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ABSTRACT. For a given family of planar differential equations it is a very
difficult problem to determine an upper bound for the number of its limit
cycles. Even when this upper bound is one it is not always an easy problem
to distinguish between the case of zero and one limit cycle. This note mainly
deals with this second problem for a family of systems with a homogeneous
nonlinear part. While the condition that allows us to separate the existence
and the nonexistence of limit cycles can be described, it is very intricate.

1. INTRODUCTION AND MAIN RESULTS

Smooth planar systems whose angular speeds are constant are called rigid sys-
tems. When the origin is of center or focus type, all rigid systems are given by
differential equations of the form

(L) {y —  +yFley),

where F(z,y) is a smooth real function. For rigid systems the center-focus problem
(i.e. the distinction between a focus and a center) is equivalent to the isochronicity
problem. This is one of the reasons for which they have already been studied by
several authors; see for instance [T} 2] 3, [4], [5], O].

In this paper we are interested in the study of the exact number of limit cycles
that they can have when F' has a special type. Concretely, we will study the system

i = —y+az(a+t folz,y),
(1.2) {y = x+y(a+ fulz,y)),

where a is a real parameter and f,(z,y) is a homogeneous polynomial of degree n.
Our first result gives the uniqueness and hyperbolicity of the limit cycle for ([T:2)).

Theorem 1.1. Consider system (L2), and define B := fo% fn(cos,sinB)do.

(i) If B=0 and a = 0, then there is a center at the origin and no limit cycles.
(i) If a®> + B2 # 0 and aB > 0, then there are no periodic orbits.
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(i) If aB < 0, then there is at most one periodic orbit, which is, whenever it
exists, a hyperbolic limit cycle. Furthermore, if f, is fited, B > 0, and a is
a parameter, then there exists a value a* = a*(fp) € R~ U{—o0} such that
the limit cycle exists if and only if a* < a < 0.

The rest of the paper is devoted to distinguishing between the existence and
nonexistence of limit cycles in the case aB < 0, or in other words, to a study of
the function a*(f,,). Without loss of generality, we will restrict our attention to the
case where B is positive (see the proof of Theorem [[I)). Although we will see that
equation (I:2) can be transformed into a linear equation, a determination of the
existence and nonexistence of its limit cycles is not trivial.

To state our main result we introduce some notation. Fix a polynomial f, of
even degree, and let

k=n/2
fn(cos,sinf) = Z cor€?F% . where T =c_,€C,
k=—n/2

be its Fourier expansion. We define, for each real number a, the real-valued trigono-
metric polynomial

k=n/2
* Cok 2k0i
1. e e
(13) 0= Y

Consider also the function ¢(6) := f,(cosf,sin @) and the discrete set

(14) © = U{T €(0,7) : o) =¢'(1) = =¢**(r) =0 and ¢**T1(7) <0}.
£>0

Observe that © is the set of all odd multiplicity zeros of ¢ at which this function
decreases.

Theorem 1.2. Consider system ([C2), and let B = fo% fn(cos,sinB)dd > 0.

(i) If n is odd, then there are no limit cycles.
(ii) If n is even, a limit cycle exists if and only if a € (a*,0) where

a* = max max{a € R™ : pi(r) =0}],

with the function pk and the set © defined in (L3) and [T4), respectively.
If the sets involved in the definition of a* are empty, then a* = —oc.

We will prove the above-stated results in Section Pland apply them in case n = 2
and n = 4 in Section B These two cases suffice to describe the shape of the
bifurcation curve a = a*(f,,) for arbitrary even n. This is done in Section [4l

Our results are related to an old problem proposed by Coppel in [6]: Can the
bifurcation diagram of a family of quadratic systems be described by algebraic
inequalities? This question was answered in the negative by Dumortier and Fidde-
laers in [7]. In fact, they proved that the bifurcation diagram is not even analytic
for quadratic vector fields.

The system (2] studied in this paper is not quadratic in general, but as we will
see in Sections Bland Ml the bifurcation curve corresponding to the disappearance of
limit cycles is piecewise algebraic. As far as we know there are no examples of this
phenomenon in the literature. Certainly, the example that we present illustrates

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



EXACT NUMBER OF LIMIT CYCLES FOR RIGID SYSTEMS 753

the complexity of the problem of determining the exact number of limit cycles for
a polynomial family of planar differential equations.

