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ON THE FIRST HODGE EIGENVALUE
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ABSTRACT. We give an extrinsic upper bound for the first positive eigenvalue
of the Hodge Laplacian acting on p-forms on a compact manifold without
boundary isometrically immersed in R™ or S™. The upper bound generalizes
an estimate of Reilly for functions; it depends on the mean value of the squared
norm of the mean curvature vector of the immersion and on the mean value of
the scalar curvature. In particular, for minimal immersions into a sphere the
upper bound depends only on the degree, the dimension and the mean value
of the scalar curvature.

1. THE MAIN ESTIMATE

Let M™ be a compact, oriented Riemannian manifold without boundary and
f i M™ — R™"™ an isometric immersion. Let p;(M) denote the first positive
eigenvalue of the Laplacian on M. Reilly proved in [R] that

(L1) mO) < gots /M Eik

where H is the mean curvature vector of the immersion.

The scope of this note is to extend (1)) to the Laplacian A, acting on differential
p-forms on the manifold M. For the main facts about A, (also denoted simply by
A and often called the Hodge Laplacian of M) we refer to [C].

By definition,

A =dd + 4d,

where d is the exterior derivative and § = (—1)"P+1)+1 « dx is the codifferential, x
being the Hodge operator. A, has a discrete, nonnegative spectrum, and its kernel
is known to be isomorphic to the real p-th de Rham cohomology space of M; we
denote by w1, (M) its first positive eigenvalue.

Let p7 , (resp. pf ,,) denote the first (positive) eigenvalue of Aj, when restricted to
the space of exact (resp. co-exact) forms (these spaces are preserved by A, because
it commutes with both d and §). The Hodge decomposition theorem implies that

. / 7
Ml,p - mln{u’l,pv Ml,p}v
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588 ALESSANDRO SAVO

and, by differentiating eigenforms, /’[/ll,p = ’UILP 1 1. Hence it is enough to give an
upper bound of yj , for all p. Then we have:

Theorem 1.1. Let f : M™ — R™™ be an isometric immersion. For all p =

1,...,n:
/ 1 > plp—1)
1) < o [ 1P = BE=h s,

where scal is the scalar curvature of M™. Equality holds for the canonical immersion
S" — R,

By the Hodge duality (induced by the x operator) one has

Hip =M np=Min pi1-
Hence Theorem [Tl gives two (generally) different upper bounds for the same eigen-
value. However, using the Gauss lemma (see (2.8)) it can be checked that, if
p < ”T'H, our upper bound in degree p is better than the one in degree n —p + 1,
and so it is convenient to assume (without loss of generality) that p < "TH
For example, since
pa(M) = py (M) = py (M),
Theorem [[.] gives the Reilly inequality (I.I)) for p = 1, while for p = n (see also
[2:8)) it gives the following estimate, weaker than Reilly’s and previously obtained

in [B-W]:
m ) < g [ ISP

where ||S]|? is the squared length of the second fundamental form of the immersion
(which is always greater than or equal to n||H||?).

By composing a given immersion of M in S™t™ with the canonical immersion
of 8S"*t™ in R™"F™+1 one gets:

Corollary 1.2. Let M™ — S™t™ be an isometric immersion. Then:

l/l,p(M) <pn+ W /M[anHH2 — % scal].

In particular, if the immersion is minimal, then

-1y 1
() <pn- P21 / L.
M) < pn= S o S
Remark 1.3. The immersed manifold M in this paper is assumed without boundary.
We refer to [G-S| for a lower bound of the gap pf , — ] ,,, leading to other kinds of
estimates of the first Hodge eigenvalue which are valid also when the manifold has
nonempty boundary.

2. SCHEME OF PROOF AND BASIC LEMMAS

The Hodge Laplacian is associated to the quadratic form

Qo) = [ dol + 3]
M
Restricting to the space of exact forms, one has Rayleigh’s min-max principle:

(2.1) ph (M) = inf {% w e dAPTH(M)\ {o}} .
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ON THE FIRST HODGE EIGENVALUE OF ISOMETRIC IMMERSIONS 589

Let us describe the exact test p-forms that will lead to the result. Consider the
family of all parallel unit vector fields on PE"*"”. This family can be identified with
S? where d = n +m — 1. Any such field V can be split, at any point = € M:

V=V+Vt

where V is the orthogonal projection of V on T, M and V+ € T,M~*. We denote
by By the dual 1-form of V' in M. It is exact; in fact,

By =d(py o f)

where py : R"™™ — R is the distance, taken with sign, from the hyperplane
through the origin orthogonal to V.
For any V4,...,V, € S? we consider the (exact) test-form

(2:2) Bvi A+ A By,,
and so, by the min-max principle ([1)):

i (M) / 18w A+ A By, |12 < / 16w, A+ A B,

Integrating with respect to (Vi,...,V,) € (S¢)P we then have, by Fubini’s theorem:

:u'l,p / / ||6V1 VAN 5\/;, H2 dV1 R dede

(2.3) g// [16(Bvy A=+ A By,)|I2dVA ... dV, doy,
M J(sd)r

where we use the canonical measure on S¢.

