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ABSTRACT. We prove a Lagrange multipliers theorem for a class of functions
that are derivable along directions in a linear subspace of a Banach space where
they are defined. Our result is available for topological linear vector spaces
and is stronger than the classical one even for two-dimensional spaces, because
we only require the differentiablity of functions at critical points. Applying
these results we generalize the Lax-Milgram theorem. Some applications in
variational inequalities and quasilinear elliptic equations are given.

1. INTRODUCTION

The concept of Gateau-differentiability is compatible to weak solutions of partial
differential equations but not to generalized solutions of partial differential equa-
tions. In some cases the considered functionals are only derivable along directions
in a linear subspace of a Banach space where they are defined. In [2, 3] 6, O 12]
these cases have been studied under some generalized Palais-Smale conditions and
mountain-pass lemma techniques. In the present paper we prove a Lagrange mul-
tipliers theorem for those functionals. Our result is available for topological linear
vector spaces and is stronger than the classical one even for two-dimensional spaces
(see [7], p.293), because we only require the differentiablity of functions at critical
points.

The essential point of the Lagrange multipliers theorem is to provide the collin-
earity of two vectors (usually denoted by Df(x) and Dg(x)). We shall reduce this
problem to the two-dimensional case by the following idea : Let z = (21, ,x,)
and y = (y1, -+ ,Yn) be two vectors in R™ with y; # 0. In order to prove the
collinearity of « and y it is sufficient to show that (z1,z;) and (y1,y;) are collinear

x
for any i in {2,---,n}. Indeed z = —1y in this case. Using this reduction we

neither need the compactness conditions on functionals nor the completeness of
infinite-dimensional spaces.

In the second section we give simple proofs of Lagrange multiplier theorems
without any assumption on completeness and local convexity of considered spaces.
We only need these results for the Banach spaces in the last two sections, but we do
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not get any extra complication for the proofs in general cases of topological vector
spaces.

In the third section we point out that the Lax-Milgram theorem can be obtained
by using the Lagrange multiplier theorem, and we generalize its classical version
(see [4], p.84), then apply it to solve an elliptic problem.

In the last two sections we apply our results to variational inequalities and quasi-
linear elliptic eigenvalue problems.

2. LAGRANGE MULTIPLIERS THEOREMS FOR (GG-DIFFERENTIABLE FUNCTIONS
IN TOPOLOGICAL LINEAR SPACES

Let U be an open subset of a topological vector space E, G be a linear subspace
of E, and f be a function from U into R. For any (x,h) € U x G we define
U(x,h) = {t € R :z+the U} and f(x h)(t) = flz+th)¥Vt € U(z,h).

Since U is open in F, it is clear that U(z, h) is an open subset of R.
We say : (i) f is G-continuous on U if and only if f is continuous at 0 for

(2, h)
any (z,h) in U x G.
(ii) f is G-differentiable at = if and only if there exists a linear mapping D f(z)
from G into R such that

S th) (@)
t—20 t
(iii) f is G-differentiable on U if f is G-differentiable at every = in U.

(iv) f is strongly G-differentiable at x if and only if there exists a linear mapping
Df(x) from G into R such that

i LEFSAESR) = S@p e Vh ok e G.

(s,t) =0 s

— Df(z)(h) Vh € G.

Example 2.1. Let G be a linear subspace of a topological vector space E and f
be a linear mapping from E into R, which may be discontinuous on E. It is clear
that f is G-continuous on E. Fix three vectors z, h and k in E. We see that

f(z + sth+ sk) — f(x)
s

Therefore, f is strongly G-differentiable at any = in E for any linear subspace G of
E.

= f(k) + tf(h) Vs, t € R\{0}.

Example 2.2. Let U be an open subset of a normed linear space E, x be in U
and f be a mapping from U into R such that f is Fréchet differentiable at x. It is
clear that f is strongly G-differentiable at x for any linear subspace G of E.

