morphism. It is known that each ¢-morphism is necessarily a linear
contraction satisfying ®(za) = ®(z)p(a), x € V, a € A, such that Ker & = Vi,
i.e. the kernel of @ is the ideal submodule of V' associated to the kernel of ¢. In
particular, if V' is full, then ® is an injection if and only if ¢ is an injection.

As a typical example, consider an ideal Z of A and take the corresponding ideal
submodule V7 of a Hilbert .A-module V. Then the quotient map ¢ : V — V/Vz is a
m-morphism of Hilbert C*-modules (with 7 : A — A/Z denoting the quotient map
of the underlying C*-algebra).

A surjective p-morphism ® : V' — W is a unitary operator of Hilbert C*-modules
if the underlying morphism ¢ is an injection. If this is the case we say that V' and
W are unitarily equivalent Hilbert C*-modules. Unitary equivalence of full Hilbert
C*-modules is an equivalence relation.

For these and other facts concerning morphisms of Hilbert C*-modules we refer
the reader to [I].

In the present note we shall be concerned with extensions of morphisms of Hilbert
C*-modules. But first we need to describe the concept of the extended (multiplier)
module.

Let V be a full Hilbert C*-module over a (non-unital) C*-algebra A. Denote by
Va = B(A, V) the Hilbert C*-module over the multiplier algebra M (A) consisting
of all adjointable maps from A to V with the inner product (r,s) = r*s. Let
I': V — Vy be defined by I'(v) = r, where r, : A — V denotes the “multiplier”
ry(a) = va. Then (Vg, M(A),T') is an extension of V in the following sense: if we
identify v in V' with I'(v) in Vj, then V is an ideal submodule of V}; corresponding
to the ideal A of M(A). The extended module V; has the following universal
property: Let ¢ : A — B be an injective morphism of C*-algebras such that ¢(.A)
is an (essential) ideal in a C*-algebra B, and let A : B — M(A) be the resulting
morphism such that Ay is the identity on A. Let W be a Hilbert B-module. Suppose
that ® : V — W is a ¢-morphism of Hilbert C*-modules with ®(V') = Vp(A), so
that (W, B, @) is another (essential) extension of V. Then there exists a A-morphism
A : W — Vy such that A® = T'. Since the maps A and A are injections precisely
when ¢(A) is an essential ideal in B, this shows that Vg is the largest essential
extension of V' ([2], Theorem 1.1).

Furthermore, given an essential extension (W, B, ®) of V, we define a (variant
of) strict topology 7 on W by the family of seminorms w — |[(®(v),w)||, v € V,
and w — |lwp(a)||, @ € A. Note in passing that in the case V = A the extended
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module Vj is nothing else than the multiplier algebra M (A) and 7y coincides with
the usual (C*) strict topology on M (A).

It is proved in [2] that V is strictly dense in V; and that V; is complete with
respect to the strict topology 7. Moreover, each essential extension of V' complete
with respect to 7y is unitarily equivalent to V.

Finally, as observed in [2], V; coincides (up to the identification v < r,) with V'
whenever either A or K (V) is a unital C*-algebra.

All of this shows that V; can be regarded as the Hilbert C*-module version of
the multiplier algebra.

Suppose now that we are given a surjective ¢-morphism ¢ : V. — W of full
Hilbert modules. Regarding V; and W, as their “multiplier” modules one may ask:
is there any morphism of Hilbert C*-modules ® : V; — Wy extending ® in the
sense ®(r,) = Te (), Vv € V?

Observe that this condition determines uniquely the underlying morphism of C*-

algebras : M(A) — M (B). Indeed, (ry,ry) = (v,v), Yv € V; hence (®(r), (r)) =
({r,)), ¥r € Vi implies (v, v)) = ¥({ru,m)) = @(r,), B(r)) = (@(v), D(v)) =
w((v,v)), Yv € V; thus ¢ must coincide with the canonical extension % of ¢.

Secondly, one would like to know when the extension ® of ® is also a surjection.

Before stating main results of the paper we note that a related discussion can
be found in []. There multiplier modules of Hilbert C*-bimodules are defined
in a purely algebraic manner and a variant of the Tietze extension theorem for
homomorphisms of Hilbert C*-bimodules is obtained.

We end this introductory section by stating two main results of this note: the
first one ensures the existence of the canonical extension ® of a surjective morphism
®, while the other serves as the Hilbert C*-module version of the noncommutative
Tietze extension theorem.

