PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 133, Number 2, Pages 501-510

S 0002-9939(04)07595-1

Article electronically published on September 8, 2004

CONVERGENCE PROPERTIES OF MINIMAL VECTORS
FOR NORMAL OPERATORS AND WEIGHTED SHIFTS

ISABELLE CHALENDAR AND JONATHAN R. PARTINGTON

(Communicated by N. Tomczak-Jaegermann)

ABSTRACT. We study the behaviour of the sequence of minimal vectors corre-
sponding to certain classes of operators on reflexive LP spaces, including multi-
plication operators and bilateral weighted shifts. The results proved are based
on explicit formulae for the minimal vectors, and provide extensions of results
due to Ansari and Enflo, and also Wiesner. In many cases the convergence
of sequences associated with the minimal vectors leads to the construction of
hyperinvariant subspaces for cyclic operators.

1. INTRODUCTION

The construction of minimal vectors (yy,,), corresponding to an operator 7" on a
Hilbert space, was introduced by Enflo and his collaborators [2] [7] [§] as a method of
constructing hyperinvariant subspaces for certain classes of linear operators. Fur-
ther work in this area, extending the concept to more general Banach spaces, may
be found in [I] 4, [, 14} 16, I7]. As a result of this work, it has become apparent
that it is important to be able to determine when the sequence (T™y,,) converges,
since in many cases this gives an explicit construction of hyperinvariant subspaces.

In this paper we begin by considering the convergence in the case that T is a
multiplication operator on a reflexive LP (1) space, providing an alternative proof,
as well as a generalization, of certain results in [2] concerning normal operators,
as well as an extension of the convergence results in [17]. We make use of certain
very explicit formulae for the minimal vectors that are available in the LP case, and
which were first given in [5]. Another class of operators that can be fully analysed is
the class of weighted bilateral shift operators on a reflexive space ¢?(Z), and again
we provide fairly complete convergence results (in particular, we are thereby able
to give criteria for convergence for a large class of hyponormal operators). Finally,
we make some observations about the case £!(Z), where the minimal vectors still
exist; they are not necessarily unique, but can be found using linear programming
techniques.

We shall employ the following conventions and notation.

All the operators considered in this paper will be bounded linear operators de-
fined on (real or complex) Banach spaces. For such an operator T', we denote by
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o(T) the spectrum of T' and p(T) its spectral radius. A nontrivial hyperinvariant
subspace of an operator T" acting on a Banach space X is a closed subspace M such
that {0} # M # X and AM C M forall Ae {T} ={A: X - X : AT =TA}.
For an operator T defined on a space X, we say that a vector x € X is cyclic,
if the closed linear span of {x, Tz, T?x,...} is the whole of X. The vector z is
hypernoncyclic, if the closed linear span of the vectors {Az : A € {T'}'} is a proper
subspace of X. The operator T is cyclic if it possesses a cyclic vector.

Recall that a hyponormal operator T' on a Hilbert space is one satisfying T*T —
TT* > 0. This class includes the class of subnormal operators (i.e., the restrictions
of normal operators to closed invariant subspaces).

A Banach space X is said to be smooth, if for every vector z € X \ {0} there
is a unique linear functional v(x) in X'* such that |v(x)| = 1 and v(z)x = ||z
Furthermore, X is said to be strictly convez, if, whenever x and y are linearly
independent vectors in X" then we have ||z + y|| < ||z| + [ly]|-

Suppose that T is an operator on X', with dense range, and that fo € X'\ {0}.
Take € such that ||fol| > € > 0. For n = 1,2,..., a (backward) minimal vector yn
associated with T, n, fo and €, is defined to be a vector of minimal norm such that
IT™y — fol| < e. It is known that, if X is reflexive, then such minimal vectors exist
and satisty || T™y, — fo|| = e. If, in addition, X is strictly convex, then the minimal
vectors are unique (see [0]).

2. NORMAL OPERATORS ON LP(u)

2.1. Normal operators on a Hilbert space. In [2], the following result was
given.

Theorem A. Let T be a normal operator with a cyclic vector and dense range
R(T). Suppose that fo & R(T). For any ¢ with 0 < € < ||foll, let (yn) denote the
corresponding sequence of backward minimal vectors. Then the sequence (T™y,)
converges in norm to a hypernoncyclic vector.