In the easiest case for which system (II]) cannot be transformed into a linear
equation, i.e. when F' is a complete polynomial of degree 2, there may be several
limit cycles; hence, the analysis is even more complicated. This problem is studied
in [8].

2. PROOF OF THEOREM [1]

A key point for our proof of Theorem [[Tlis that system (2] can be transformed
into a linear differential equation. This is done in two steps: In polar coordinates
system ([2)) is equivalent to the differential equation

(2.1) " =r(a+r"fn(cosb,sinb)),
where r' := dr/df. The change of variables p = r~™ converts (1)) into the linear

differential equation p’ + nap + nf,(cos,sin ) = 0.

Consider the following Cauchy problem:
(2.2) o' +nap +nf,(cosf,sinf) =0,
(2.3) p(0) = po,
and denote its unique solution by p (6, pg) . A useful characterization of the periodic
orbits of system ([2) is the following: The orbit starting at (zo,0), with xo > 0, is
a periodic orbit for system ([L2) if and only if the solution of the Cauchy problem

E2)-@3) with po = z," is a positive 2m-periodic function. Hence the number
of periodic solutions is bounded by the number of solutions of the boundary value

problem p (27, po) = po.
The solution of [Z2)-@23) is given by

0
(2.4) p(0, po) = (po — n/ " f, (cos ), sin 1/))d1/)> e naf,
0

If a # 0, then the equation p(27, pg) = po has the unique solution

2 .
. n T em f,(cos v, sinep)di
(2.5) Po = ‘ 1 — e2mna )

If a =0 and B # 0 it has no solution; and, if a = 0 and B = 0 it has a continuum
of solutions. Furthermore, let p*(6) := p(0, pj) denote the positive 2r-periodic
solution of [22)-(23) with po = p§. Integrating the differential equation between
0 and 27, we obtain the equation

2m
(2.6) na/ p*(0)df +nB = 0;
0

hence, the existence of this positive periodic solution implies that aB < 0.

We have proved that at most one limit cycle exists in all cases, and we have
proved parts (i) and (ii) of the theorem. It remains to prove part (iii).

Fix a function f,, such that B # 0. By making the change of variables (z,y,t) —
(z, —y, —t) if necessary, there is no loss of generality if we consider only the case
B > 0. It is easy to check that system ([2) is a rotated family of vector fields with
parameter a (see, for instance, [10]). Hence, it has the following properties.

(a) A limit cycle bifurcates from the origin when a < 0.
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(b) The size of this limit cycle increases as a < 0 decreases; and, either the
limit cycle exists for all negative values of a, or it exists only if a € (a*,0).

(c¢) For the value a* of a given in item (b), the phase portrait of system ([Z2)
has an unbounded polycycle where the limit cycle disappears.

A proof of the nonexistence of periodic orbits for a < a* as well as a proof of
the nonexistence of periodic orbits for a > 0, which is different from the proof that
uses formula (20), can be constructed by using the nonintersection property of the
periodic orbits for rotated families of vector fields; that is, if I'y and I's are two
periodic orbits corresponding to two different values of a, then I'y N T2 = . Since
by varying the parameter a between 0 and a* the limit cycles cover a region from
zero to infinity, no periodic orbits can exist for values of @ not in the interval (a*, 0).

Notice that results (a) and (b) translated to equation (2:2)) imply that its periodic
orbit is born from infinity when a < 0, and its initial condition decreases as a
decreases.

To finish the proof of the theorem, it suffices to show that if a limit cycle exists,
then it is hyperbolic. This fact is a straightforward consequence of equation (2.
Indeed, since h(z) := p(27, z) = e~ 2™z + K, for some constant K, we have that
h'(z) = e~27" £ () at every point; in particular, h'(z) # 0 on the limit cycle.

Remark 2.1. By inserting pf, the initial condition given in display (2.H) for the
periodic solution of the differential equation (2.2), into the formula for the solution
(2.4), we get the function p}(0) given in ([LJ), which is a trigonometric polynomial
of period 7. Also recall that, after the change of variables r = p~1/", this periodic
function corresponds to a limit cycle of system ([[L2)) only if it is strictly positive.

3. PROOF OF THEOREM

The proof of (i) is a straightforward application of Theorem [[] (i)-(ii) because
B =0 when n is odd.