Note. To simplify the formulas below, we will replace the canonical measure du on
S9 by its multiple (d + 1)/ Vol(S%)du. This change will not affect ([Z.3).

From now on we perform all calculations at a fixed point x € M. If ® is a
self-adjoint endomorphism of T, M, we extend it by derivations to a self-adjoint
endomorphism @ of A2ZM. So:

OPl(Xy, X)) =) w(Xa, . R(X), L, X)

j=1
for all p-forms w at x and tangent vectors Xi,..., X,.
For v € TM*, let S, € End(T, M) be the shape operator relative to v, defined

by
<SV(X)5Y> = <L(Xa Y)a V>7

where L(X,Y) is the second fundamental form of the immersion, and let S be
its (self-adjoint) extension acting on APM. For p = 1,...,n, denote by TV[”] the
endomorphism of AP M defined by

(2.4) TP = Sl — n(H,v) - T

and set TLLO} = —n(H,v). Note that TV[” | is the extension to AP M of the endomor-
phism of T,,M given by

(2.5) Sy {H.) 1
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590 ALESSANDRO SAVO

Finally, given an orthonormal basis (1, ..., vy,) of T, M=+, define
(2.6) IS17 =D ISu,l® and TP = T2,
a=1 a=1

For the proof of the next two lemmas we refer to the next section.

Lemma 2.1. At any point of M, one has
2 5 - n
1Bvi A= A By, |2V ... dV, =p (7).
(84)r D
Lemma 2.2. For allp=1,...,n one has, at any point of M :
/(Sd) 16(Bvy A+ A By |?dVa ... dV, = p!|| TP~ 12,

From Lemmas [Z.T], and formula (Z3)), one then gets immediately:

Theorem 2.3. Forallp=1,...,n:

/ 1 / n\ "' [p—1]y2
M) < P=1)12,

Remark 2.4. If M is a closed hypersurface of R™*!, with principal curvatures
M,..., "N, and if one defines the function I', on M by

FP: Z (77i1+"'+77ip)27

i1<...<ip

then the upper bound of Theorem [2.3] is easily seen to take the form:

(27) o0 < (1) ﬁ e

Finally, we convert the right-hand side of the inequality in Theorem into an
expression involving only the square length of the mean curvature and the scalar
curvature.

Lemma 2.5. Forallp=1,...,n:

n?||H |2 ifp=1,
_ n—2 n—2 .
gz = 3 (02N s+ (B2 ) e o=
151> if p=n.
Proof. See the next section. O

End of proof of Theorem [[1l Using the Gauss lemma one verifies the identity:
(2.8) |S]|? = n?||H||* — scal

and then, by Lemma X5l and a straightforward calculation:

n) ! plp—1)
T2 = pn||H|]? - =—£ scal.
(p) | I = pn||H| n(n—1) °@
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ON THE FIRST HODGE EIGENVALUE OF ISOMETRIC IMMERSIONS 591
The inequality of Theorem [[.T] now follows from Theorem 3. By a calculation of
Gallot-Meyer [G-M]:
11,5(8") = p(n —p+ 1);
hence one has the equality for the canonical immersion of S™ into R"*!. Indeed, it

is not difficult to verify that the forms defined in (2:2)) are all eigenforms in that case
(just differentiate formula ([3.3)). The proof of Theorem [1] is now complete. [

3. ProoF oF LEMMAS 2271, [Z2]
We use the following property of the fields V' (also used in [R]):

(3.1) /Sd<V,X)<V,Y>dV =(X,Y)

which is valid pointwise for all tangent vectors X,Y € T,R"*™, and where inte-
gration is taken with respect to (d + 1)/ Vol(S?)-times the canonical measure on
S9. The proof of (B]) is straightforward using coordinates.

In what follows we fix a point € M, an orthonormal basis (eq,...,e,) of T, M
and an orthonormal basis (v1,...,vm) of T,M*.