It seems, however, that the proof given in [2] is imprecise, since it relies on the
following assertion, to which we shall give a counterexample: let f € L?(u), where
w is a reqular Borel measure with compact support. Then given € > 0 there are
0>0and 0 < a <1 such that if

0 if |2 <4,
9(z) = {af(z) iflz| =4,
f(z)  for |z >4,

then ||f — g|| = e. However, suppose that we take p to be uy + po, where py is
Lebesgue measure on [0, 1] and ps is a Dirac measure at 1/2. Define f € L2([0, 1], i)
by f =1, and take e = 1/4/2. Tt is easy to verify that we must take § = 1/2 and
a = 1. Note that pu{z:|z| =} > 0.

We now prove a slightly more general result than Theorem A, using only the
spectral theorem for self-adjoint operators. It provides also a generalization of the
main theorem of [17], which considers the case of a normal operator on a finite-
dimensional space.

Proposition 2.1. Let T be a normal operator on a Hilbert space H, with dense
range. Suppose that fo € H. For any e with 0 < € < ||fol|, let (yn) denote the
corresponding sequence of backward minimal vectors. Then the sequence (T™yy)
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converges in norm. If, in addition, T has a cyclic vector, then lim, .o T"y, is
hypernoncyclic.

Proof. We shall make use of the expression
fo=T"yn = (I + paT"T*") ™" fo,

where p, is positive and uniquely determined by || fo — T"yn|| = €. We write A for
the positive self-adjoint operator T7T*. Thus

Gn = fo—T"yn = (I + pa A™) 7 fo,

since T is normal. We now work entirely with the operator A, which we may
represent by a unitarily equivalent operator, namely the operator My on a space
L?(X, i), given by pointwise multiplication by a non-negative function ¢ € L>(u)
(see the spectral theorem, as given in [12]).

We observe that, under this identification,

fo(2)
L+ pnd(2)"
Since |gn(2)] < |fo(z)], it is sufficient to establish pointwise convergence almost ev-

erywhere, after which we obtain convergence in norm by the dominated convergence
theorem. For r € [0, p(A)] we define

gn(z): (ZGX)

1 1
Ly(r) = limsup ——— and Ly(r) = liminf
n—oo 14+ /J/nrn n—oo 14 /J/nrn

Note that 0 < Lo(r) < Li(r) < 1 for all r and that L, and Lo are decreasing
functions. If Lq(r) > 0 for some value of r, then there is a sequence (n) such that
(tn, ™) remains bounded, so for ¢t < r we have p,, t"* — 0, and hence Ly (t) =1
for ¢ < r. We conclude immediately that if L;(s) < 1 for some s, then Ly(¢) =0
for all t > s (if not, we would have L1 (s) = 1).

Thus there is a number r; € [0, p(A)] such that

1 fort <,
1 Lq(t) =
(1) 1®) {0 for t > rq,

and similarly we have a number ro € [0, p(A4)] with 7o < ry such that

1 fort < ro,
2 Lo(t) =
) 2(t) {0 for t > ro.

Now we have
& =tmsup g > [ P dE + [ L )P due)
n—00 0<p(2)<r1 (z)=r1
and

=tmintloa< [ R+ [ LUl dute)
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If r1 = rq, then either Li(r1) = La(r2) or fo(z) = 0 a.e. on the set on which
¢(z) = r1, and so the sequence (g,) converges almost everywhere. Otherwise,

<1—L2<r2>2>/ o) du(2) +/ Fo(2)I2 dpu(z)

p(z)=r2 2 <p(2)<r1

+ le)?/q“ RGP <0,

and hence each term is zero. It follows that fo(z) = 0 almost everywhere on the
set on which L (r) # Lo(r). Hence (g,,) converges in norm.

If T has a cyclic vector, then by the spectral theorem we may take X = o(A)
and ¢(z) = z. Then T™y,, tends to a function h (and necessarily h # 0 and h # fy),
with

_Jo if ¢(z) < ra,
M=) = {fo(z) if p(z) > ry.