First we have an “implicit mapping theorem” for G-differentiable mappings.

Lemma 2.3. Let U be an open subset of a topological vector space X, G be a
linear subspace of X, g be a real G-continuous function on U. Let u be in U, and
v and w be in G. Assume that g is G-differentiable at v and Dg(u)(w) # 0. Put
ﬂ_fme@
Dg(u)(w)’
converging to 0 such that ., is positive and g(u,) = g(u) for any integer n, where
Up = U + @y (0n + Blw + apv.

Then there exist two sequences of real numbers {a,} and {d,}
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LAGRANGE MULTIPLIERS 597

Proof. Replacing g with g — g(u) if necessary, we can assume without loss of gener-
ality that g(u) = 0. By definition we see that Dg(u)(SBw + v) = 0. For sufficiently
small real numbers « and § we define

d(a,3,6) = o glu+a(dw+ pw+v)) — g(u)] — Dg(u)(dw + Bw + v),
G,00) = glu+a(dw+ fw+v)).
Since g(u) = 0 and g is G-differentiable at u, we have 1ima =0 o(a, 3,8) = 0and
Gp(6) = glu+a(dw+ fw+v)) — g(u)

= a[Dg(u)(dw + fw +v) + é(a, B,8)] = al[dDg(u)(w) + ¢(a,B,0)].
Hence there is a sequence of positive real numbers {a,, } converging to 0 such that

Go, (—2)-Gq, () < 0.

a, (" n
By (i) there is an ng such that the map

v — G, (2) = g(u+an(Bw+v) + zanw)
is continuous on [—%, %] for any integer n > ng. Thus there exists a d,, in [—%, %]
such that G, | (0n) = g(un) = 0, where u, = u+ ap(dpw + pw+v) = u+
an (0, + B)w + anyv. O

Remark 2.4. If v and w are linearly independent, then u,, and u are different for
any integer n.

Let C be a subset of a topological vector space X. Then C' is called a cone if
au is in C for any (o, u) in [0, oo) x C. We have the following Lagrange multiplier
results for G-differentiable functions.

Theorem 2.5. Let C be a convex cone of a topological vector space X, U be an
open subset of X, G be a linear subspace of X, u be in UNC NG, r be a real
number, and f and g be two functions on U. Put M = {x € CNU : g(z) = r}.
Assume:

(1) f(u) is the minimum (or mazimum respectively) of f(M),

(1i) f is strongly G-differentiable at u and g is G-differentiable at u,

(11) g is G-continuous on U and Dg(u)(u) # 0.
Then there exists a real number A such that ADg(u)(v —u) < Df(u)(v —u) (or
ADg(u)(v —u) > Df(u)(v—u) respectively) for any v in CNG.

Proof. Applying Lemma for w = u, we can find two sequences of real numbers
{an} and {6,} converging to 0 such that o, is positive and g(u,) = r for any
Dg(u)(v)

Dg(u)(u)
convex cone and [1 + a, (6, + 5)] > 0 for every sufficiently large n, we can suppose
that u, is in M for any integer n, and we have

0 < a,' [f(u+ an(bpu+pPutv)) — f(u)] = Df(u)(Bu+v)+@(an, i),
where @(a, 6n) = o, Hf (u+ o (6pu+ Bu+v)) — f(u)] — Df(u)(Bu+v).
Since limy, o @(am, d,) = 0, letting n tend to oo we obtain

0 < Df(w)(Butv) = —%Dﬂu)(w + Df(u)()

= Df(u)(v) — ADg(u)(v)

integer n, where u, = [1 4+ o, (dy, + B)Ju + anv and B = . Since C'is a
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where A = % Thus for any v in C' NG,
ADg(u)(v —u) = ADg(u)(v) — Df(u)(u) < Df(u)(v) — Df(u)(w).