Proposition 1. Let ® : V. — W be a surjective morphism of full Hilbert C*-
modules. Then there exists a unique morphism of Hilbert C*-modules ® : Vy — Wy
extending ® in the sense that ®(r,) = Te(v), Vv € V. The map @ is the continuation
of ® with respect to the pair of strict topologies on Vg and on Wy, hence uniquely
determined.

Theorem 2. Let V be a full countably generated Hilbert C*-module over a o-
unital C*-algebra, and let W be another full Hilbert C*-module. Then the canonical
extension ® : Vy — Wy of a surjective morphism ® : V. — W is also a surjection.

Observe that the above theorem covers the case of C*-algebras (simply by taking
V =A W = Band ® = ¢), so one cannot conclude that an extension ® is
a surjection without some additional assumptions. On the other hand, by [5],
Proposition 6.7 a full Hilbert C*-module V' is countably generated if and only if
K (V) is a o-unital C*-algebra. Hence in the basic case V = A the first hypothesis
in Theorem [2, namely that V' should be countably generated, is ensured (via the
fact K(A) = A) by the assumption that A is o-unital.

2. PROOFS

Since the proof of Proposition 1 effectively requires work in the quotient V/Ker @,
we first recall from [I] some facts concerned with quotients of Hilbert C*-modules.
Let V be a full A-module, and let Z be an ideal in A. The associated ideal sub-
module V7 is defined as the closed linear span of the set VI = {va:v €V, a € I}.
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After applying the Hewitt-Cohen factorization ([6], Proposition 2.31) one finds
(1) Vi:=VI={veV:{(vz)eI VxeV}.

Now consider the quotient Hilbert A/Z-module V/V; with ¢ : V. — V/V7 denoting
the quotient map, and take an arbitrary adjointable operator T' € B(V'). Since Vz

A

is obviously invariant for T' (by (D)), there is a well-defined operator T on V/Vz
A A

given by T(q(v)) = ¢(Tv). Note also 0, = 04(2),q(y) YT,y € V. It is proved in

Corollary 1.18 from [1] that the map 8 : B(V) — B(V/Vz), 8(T) ZIA’ is a morphism
of C*-algebras such that (K (V)) = K(V/Vz). In particular, if V is countably
generated, then K (V') is a o-unital C*-algebra (5], Proposition 6.7), and by the
noncommutative Tietze extension theorem, 3 is a surjection.

In the basic case V = A the corresponding map will be denoted by §y. Observe
that Bo(Ta) = Tr(e) for a € A, so that (y restricted to “compact” operators co-
incides with the quotient map m (up to the identification a < T,). Consequently,
applying By to multipliers T;,, one gets the canonical extension of the quotient map
.

Proposition 3. Let V be a full A-module, and let T be an ideal in A. The map
T Vg — (V/V1)q defined by T(r) = ?, ?(w(a)) = q(r(a)) is a Bo-morphism of
Hilbert C*-modules satisfying T(ry) = Tq(z), Y& € V.. The map T is continuous with
respect to the pair of strict topologies on Vg and on (V/Vz)q4.

Proof. First, 7 is well defined: w(a) = 7(b) = a—-b eI = (rla—-0"b),z) =
(@ —b,r*(z)) = (a —b)*r*(z) € Z,Vx € V. Using (I) we now conclude that
r(a —b) € Vz, hence ¢(r(a)) = q(r(b)).

Secondly, 7 is well defined, i.e. 7is an adjointable map. Indeed, for an adjointable
map ! : V — A we define /l\: V/Vr — A/T by /l\(q(v)) = 7(I(v)). By astraightforward
calculation (which we omit) one verifies that /l\ is also an adjointable map and
(7 = ()"

We next show that 7 is a Sp-morphism of Hilbert C*-modules; by definition we
have to check that (7(r),7(s)) = Bo({r,s)). Again, this is a routine verification:
(r(r),7(s))(w(a)) = 7(r)*7(s)(m(a)) = 7(r)*(q(s(a))) = 7(r*(s(a))) = 7((r"s)(a))
=m((r,s)(a)) = Bo({r, s))(7(a)).