Consider the case where n is even, and fix a function f,, such that B > 0. In view
of Theorem [[] (iii), we will finish the proof by characterizing the value a* for which
the limit cycle disappears. We already know that system (I:2) has a limit cycle
whenever a < 0, and that our initial condition for the limit cycle decreases as a
decreases. By Remark EZ1] the function (p’(6))~/" given in (I.3) is the candidate
for a solution that corresponds to the limit cycle of system ([ZZ). The value a*
corresponds to the biggest negative value of a for which the function pf(0) takes
the value 0. For this value of a, the function p}. has to have a zero 7 of even
multiplicity (see Figure [l). Also, for a = a*, the function p? defined in display
([3) is not transformed into a limit cycle of (L2). On the contrary, it gives rise to
the polycycle at which the limit cycle disappears.

We will localize the zeros of p¥ that have even multiplicity. Since this function
is a solution of ([Z2), if § = 7 is one of its zeros with multiplicity at least two,
then 0(p}(0))/00lgp=- = 0 and we see that 7 is also a zero of the function 6 —
fn(cosB,sin@). By taking derivatives of (2.2), it follows that if 7 is a zero of p’ of
multiplicity 2k and if the 2kth derivative of p at 7 is positive, then 7 is also a zero
of fn(cosf,sin@) of multiplicity 2k — 1 and its derivative of order (2k — 1) at 7 is
negative. In other words, all zeros of even multiplicity of p} are contained in the
set © given in the statement of the theorem, as required. Notice that it suffices to
consider the zeros in (0,7), because the function p} is m-periodic and p%(0) # 0.
This completes the proof of the theorem.
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FIGURE 1. Periodic solutions of system (Z2) for a™ < a* < a™.

Remark 3.1. As a corollary of the above result, if n is even and the function 6 —
fn(cosB,sin @) does not change sign, then system ([.2)) has a limit cycle if and only
if a - sgn (f,(cos@,sinf)) < 0. This result follows because, under these hypotheses,
the set © is empty; hence, system (I2)) cannot have polycycles. Therefore, the limit
cycle born for a sufficiently small can never disappear.

4. EXAMPLES

In this section we apply our results to the cases n = 2 and n = 4.

The case n = 2 is easy. Suppose that the function fs does not change sign. By
Remark we can determine if system has limit cycles. Suppose that fo
changes sign. Since f2 is homogeneous, there it vanishes in some direction. By a
rotation and a scaling of the variables and of the time, there is no loss of generality
if we assume that

(4.1) fa(cosb,sinf) = dy cos? 0 + dy cosfsinf, with di # 0 and do > 0.

Proposition 4.1. System [L2) with n =2 and fo given in expression (@) has a
limit cycle if and only if a € (—|do/d1],0).

Proof. To determine the value a* for which the limit cycle disappears we will apply
Theorem .2

We have that B = fo% f2(cosf,sinf) = dom > 0. Also, the formula for the
function p} given in (L.3), expressed in real variables, is

(—(2a2 + 1)do + adl) cos? 6 — (2ad0 + 2a2d1) sinf cos@ — (do + ady) sin® 6

pa(6)= 2a(a? + 1)

Let 8 and w/2 denote the two roots of fo in (0,7). Notice that f5(7/2) = —di,
f45(B) = dy, and tanf = —do/d;. Hence, the set © given in (I4) is exactly
{n/2} (resp. {B}) when d; > 0 (resp. di < 0). In the first case, p’(n/2) =
— (ady +do) / (2a(a®* 4+ 1)), and we have that a* = —do/d;. In the second case,
pa(B) = (df + d3) cos? B (ady — do) / (2a(a® 4+ 1)d3) and a* = do/ds. O
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FIGURE 2. Bifurcation diagram of system (I:2)) with f; given in
[@2) in the (a, B)-plane, where 3 := arctan(b~!) € (0, 7).

The case n = 4 is more complicated. Instead of presenting an exhaustive study,
we will analyze the typical two-parameter family

(4.2)  fa(cosB,sin@) = cos 6 (cos — bsin ) (cosd — sin ) (cos@ - ? sin 9)

with parameters a and b, such that a is the parameter in system ([.2]) and b is chosen
so that the roots of fy are 7/2,7/3,7/4 and 8 := arctan (b_l) , with g8 € (0, ).

Theorem 4.2. System ([[2) with n = 4 and fy given in expression ([E2) has a
limit cycle if and only if the parameters a and (3 are in the grey region depicted in
Figure[3 whose boundary is a piecewise algebraic curve. The algebraic curves can
be given explicitly in the variables a and b (see the proof of the theorem). Also, the
polycycles in the Poincaré sphere where the limit cycle disappears are as depicted
in the figure.