O

Theorem 2.6. Let U be an open subset of a topological vector space E, G be a
linear subspace of E, x¢ be in U, r be a real number, and f and g be two functions
from U intoR. Put M = {x €U : g(x) =r}. Assume that:

(1) f(mo) is the minimum (or mazimum) of f(M),

(ii) f is strongly G-differentiable at xg and g is G-differentiable at xg,

(11) g is G-continuous on U and Dg(zo) # 0.
Then there exists a real number X such that Df(xo)(h) = ADg(zo)(h) Vh € G.

Proof. Choose w in G such that Dg(zg)(w) > 0, and fix a vector v in G. Applying

Lemma 2.3, we can find two sequences of real numbers {«,,} and {0, } converging

to 0 such that a, is positive and g(u,) = r for any integer n, where u, = u +

_ Dy(u)(v)

Dg(u)(w)

is in M for any integer n. Arguing as in the proof of Theorem 2.5], we obtain
0 < [Df(xo) = ADg(wo)](v)-

Replacing v in the above inequality by —v we get the theorem. O

an (0, + B)w + a,v and § = . Since U is open, we can suppose that u,

Remark 2.7. Without using the classical implicit function theorem (see [7], p.362)
in the proof of Theorem[2.6] we do not need the completeness of E, which is crucial
in the classical Lagrange multiplier theorems.

We obtain a result on the signs of Lagrange multipliers in the following theorem.

Theorem 2.8. Let U be an open subset of a topological vector space E, G be a
linear subspace of E, xo be in U, r be a real number, f and g be two functions from
UintoR and M = {x €U : g(x) > r}. Assume that:

(1) f(zo) is the minimum of f(M),

(1i) f is strongly G-differentiable at xo and g is G-differentiable at xg,

(11) g is G-continuous on U and Dg(zo) # 0.
Then there exists a non-negative real number A such that D f(xzo)(h) = ADg(zo)(h)
Vh e G

Proof. Put @ = g(z9), S={x €U : glz)=a}land N={x €U : g(x) > a}.
We have o > r and
f(xzo) = min f(S) = min f(N).

According to Theorem [Z6] there exists a real number A such that
(2.1) Df(zo)(h) = ADg(xo)(h) Vh € G.
Now we prove that A > 0. Let k be in G such that Dg(x¢)(k) > 0. Since g is
G-differentiable at zg, we have

li 9@o +tk) — g(xo)

t—0 t

Thus, there exists a § > 0 such that for any ¢ € (0, 6) we have

g(wo +tk) — g(zo) > 0

= Dg(xo)(k) > 0.
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or (xg +tk) € N. Consequently, since f is G-differentiable at zy and f(zg) =
min f(N), we have

flzo +tk) — f(zo)

(2.2) 0 < lim = Df(zo)(k).
t— 0t t
Since Dg(xo)k > 0, combining (2.1) and (2.2) we see that A > 0. O

Denote by M’ the set {x € U : g(x) < r}. We note that if f(z¢) = max f(M’),
we obtain the same result. We have a similar result for A <0, if f(x¢) = max f(M),
or f(xp) = min f(M").

Remark 2.9. The signs of Lagrange multipliers are important to solve some prob-
lems. In [§] Le and Schmitt applied the regularity of solutions of elliptic equations
to get the positivity of Lagrange multipliers. Their method may not be available
if the equations are strongly singular. Our main idea in the proof of the above
theorem is as follows : choose a convenient value level of function g when we apply
the Lagrange multiplier theorem.

3. A LAX-MILGRAM THEOREM

In this section we point out that the Lax-Milgram theorem can be obtained
by using the Lagrange multipliers theorem. Furthermore, applying techniques in
section 2 we get the following version of Lax-Milgram’s theorem.

Theorem 3.1. Let E be a reflexive Banach space, {Ey} be an increasing sequence
of closed subspaces of E, and V be |J,~, En. Let f be a function from E x V into
R and T be a bounded linear mapping from V into R, where the norm on V is the
one induced from E. Suppose the following conditions are satisfied.