The equality 7(r;) = r¢(s), © € V is evident, and the proof will be finished by
showing that 7 is strictly continuous. Assume r = (st.)lim; ; in V5. This means

(2) (r,rg) =lm(rj,ry), Vo € V
J

and

(3) rT, = limr;T,, Va € A.
J

We must obtain analogous relations in order to prove 7(r) = (st.) lim; 7(r;). This is
immediate from the properties of the map 7: lim;(7(r;), 7¢(z)) = lim;(7(r;), 7(r2))
— Ty Bo((r5,72)) = (by @) Bol(r72)) = (7). 7(ra)) = (7(1)srg(ay), Vi € V.
For the proof of the remaining part observe that 3y is surjective on “compact” op-
erators and 7 is fp-linear and norm-continuous: lim; 7(r;)Bo(T,) = lim; 7(r;Ts) =

(by @) 7(rTa) = 7(r)Bo(Ta), ¥ho(Ta) € K(A/L). U
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Remark 4. Note that the last part of the preceding proof shows that any morphism
7' Vg — (V/Vr)q satisfying 7/(ry) = rq(z), Yo € V is strictly continuous. Since
Va and (V/Vz)q are the strict completions of the sets {r, : @ € V}, resp. {rq(z) :
x € V} ([2], Theorem 1.5), we conclude that 7 is uniquely determined with the
property 7(ry) = ryq), Vo € V.

Proof of Proposition[l. Suppose that V and W are full Hilbert C*-modules over
A and B, respectively, and that ® : V — W is a surjective morphism. Note that,
since V and W are full, the underlying morphism of C*-algebras ¢ : A — B is also
a surjection. Passing through the corresponding quotients we conclude: Vier, and
W are unitarily equivalent Hilbert C*-modules; the map ¢(v) — ®(v) induced by
® serves as a unitary operator (with the underlying isomorphism of C*-algebras
given by 7(a) — ¢(a)).

It is obvious that for unitarily equivalent Hilbert C*-modules W and W’ the
extended modules Wy and W) are also unitarily equivalent. Combining this with
the preceding proposition we obtain Proposition [l Observe additionally that ® is
given by the formula ®(r)(p(a)) = ®(r(a)), r € V. O

Remark 5. Since unitarily equivalent Hilbert C*-modules have isomorphic C*-
algebras of “compact” and adjointable operators, we may also apply the discussion
before Proposition 3 to conclude: there is a morphism of C*-algebras ®* : B(V) —
B(W) such that ®*(0,.) = 0o ()00, Y2,y € V and (K (V)) = K(W). The
map ®7 is a surjection when V is countably generated.

Note that ® is supported by ®T in the same way as by the underlying map
¢. Namely, if we consider the left Hilbert C*-module structure on V over K (V)
with the inner product [z, y] = 0, , then, by the above description of the action of
&t on elementary operators, we have [®(x), ®(y)] = &+ ([z,y]), Vo,y € V. As an
immediate consequence we also note that ®(Tz) = @+ (T)®(z), VT € K(V),Vx €
V.

We now turn to the proof of Theorem Our approach consists of passing to
the linking algebras and making use of the noncommutative Tietze theorem for
C*-algebras.

Let V be a full Hilbert A-module. Recall from [3] (see also Lemma 2.32 and
Corollary 3.21 in [6]) that the linking algebra L(V) of V' can be described in terms
of a Hilbert A-module A® V:

_ _| KA K(VA
(4) LV)=K(Aa V)= [ KAV) K(V)
Since each operator in K (A, V) is of the form r, for some x € V, we have
(5) L(V)—{[fa ?]:aeA,x,yev,TeK(V)}.

Suppose that @ : V' — W is a surjective p-morphism of Hilbert C*-modules. Then
there is a map p = pg of the corresponding linking algebras:

6) po : L(V) = L(W), p@([ 2‘ 22 }) = [ f:((z)) gf%%}) ]

It is proved in Theorem 2.15 in [I] that pe is a morphism of C*-algebras. In fact,
it turns out that pg is the restriction of the map (¢ ® ®)* to “compact” operators,
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where p @ P : ADV — Bd W is a p-morphism of Hilbert C*-modules obtained
by applying ¢ and ® componentwise.

Proof of Theorem [2 Let ® : V. — W be a surjective p-morphism of full Hilbert
C*-modules with ¢ : A — B, and let V be countably generated and A o-unital.
Since V and W are full, ¢ is also a surjection. The map ®™ is surjective by Remark
Bl and now the preceding paragraph shows that pe : K(A® V) — K(B® W) is
also a surjective map. Denote by

(7) ps:B(A®V)— B(BaoW)

the canonical extension of pg. Since V' is by assumption a countably generated
Hilbert A-module and A is a o-unital C*-algebra, A®V is also countably generated.
By [5], Proposition 6.7, K(A @ V) is then a o-unital C*-algebra. Thus, by the
noncummatative Tietze extension theorem, the map pg is also a surjection. Now
observe that ([f) can be rewritten as

— .| B(A) B(V,A) B(B)  B(W,B)
i 7 sy B | sen B |
or, recognizing B(A,V) =V and B(B,W) = W,,
— | B(A) (Vo) B(B) (Wa)*
©) pe [ Vv, BV ] - { W. BOW) }

The remaining part of the proof consists of showing that the extended morphism
Pa preserves matricial corners; this will imply that pg is in fact equal to the map
ps- The argument below is similar to the proof of Theorem 2.15 in [1] and uses
strict continuity of pg and the fact that the original map pe preserves corners.