Proof. System ([L2) with fy given in (@2 has parameters a and b. For simplicity
of exposition, some of the statements in the proof will be presented for the corre-
sponding parameters a and 3, where § := arctan (b_l) for b # 0 and 8 = 7/2 for
b = 0. We choose the branch of arctan so that 8 € (0,7). The proof is similar to
the proof of Proposition A.11
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Note that

B (3+\/§)b+9+x/§7T

12
Hence, the sign of the parameter a for which the limit cycle exists is negative (resp.
positive) for 8 such that § < 84 (resp. 8 > (4), where 4 := arctan (bzl) and
by = V3 — 4. In case 3 = (34, Theorem [T implies that system (L2 has no limit

cycles and that it has a center when a = 0. By a (lengthy) computation, the values
Ci(a,b) := pi(r), for 1 = B = arctan (b™'), 7o = 7/3, 73 = 7/4 and 74 = 7/2 are

B := B(b)

given by

Ci(a,b) = (8b—8b* —24b% + 24b*)a® + (4 + (=8 — 4V3)b + (=32 + 4V/3)b?
+(—4V3 +40)b + (4V3 +12)b*)a® + (- 3 — 33+ (6V3 — 10)b
+28b% + (6v/3 + 6)b + (3v3 +15)b*)a + 3V3 + 1+ (2v3 + 10)b
+(4V3 + 4% + (2v3 +10)b° + (3 + V3)bY,

Cola,b) = (—2v3b+2)a®+ (—2+V3+ (1+2V3)b)a?
+(=3V3—1+(B3+V3)b)a—5-2V3— (V3+2),

Cs(a,b) = (—4b+4)a®+ (8+2V3— (4+2V3)b)a’
+(10+3V3 —b)a+5+2V3+ (2+ V3)b,

Ci(a,b) = 8ba®+ (—4— (4+4V3)b)a* + (3+3V3+ (3V3 +5)b)a

—3V3—1—(V3+1)b,

and the intersection points of the curves C; =0 and C; =0, C;; :={C; =0}n{C,; =0},
which appear in Figure[Z], are

Ci2 = <—ﬂ,<—l_\/§+ \/5+4\/§) > = (alabl);
Co = (#,6—3&) = (az, b2),
C34 = <—1,—?> = (a3,b3),

where §; = arctan (b;l) € (0,7) fori =1,2,3.

By Theorem [[Z, a* is obtained by solving for a in the equations C;(a,b) = 0
corresponding to 7; € ©. By comparing all the solutions obtained, the value for
which the limit cycle disappears is

max{a : Ci(a,b) =0,a <0} f0<b<b(0<B<pf),

(
max{a : C2(a,b) =0,a <0} ifb; <b<by (B <P < Ba),
a*(b) = { max{a : C3(a,b) =0,a <0} ifby<b, b<bzorb=oco(f<p<ps),
max{a : Cy(a,b) =0,a <0} ifb3 <b<by(B3<8< ),

min{a : C4(a,b) =0,a >0} ifbs<b<0(Bs<P< ).
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The phase portraits of system (I2)) in the Poincaré sphere are obtained by plot-
ting the function @ +— p*.(0)~/". For instance, when the parameter values are a
corner of the curve in parameter space that corresponds to the disappearance of the
limit cycle, the polycycle goes to infinity in two different directions corresponding
to the two zeros of pf. in (0,7). O

5. CONCLUSIONS

Although the system (I.2)) studied in this paper appears to be simple, its analysis
illustrates just how difficult it can be to determine the exact number of limit cycles
of a planar system. In general, suppose that n is even, and let dy, ds, . . ., d, denote
the real coefficients of the trigonometric polynomial f,. The value a* given in
Theorem for which the limit cycle disappears is a function of these parameters
a* = a*(do,ds,...,d,). By using arguments similar to those used to study the case
n = 4, it follows that this function is piecewise “algebraic” in the sense that each
piece is given implicitly by a polynomial in a, cos§; and sin 3;, where the degree
of a is at most n — 1, the degrees of the trigonometric variables are at most n, and
the values (;, ¢ = 1,...,n, are the roots in (0, 7) of the homogeneous trigonometric
equation f,(cosf,sind) = 0. In the case n > 4, the above equation is in general not
solvable by radicals; hence it is very difficult to even determine implicit expressions
for each piece of the function a* in the variables dy,d1, ..., d,.
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