(1) For firedn in N, f,, = f|E < E s a bilinear bounded function, and for any

fized v in V, f(.,v) is a linear bounded functional on E.
(1i) f is coercive on V, i.e., there exists C > 0 such that

flu,u) > Clul)? Vu e V.
Then there exists a vector z in E such that
f(z,v) =T (v) Yv e V.

Proof. Denote by T, the restriction of T on E,. If T = 0, we choose z = 0. If T
# 0, we can suppose that T, '({1}) is not empty. Put ¢, (u) = %fn(u, u) for any
u in € E,. It is clear that ¢, and T,, are strongly FE,-differentiable. Now putting
Sn =T, 1({1}), we see that S,, C S,,41 for all n in N. Since T, is a linear bounded
functional on E,, it is weakly continuous on E,. By Theorem 1.2 in ([I3], p.4),
there exists u, in E, such that ¢, (u,) = ming,(S,) Vn € N. By Theorem 2.6

there exists a number A, such that Doy, (u,)(v) = A\ DTy (uy)(v) Yo € E,, or

(3.1) fun,v) = AT (v) Vve E,,neN,

It follows that A, = f(un,v) for any v in S,, and

(3.2) 0 < COllunll* < faltn,un) = M.

Since T is a bounded linear mapping on V, there is a positive real number 3 such
that

(3.3) B < ||z Vo € T7'(1).
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Combining (3.2) and (3.3) we get a positive real number « such that A, > « for
any integer n. Put z, = A\, 'u, for any integer n. Because S,, C S,+1 and ¢(uy,)
= min ¢(S, ), we see that {¢(un)}n is non-increasing. Therefore,

Cllunll* < 2¢(ua).
This implies that {||w,|| E} is bounded in R. Since E is a reflexive Banach space,

we can assume that {u,} weakly converges to a vector v in E. Fix a w in S;. Since
f(.,w) belongs to the dual space of E, we have lim,_,o0 f(tn,w) = f(u,w). Thus
limy oo Ap = A = f(u,w). Therefore, A\ > a > 0 and {z,} weakly converges to z

=Xluin E.
Now fix a v in V. There is an integer number ng such that v € E,, for any n >
f(zn,v) = T(v) Vn > ng.
Letting n tend to infinity, by (¢), we get the theorem. O

Remark 3.2. The vector z in the above theorem may not be in V' (see Theorem 3.3
in this paper). If V.= E and f is well-defined and continuous on E x E, Theorem
3.1 has been proved in [I0] [I1].

Let 2 be a bounded domain in R™, and let A = (A%ﬁ ) be a measurable matrix

function from Q into RY**™” such that Afjﬁ = Afja for any 7,5 = 1,--- , N, and

any o, 8 =1,--- ,m . We assume that
(¢) There is a function p in L7® (€2) such that
IA@) < p@) Ve e

(7i) There is a positive real number v such that
A (@)Elgy > vieP v (2,€) € Qx RV

By convention, repeated Greek indices are summed from 1 to m, Latin indices from
1to N.
Applying Theorem 3.1 we get the following result.

Theorem 3.3. Let h be in L¥(Q,RY), where s > 1 if m = 2 and s = nz—TQ if m
> 3. Then there exists a generalized solution ug in WOI’Q(Q,RN) to the following

boundary problem:
— (A 0u’) = onQ, ¥j=1,--- N,

u|8(2 = 0.