Moreover, hL>(X, it) € X{ry,00)L>(X, ). The fact that h is hypernoncyclic now
follows immediately from Lemma [2.1] below, which is well known, but for which we
add a proof for the sake of completeness. O

Lemma 2.1. Let 1 < p < oo, let T = My be a multiplication operator on LP(X, )
and suppose that T is cyclic. Then the commutant of T is {My : 1 € L>(X, )}

Proof. Let f be a cyclic vector for T'; clearly f # 0 a.e. Suppose that AT = TA,
then AT™f = T™Af for all positive integers n, and thus A(T™f) = 1.(T" f), where
1 denotes Af/f. Since A is bounded and A = My on a dense subset of L?(X, u),
it follows that ¢ € L>°(X, ), and A = M, everywhere. O

It would be of interest to derive similar results for general subnormal operators
on a Hilbert space. In the case when T' is subnormal and cyclic, a result of J. Bram
and I. M. Singer (see [6, Cor. 5.3]) states that T is unitarily equivalent to the
operator M, on a space P%(u) C L?(u) given as the closed linear span of the
polynomials in L?(u), where u is a compactly-supported measure on the plane. An
example, analysed in [4] [I4], is that of multiplication on the Hardy space H? by a
rational outer function, which is easily seen to correspond to a measure supported
on a curve in C. A formula which was useful in [4] is the following:

Ty = pnT™ (I + pu T T™) T fo,

and in this case T* = PM, where P : L?(u) — P?(u) is the standard orthogonal
projection. In [4], the operator A := I + pu,T*"T" = PM,,|z>) is a Toeplitz
operator, which could be inverted using a spectral factorization; however, this tech-
nique does not appear to be available in general. A full understanding of subnormal
operators would require a full classification of the spaces P?(u), and this is not yet
available (see [6]). Even the case of the multiplication operator by the function
z — 1 on the Bergman space appears to pose difficulties, since it would require an
explicit formula for A~!. Nevertheless, in Section Bl we shall analyse the particular
case of weighted shift operators, including all hyponormal weighted shifts. These
include some examples of multiplication operators on Hardy spaces of multiply-
connected domains, such as the annulus {z € C: s < |z| < 1} for 0 < s < 1 (cf.
[3, 1, 3] [18]).
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2.2. Multiplication operators on LP spaces. Let us now generalize the results
of the previous section to spaces LP(X, u) for 1 < p < oo. By the results of [5]
Thm. 2.1], we know that minimal vectors y,, still exist, and can be characterized
by the formula

(3) (T")*v(fo — T"yn) = pnv(Yn),
for some p,, > 0, where v : LP(X, )\ {0} — LI(X, p) is the duality mapping, given
by
glgl">
(4) V(g) = p—1°
lgll»

and, as usual, 1/p + 1/¢ = 1. We now establish the norm convergence of the
sequence (T™yy,) in the case when T' = My, and ¢ € L™(X, p).

Theorem 2.1. Let 1 < p < oo and suppose that T : LP(X, u) — LP(X, ) is the op-
erator My of multiplication by ¢ € L=(X, p1), and that it has dense range. Suppose
that fo € LP(X, ). For any € with 0 < € < || fo|, let (yn) denote the correspond-
ing sequence of backward minimal vectors. Then the sequence (T"y,,) converges in
norm. If, in addition, T is cyclic, then T™y, converges to a hypernoncyclic vector.

Proof. Let us write 3, = ||ynllp,- By @) and (), we have

o(zyn o= TM9n)(2) (o = T yn)(2)IP% _ " y"(z)lﬁ%i(f)lp_Q

er—1
because T* = My acting on L9(X, p), since the duality pairing is bilinear rather
than sesquilinear. Since y, = (T™y,)/¢", it follows that
(h—T"w)() @ 1 ()72
(T"yn)(2) " ()P [(fo — Tym) (2)[P—2
Taking absolute values, we obtain
(o= TPt @t 1
[(Tyn)(2)[P1 " pE T o(z)|me

?

Write 1
K,(r) = u;/(p—l)Em,
so that
(fo—T"y)(2)  |(fo— T y)(2)| ]
Tt = T = K9
Thus,
Kn([9(2)])

(fo = T"yn)(2) = T+ Kn(l6(=)])

say, where 0 < J,,(r) < 1 for each r > 0.