Proof of Lemmal2.1l We show more generally that, if ¥ is an endomorphism of
AP M, then

(32) o 0B A A B IPATA = pl
(84)r

Lemma 1] will follow by applying (B2) to the identity operator of APM, whose
squared norm is in fact (Z)

To prove B2), let (&1, ...,&,) be the dual basis of (eq,...,e,). Then

n n

B = > (Vi,e))é =D (Vi )¢,

j=1 j=1

and one has

[ TG A NG,
(84)r

_/(Sd) 1Y (Vi e W (& A By, A+ A By,)||2dVa ... dV,
e 4

=30 [ A B A )PV
FERACI L
Note that the second inequality follows because, by (B-1):

/d<‘71;ej><‘7173k>d‘71 = 0.
S

By induction,

o TG A B PVl = 5T e A A8 = P

J1s--50p

O
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592 ALESSANDRO SAVO

Proof of LemmalZZ2 A straightforward argument shows that Vf3y is the second
fundamental form in the direction V-*:

Ve, Bv(ex) = (Syr(ej), ex)-
In particular,
6By = —n(H, V1),
We will prove below that, for p > 2, the following formula holds:
P

6(Bvy Ao A By,) = Z(—l)iHT[p_l](ﬂvl NN By A A By,)

i=1

(33) = Z DT,

where we have set
Bi = Pvy A= ABy, A=A By,

and where T/ = SIP) — n(H, 1) - I as in @4).
Given (3.3)) one proves Lemma [2.2] as follows:

/@,d)p 183, A< A By, )IPdVa ...V,

- Z/d T2 GV
S

= p/d ||T” 1(6V2/\~-~/\ﬂvp)||2d‘71d172...d‘7p
(s4)

_ pz/ TG A B IPVe .V,

= plp—1)! Z 172
a=1

= pTt,

In fact, the first equality follows because, for fixed forms w, ¢ at  and v € T, M+
one has, by ([BJ) and linearity:

/sd (17 @), T By A 9))av =0,
which implies
[, EET BT a0 Ty =0 it 4

the second equality is true because all terms in the sum are equal; the third holds
because, for all (p — 1)-forms w:

/ |7 ) PV = ZIIT[p W)

the fourth equality follows from (32)) applied to ¥ = Tyjl], and the fifth is defini-

tion (Z0).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON THE FIRST HODGE EIGENVALUE OF ISOMETRIC IMMERSIONS 593

It remains to prove [B3). Pick any p — 1 vectors, say ex, ..., ep—1 for simplicity,
from the orthonormal basis (eq,...,e,) of T, M. Then:

_5(5‘/1 ARERIA ﬁvp)(@h R 76;0—1)

- Zvek(ﬂ‘ﬁ/\"'/\ﬂVp)(ekvela"we;ﬂfl)
k=1

n p—1
= Y D UV Bu] ABu A APy A A By, (ekse1, o epo1)
k=1 i=1
n p—1
(34) = (—1)l+1 [Vekﬁvi} /\ﬂi(ek,el,...,ep,l).
k=1 i=1

Fixi=1,...,p—1. Then:
[vekﬂVi] /\Bi(ek;ela e 76;071)

p—1
Ve Bv; (ek)@(el, cesepo1) + Z(—l)jvekﬁw (ej)@(ek, €1, 365,y €p_1)

j=1

<SVL(ek) er)Biler, ... ep1)

+Z SvL (ex), e]>ﬁz(ek,el,...,éj,...,ep_l).

Summlng over k:

n

Z [VEkﬂVJ /\Bi(ekaelv"'vepfl)

k=1

p—1
= n(H V" )Biler,. .. ep1) + > (=1 Bi(Syr(ej)er,. . é5,. . ep1)
j=1

p—1

= n(HV)Biler,...,ep1) = > Biler, ..., Syr(ej),. . ep1)
j=1

= n(H V) Biler, v ep1) = SETN B ens s epm)

= _Tp 1(&1)(617“'761)*1)'

Inserting in (34) we have

p—1
=3B A A By )(ers o vepr) = = 3 (=TT B e, epen),
i=1
which proves ([B.3). O

Proof of Lemma[Z.3l Let F be a Euclidean vector space of dimension n, and ® a
self-adjoint endomorphism of F'. Then, if ®[7! is the extension of ® acting on AP(F),

one has
n—2 n—2
L ) [T (g [0
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594 ALESSANDRO SAVO

by a straightforward verification (by convention, (‘;) = 0 whenever b > a or b < 0).
We take F = T,M, v € T,M* and ® = S, — —(H,v)I, so that &Pl = T (see
&3)). Since trS, = n(H,v):

n—2 n—2
e = (0 i () e,

Changing p to p — 1, and summing over the vectors of an orthonormal basis of
T,.M™', we get the final assertion. O

n
p
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