Proof. Let {£2,,} be an increasing sequence of open subsets in §2 such that €2, is con-
tained in Q,,41 and Q = |J;—; Q. Let E be the usual Sobolev space WOI’Q(Q, RM),
E, = WOI’Z(Q", RY) for any integer n and

V. o= JEn
n=1
flu,v) = / A%’Baauiagvjdx YV (u,v) € ExV.
Q
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By the Sobolev embedding theorem we can define

T(v) = / hiv? dx Vv €E,
Q

and see that T is a bounded linear mapping from E into R. Applying the foregoing
theorem we can find a function ug in E such that

(3.4) f(ug,v) =T(v) Yo e V.
We get the result by using v = (5}, e ,(5§V)<p in (3.4), where ¢ is in C°(Q), j is in
{1,---,N}, and 5;-“ is the Kronecker number. O

4. AN APPLICATION TO VARIATIONAL INEQUALITIES

Denote by X the space of all u in the Sobolev space W22((0,1)) such that u
and u are in Wy'?((0,1)). Then X is a normed space with the W22((0,1))-norm.
Fixing an integrable function P on (0,1), for any v in X we define

l l
1 1
f = 5 [ W@k ad g = 5 [ P@ @)
2 2
0 0
Let C be a closed and convex cone of X such that there exists ug in C' with
g(up) =r # 0. We are seeking solutions (u, A) in C' x R\ {0} such that
(Q) Df(u)(v—u) > ADg(u)(v — u) Vo e C
Put M ={ueC : glu)=r} =Cng t({r}).
Lemma 4.1. Under the above conditions we have:
(1) f is weakly lower semi-continuous, coercive and strongly X -differentiable on

X and

l

Df(u)(h) = / u”’h dx Vu h € X.
0

(1i) g is weakly continuous and X -differentiable on X and

l

Dg(u)(h) = / Pu'hdx Yu, h € X.
0

Proof. By the Poincaré inequality |f(u)|*/? is equivalent to the norm on X. There-
fore f is weakly lower semi-continuous and coercive on X. For any u, h, k in X and

any s,t in R we have

! l
fu+ sth+sk) = f(u) = / su (th" + K")dx + % / $*|(th" + k") Pdz,
0 0
_ !
g Jutsthtsk) — flu) / A
(Sa t) -0 5 0

Let {u,} be an arbitrary sequence converging weakly to v in X. Then {HunHX}

is bounded. Because of the compactness of the embedding from W%2((0,1)) into
C1([0,1]), there exists a subsequence {up, } of {un} converging to u in cL([o,1]),
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and thus {u;%} converges to u’ in C([0,!]). Moreover {u’nk} is bounded in C([0,]).
Since P € L'((0,1)), we have

l l
1 1
9(n,,) — ()] = 5] /0 Py, = ' )da] < /0 (P, 1+ ) ([ufy — )

l
/ /
< 1P s, - @i <P,
0 =ze€]0,]]
Therefore for any sequence {u,,} weakly converging to u we can find a subsequence
{uy,, } such that {g(u,,, )} converges to g(u). This implies that {g(u,)} converges

to g(u) and g is weakly continuous.
For any u, h in X and any ¢t in R we have

(0,01 = Mgo, 1y

l l
1
g(u+th) —g(u) = t/ Pu'h dz + 5752/ P|W |*dx.
0 0

Thus I
lim w _ / Pu'h dz.
t—0 t 0
O

Theorem 4.2. Under the above conditions there exists a solution (u, \) of (Q).

Proof. Since g is weakly continuous, g~ ({r}) is a weakly closed subset of X. From
Theorem IT1.7 in [4], since C' is closed and convex, we have that C is weakly closed.
Consequently, M = C N g~({r}) is weakly closed. Therefore, by Lemma 4.1 (i)
and Theorem 1.2 in [I3] there exists a function u € M such that
f(u)= min f(v).
veM
Moreover, since g(u) = r # 0, we have Dg(u)(u) = 2g(u) # 0. By Lemma 4.1 and
Df(u)(u) 1.

Theorem we obtain the variational inequality (Q) with A = =—————=
Dg(u)(u)

is not equal to 0.

Remark 4.3. If P > 0, the real number X is also positive. If P = 1 the problem
(Q) is solved in Section 64.6 in [14].