As in the proof of Proposition Z1] we shall establish pointwise convergence al-
most everywhere and use the dominated convergence theorem to deduce norm con-
vergence. Accordingly, let L1 (r)=limsup,, . Jn(r) and Lo(r)=lminf, . J,(r).
Then 0 < Li(r) <1 for all r, and L; is a decreasing function of r; the same holds
for La(r), and clearly Lo(r) < Lq(7).

fo(2) = Jn(|6(2)]) fo(2),
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Exactly as in the proof of Proposition 2] there exist ro < ry such that () and
(@) hold. Write g, = fo — T™y,. Then we have

& — limsup | g | > / fo()PP du(z) + / Ly(r | fol2)IP dia(z)
n—00 0<|g(z)|<r1 [p(z)|=r1
and
& = liminf || g | < / o) Pdu(z) + / La(ra)?|fol2)[P dpu(2).
nmee 0<|p(2)|<r2 [p(z)|=r2

If r1 = rg, then either Li(r1) = La(r2) or fo(z) = 0 a.e. on the set on which
|¢(2)| = 71, and so the sequence converges almost everywhere. Otherwise

A-Lolo?) [ @l dut) + [ oy, VP )

|p(z)|=r2
L Lun)? / fo(2)P du(z) <0,
[¢(z)|=r1

and hence each term is zero. It follows that fo(z) = 0 almost everywhere on the

set on which L (r) # Lo(r). Hence (g,,) converges in norm.
If T is cyclic, then the commutant of M, is the set {My : ¢ € L>®(X,u)}, by
Lemma ET] and hL>(X, 1) € X{z:|o(2)|>re} L°°(X, p). Thus h is hypernoncyclic.
U

3. WEIGHTED SHIFT OPERATORS

3.1. Weighted shifts on a Hilbert space. We now consider a class of operators
which are not, in general, normal, but in which there are many hyponormal oper-
ators of interest. These are bilateral weighted shifts (note that unilateral weighted
shifts do not have dense range, and will therefore not be considered here).
Accordingly, let T be a bilateral weighted shift on £2(Z) with dense range, defined
by
Tey = QReri1 (]f € Z),

where as usual (ey)gez denotes the standard basis of £2(Z). We shall assume that
ay, > 0 for all n, and that supyc; ar < oo (hence T is a bounded operator). Then
clearly T*ep, = ay_1ex_1 for each k € Z.

As usual we take a vector fy and a positive constant € < || fo|, and construct the
backward minimal vectors (y,) corresponding to T', yo and €. Since

fo—T"yn = (I + p,T"T*™) 7 fo,

where p, is the unique positive constant such that || fo — T"yn| = €, we see that,
if fo = 4cz crer, then

[e )

C
(5) fO - Tny = €k,
! k;oo 1+'u'n(a%—1.”ai—n)
where p,, satisfies
6) 3 e _o
vt Ut pm(ef g i)
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By the dominated convergence theorem, fy — Ty, converges if and only if

1
lim
n—oo 1 + un(ai_l cee a%_n)

exists for all k € Z with ¢ # 0.

Theorem 3.1. Let (y,) C (*(Z) be the sequence of backward minimal vectors
corresponding to T, yo and €. Suppose that lim,, ..o o, exists. Then the se-
quence (T™y,) converges. Conversely, if lim,,,_o amy, does not exist, then there
is a finitely-supported vector fo for which (T™y,) does not converge for any € with
0 <e<|foll-

Proof. Under the hypothesis that lim,,_, . o, exists, let k be an index with ¢ #
0. If

1
lim
n—oo 1 + un(ai71 T Oézin)

does not exist, then there exist Ly > Lo and subsequences (n;) and (m;) such that

1
lim

= Ll
PR T, 0l )

and
Um  fracll + p,,(0f_y - of_,, ) = La.
j—o0 J
Hence, for any ¢ € Z, we have
1 1

im > lim .
j=oo Lt pin, (af_y -+ af_, )~ oo Lt iy (af_y -+ 0f_,)

Now from the dominated convergence theorem, we obtain a contradiction, using

@).

Conversely, consider the extremal problem with fo = eg 4+ €, and 0 < € < V2.
We have
1 1 9

+ = ¢,
(L4 pn(0?y - a2,))2 (L4 pn(0d---0f_)))?

ie.,

(1) 1 1 9

T a2 (L4 mad?

where \,, = p,a?,---a?_,. If lim,,_._ . a,, does not exist, then () implies that
the sequence (\,) cannot converge, and thus the minimal vectors (T"y,) do not
converge. 0