Take an arbitrary multiplier m € M (A) interpreted as the left translation 7, €
B(A). Let (a,,) be an approximate unit for A. We first claim that

(10) { O ] _ (St.)lirlln[ T ] .

*
a Ty
ry T

T w5 [ Tomaw 01 _[ Tamar 0] [ Tum 0
re T 0 0| | 7eTma, O reTr 0

[T r;HTm 0]

Indeed, taking arbitrary [ ] € K(A@® V), we must show that

and

| Tm O T, rg
o 0 0 re T |’
To verify the above two limit relations we need only to check that r,Tm., —

72Ty and Tipa,y — Ty But, this follows easily from the fact that (7,,) is an
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approximate unit:

72 Tma,, — rmeHQ = |lre(Tn T, — Tm)H2 = (T T, — Tin) ryre(TmTa, — Tl
= H(T Ta, — )*T@s,z (TmTan - m)”

— ||T1/2 (T Ta, — To)||? — 0.

Similarly, || 7T, Y Tmr;HQ = |[(TTa, — Tm)r;ry(T},ﬂLn —Tn)*|| — 0.
Analogously, for arbitrary S € B(V) and an approximate unit (7},) for K(V),
we claim

0 0 0 0
(11) {0 S] (st )hm[o ST}
To obtain the last equality one has only to repeat the above verification (with the
final limit relations concerned with the approximate unit in K (V') and the operators
02,2 and 0y ). We omit the details.
Now we apply pe to [I) and (II). Since pg is strictly continuous and extends
pa, and since the canonical extensions @ and ®+ are strictly continuous, we obtain

from (I0Q),

o 0 = a0 )= et | Tete 0
hence
(12) p_@({ z;)m 8 }) = [ Tﬁgm’ 8 ] , VT, € B(A).

In the same way, starting from (), we get

(13) w0 s p=10 s | vweBm
Now take arbitrary r € B(A, V) = V; and put

(19 w3 o p=1 e i) |
Then

}) _ [ p11(r)* par(r)” ] { Pngfg Plzgr) ]

0 0
r 0 p12(r)*  paa(r)* p21(r)  p2a(r)
p11(r)*p1a(r) + p21(r)*p21(r)  p11(r)*pra(r) + p21(r)*p2a(r)
(15) 8 [ p12(r)*p11(r) 4 paa(r)*p21(r)  p12(r)* pra(r) + paz(r)* paa(r) ] ’
and also
(16) p?({ S ] )p?({ b ])—P_@({ r(*)r 0 ])_ { Wgr) : }

Comparing ([3) and ([I8) we conclude that pi2(r) = 0 and pa2(r) = 0. Similarly,
by calculating pr({ 2 8 :|)p_q>(|: 2 8 ] ) one finds p11(r) = 0 and, after all,

(7) w0 )= w0
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where U : V; — Wy is a well-defined map of Hilbert C*-modules. Since pg extends
po, the map U is an extension of ®. Additionally, (I6) shows that ¥ is a @-
morphism of Hilbert C*-modules. Since by Proposition I ® : V; — Wy is the only
morphism with these properties, we finally have ¥ = ®.

This together with (IZ) and (I3)) gives a general formula for pg:

p_q)([ T, s }) B [ Tomy (B(5)"

r S O(r)  OF(S) |’

from which the surjectivity of ® is evident. O

We end the paper with a result concerning strictly complete Hilbert C*-modules.
By definition, a Hilbert A-module V is said to be strictly complete if V; =V, i.e. if
each adjointable map r : A — V is of the form r = r,, r,(a) = va, for some v in
V. For the properties of strictly complete modules the reader is referred to [2].

Corollary 6. Let V' be a full strictly complete countably generated Hilbert C*-
module over a o-unital C*-algebra. Suppose that ® : V — W is a surjective mor-
phism of full Hilbert C*-modules. Then W is also strictly complete. In particular,
the quotient V/Vz over each ideal submodule Vz of V' is a strictly complete Hilbert
C*-module.

Proof. By the above theorem, ® : V; — W, is a surjection. Thus each r € Wy has
a preimage in Vy. Since V; = V| there exists € V such that ®(r,) = r; in other
words, re(y) =T O
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