5. A QUASILINEAR ELLIPTIC EIGENVALUE PROBLEM

Denote by F and G the spaces WOI’Z(Q, RY) and C5°(Q, RY) respectively, where
Q) is a bounded domain in R™. Let g be a real functional on E, and let (a®?)1<4 g<m
be a symmetric, and bounded matrix function from QxR into R™*™. We assume
that

(A1) a®” is measurable in z € , differentiable in v € RN, and for a.e z,
0,a%"(z,.) is uniformly continuous in u, uniformly in x. Moreover, there exist a
function p in L} (£2) and a constant ¢ such that | f(z,u)| < c and |8, f(z,u)| < p()
for any (z,u) in Q x RV,

(A2) There is a positive real number v such that a®”(z, u)féfé > v[E)PV (2, u,€)
€ QxRN x RN™,

(A3) s%a (z, su)€l &l < a®F(z,u)LERV (z,u,&,8) € QxRN x RN™ x[0,1].
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(G1) g is continuous with respect to weak convergence topology in E, g(0) =0
and M ={zx € E : g(x) > 1} is not empty.
(G2) g is G-differentiable on E, and Vg(u) # 0 if g(u) # 0.

Put f(u) = %/ a®P(z,u(x))0pu’ ()0pu’ (x)dx ¥ u € E.

Q
We have the following result.

Theorem 5.1. Under the conditions (A1), (A2), (A3), (G1) and (G2) there exist
a nonnegative real number A and u in E such that g(u) = 1 and V f(u) = AVg(u).

Proof. Arguing as in the proof of Lemma 3.1 in [I2] we see that f is strongly
G-differentiable on E. Let {u,} be a sequence in M such that lim, . f(z,) =
inf f(M). Using (A2) and the Sobolev embedding theorem we can suppose that
{u,} converges weakly to vy in E and {u,} converges to vy a.e on Q. By (Al),
Fatou’s lemma and (G1) we see that vg belongs to M and f(vg) = min f(M). By
(G1) and (A3) there is s in [0, 1] such that g(svg) = 1. Put ug = svg. We see that
ug € M and f(up) = min f(M). Using (G2) we can apply Theorem 28to get the
theorem. (]

Remark 5.2. In [12] the following condition was considered:
(A4) There exists a positive real number v* < v such that

—u.@ua(’ﬁ(m,u)fégfg < 2002 Y (z,u,8) € QxRN x RVN™,

Now assume that (a“?)1<, g<m satisfies (44). We prove that it satisfies (A3).
Indeed, letting = be in Q x RY x RN™ x [0,1], we have

s2a“ (z, su)f&f}; = s2a“%(z, u)f&f};

1
+52/ Dua®P (x,u +t(s — 1)u)(s — 1)u§fy§édt
0
— 0B ()L + (57 — D (o, )€

L -
+s2/0 %aﬂ(x, [+ t(s = D)L+ #(s — D)]ugehdt

< 0z, u)LEh + (57 — DIE + 267w g
< 0 (@, WELEs — (s~ DWER < (e, )L,

Therefore we can get Theorem 3 in [T2] with relaxation of compactness and some
other conditions.

Our results may be applied to p-Laplace equations (see [3]).

ACKNOWLEDGMENTS

The authors would like to thank the referees for very helpful comments. The
third author would like to thank Professors Jose Seade and Alberto Verjovsky for the
kind hospitality at the Instituto de Matematicas U.N.A.M., Cuernavaca, Morelos,
Mexico.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



604 LE HAI AN, PHAM XUAN DU, DUONG MINH DUC, AND PHAN VAN TUOC

REFERENCES

[1] R.A. Adams. Sobolev Spaces Academic Press, New York, 1975. MR0450957 |(56:9247)

[2] D. Arcoya and L. Boccardo. Critical points for multiple integrals of calculus of variations
Arch. Rat. Mech. Anal., 134(1996), 249-274. MR1412429|(97h:49003)

[3] D. Arcoya and L. Boccardo. Some remarks on critical point theory for nondifferentiable
functionals Nonlinear Differ. Equ. Appl., 6(1999), 79-100. MR1674782/(2000c:58018)

[4] H. Brezis. Analyse Fonctionelle (Masson,Paris) 1987.