Remark 3.1. Since (T*T — TT*)ex, = (af — ai_;)ek, it is clear that a weighted
shift operator is hyponormal if and only if the sequence (ay) is increasing (cf. [6]
Prop. 6.6]). An obvious corollary of Theorem [3:1]is that for a hyponormal weighted
shift the sequence (T"y,) of minimal vectors always converges in norm. This result
may be compared with Proposition -] for normal operators; however, we cannot
hope for a further result involving cyclic vectors, since any hyponormal bilateral
weighted shift possessing cyclic vectors is necessarily normal (see [Q] 10]).
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3.2. Weighted shifts on ¢?(Z). We now perform a similar convergence analysis
in the case when T is a bilateral weighted shift on ¢?(Z) for 1 < p < oo. Here we
need to use the expression () for backward minimal vectors, originally derived in
[5]. We take a sequence of strictly positive weights (ay) with sup,c, ar < o0, a
nonzero vector fo € (P(Z) and an e with 0 < e < || fol|.

Theorem 3.2. Let 1 < p < oo and let (y,) C (P(Z) be the sequence of backward
minimal vectors corresponding to T, yo and €. Suppose that lim,, . o ., exists.
Then the sequence (T™y,,) converges. Conversely, if lim,_,_ oo ., does not exist,
then there is a finitely-supported vector fo for which (T™y,) does not converge for
any € with 0 < € < || fol|-

Proof. We write fo = >, ., cker, and suppose that

o0
fo=T"yn = > dyey.

k=—o0

It is easily verified that we have

Ck—dk
o= Y 2

Q-1 Qk—n
—o0

and so (@) gives

o~ di|dp P2 = i — dley — di|P~2
Z — (g1 Qpn)ek—n = Ly Z Ck—n;

—1 _ -1
k=—o00 24 k=—o00 (Oékfl Tt ak*’n)p 165

where B, = |lyn||. Hence, we see that for each k € Z, the ratio di/(cr — d) is
non-negative, and it follows that

dy 1

ek —di Ap(agp_q-- )P/ =D’

where
Bn
Ap=—7—1 >0.
w%/(pfl)

Thus

0 ch
8 — Ty, = .
® fo Yn k:z—:oo L4+ An(og—1 -+ oy )P/ (P 1) *

The remainder of the proof proceeds as in the proof of Theorem Bl by comparing
expressions (@) and (&). O

3.3. Remarks about weighted shifts on ¢'(Z). The space ¢'(Z) is neither re-
flexive nor strictly convex, and the methods of [5] no longer apply. However, since
¢1(Z) is a dual space, a weak™ compactness argument shows the existence of minimal
vectors (yyn,), and as in [5] Lem. 2.1], every minimal vector saturates the constraint,
in the sense that ||T™y, — fol| = €.

Consider now the weighted shift T' on ¢!(Z), corresponding to a weight sequence
(ax). As usual, we suppose that aj > 0 for each k € Z, and that sup,cy ar <
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0o. Adopting the notation of the proof of Theorem B2 we have the following
optimization problem:

oo

—d
min Z |Ck k' subject to Z |di| = €.
Qf—1 Qf—n ke —oo
Since
(oo} (o]
Z brepll = Z |bk|ek )
k=—o0 1 k=—o0 1

for all (by) € (Y(Z), it is easily seen that it is sufficient to be able to calculate
minimal vectors in the case when fy = ZkeZ crex and each ¢y is non-negative. In
this case we must have 0 < d < ¢, for each k € Z, and thus it remains to solve the
following linear programming problem:

max E

We refer to [I5] for basic information on linear programming. In this case, an
inspection of the problem shows that we must have either dx = 0 or d = ¢, for all
except at most one value of k, which depends on n.

If () is strictly increasing, then ag_1 - - - ap—p, increases strictly with k for each
n, and so there is an index k,, such that di = 0 for k > k,, and d = ¢ for k < k.
Since Ypo di = ¢, it follows that the sequence of vectors (1™y,,) is constant,
thus trivially converges.

However, in general, even if supp fy is finite and limg_, o, v exists, the T™y,
may not converge. To see this, take fo =eg+e1, e =1, ay, = 1 for all m > 0 and
Oy =14+ (=1)"/(m+ 1) for m = 1,2,.... It is then easily verified that 7"y,
takes the values ey and ey alternately, so the sequence does not converge.

It is also easy to construct examples when the minimal vectors are not unique:
consider, for example, the case fo = eg+ e; with e =1 and ag = 1 for all k. Then
fo —T"y, can take any value which is a convex combination of ey and e;.

o0
subject to 0 <dj <cj for each £k and Z dp=c¢.

Otk 17 Qg—n P
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