[5] P.X. Du and D.M.Duc. A non-homogenuous p-Laplace equation in border case. Acta Math-
ematica Vietnamica, 27(2002) 69-75. MR1914409 |(2003b:35082)

[6] D.M.Duc. Nonlinear Singular Elliptic Equations J.London.Math.Soc. 40 (1989) 420-440.
MR1053612//(91g:35107)

[7] S. Lang. Analysis I. Addison-Wesley, Reading, 1969.

[8] V.K.Le and K.Schmitt. Minimization problems for noncoercive functionals subject to con-
straints Transactions Amer. Math. Soc., 347(1995), 4485-4513. MR1316854 |(96d:49007)

[9] B. Pellacci. Critical points for some functionals of the calulus of variations. Topol. Methods
Nonlinear Anal. 17(2001), 285-305.. MR 1868902 /(2002j:49025)

[10] S. Ramaswamy. The Laz-Milgram theorem for Banach spaces. I Proc. Japan Acad. 56 (1980)
462-464. MRO0605763| (82e:47015a)

[11] S. Ramaswamy. The Laz-Milgram theorem for Banach spaces. II Proc. Japan Acad. 57
(1981) 29-33. MR0608386)|(82e:47015b)

[12] M.Struwe. Quasilinear elliptic eigenvalue problems Comment. Math. Helvetici. 58 (1983)
509-527. MR0727715/(85h:58036)

[13] M.Struwe. Variational Methods, Springer-Verlag, New York, 1996.

[14] E.Zeidler. Nonlinear Functional Analysis and its Applications, Vol.3 , Springer-Verlag, New
York, 1983.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF UTAH, SALT LAKE CiTY, UTAH 84112
E-mail address: anle@math.utah.edu

DEPARTMENT OF MATHEMATICS, INDIANA UNIVERSITY, BLOOMINGTON, INDIANA 47405
E-mail address: dxpham@indiana.edu

DEPARTMENT OF MATHEMATICS, INFORMATICS, NATIONAL UNIVERSITY OF HOCHIMINH CITY,
VIETNAM
E-mail address: dmduc@hcmc.netnam.vn

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 55455
E-mail address: phan@math.umn.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=0450957
http://www.ams.org/mathscinet-getitem?mr=0450957
http://www.ams.org/mathscinet-getitem?mr=1412429
http://www.ams.org/mathscinet-getitem?mr=1412429
http://www.ams.org/mathscinet-getitem?mr=1674782
http://www.ams.org/mathscinet-getitem?mr=1674782
http://www.ams.org/mathscinet-getitem?mr=1914409
http://www.ams.org/mathscinet-getitem?mr=1914409
http://www.ams.org/mathscinet-getitem?mr=1053612
http://www.ams.org/mathscinet-getitem?mr=1053612
http://www.ams.org/mathscinet-getitem?mr=1316854
http://www.ams.org/mathscinet-getitem?mr=1316854
http://www.ams.org/mathscinet-getitem?mr=1868902
http://www.ams.org/mathscinet-getitem?mr=1868902
http://www.ams.org/mathscinet-getitem?mr=0605763
http://www.ams.org/mathscinet-getitem?mr=0605763
http://www.ams.org/mathscinet-getitem?mr=0608386
http://www.ams.org/mathscinet-getitem?mr=0608386
http://www.ams.org/mathscinet-getitem?mr=0727715
http://www.ams.org/mathscinet-getitem?mr=0727715

	1. Introduction
	2. Lagrange multipliers theorems for G-differentiable functionsin topological linear spaces
	3. A Lax-Milgram theorem
	4. An application to variational inequalities
	5. A quasilinear elliptic eigenvalue problem
	Acknowledgments
	References

