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ABSTRACT. Let M be a compact hypersurface with constant mean curvature
immersed into the unit Euclidean sphere S™"*!. In this paper we derive a
sharp upper bound for the first eigenvalue of the stability operator of M in
terms of the mean curvature and the length of the total umbilicity tensor of
the hypersurface. Moreover, we prove that this bound is achieved only for the
so-called H(r)-tori in S*T1, with 2 < (n — 1)/n. This extends to the case of
constant mean curvature hypersurfaces previous results given by Wu (1993)
and Perdomo (2002) for minimal hypersurfaces.

1. INTRODUCTION

Let M™ be an n-dimensional orientable Riemannian manifold and denote by
S™*! the Euclidean sphere of constant sectional curvature one. For an isometric
immersion 1 : M"™ — S"*1 we will denote by A its second fundamental form (with
respect to a globally defined normal unit vector field N) and by H its corresponding
mean curvature, H = (1/n)tr(A). Instead of the second fundamental form, we will
deal with the traceless symmetric tensor ¢ = A — H I, the so-called traceless second
fundamental form, where I stands for the identity operator on X (M). Observe that
|62 = tr(¢?) = |A|?> — nH? > 0, with equality if and only if M is totally umbilical.
For that reason, ¢ is also called the total umbilicity tensor of M. As observed by
Alencar and do Carmo [I], in place of A, the tensor ¢ plays a fundamental role when
extending results on minimal hypersurfaces to the case of constant mean curvature.
For instance, by using the total umbilicity tensor ¢, Alencar and do Carmo [I]
obtained the following gap theorem, which extends a well-known result on minimal
hypersurfaces in the Euclidean sphere [11], bl R].
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Theorem 1.1. Let M"™ be a compact orientable hypersurface immersed in S"+1
with constant mean curvature H. Assume that |¢|2 < By on M, where

n 2
B =7( —9)|H| - y/n2H2 + 4 —1)
b= gy (= 21| - PH 0 =)
is the square of the positive root of the polynomial
-2
Pu(e) = 22+ =Y g (1 + B2,

n(n—1)
Then
(i) either |¢|> =0 (and M is totally umbilical), or
(i) |¢|?> = By and
(a) n=2 and M is an H(r)-torus S*(r) x SY(v/1 —r2);
(b) n > 3 and M is an H(r)-torus S"~1(r) x SY (V1 —12), with r* <
(n—1)/n.

On the other hand, let M be a compact minimal hypersurface in S"*! and
consider the Schrédinger operator L = —A—|A|?, where A is the Laplacian operator
on M, and let A\l stands for its first eigenvalue. In [I1] Simons proved that Al <
—n if M is not totally geodesic. More recently, Wu [12] obtained the following
characterization of the Clifford torus by the first eigenvalue of the operator L.

Theorem 1.2. Let M™ be a compact orientable minimal hypersurface immersed
in the Buclidean sphere S"TY, and let A stand for the first eigenvalue of the
Schradinger operator L = —A — |A|>. Then

(i) either A\l =0 (and M is totally geodesic), or

(i) A < —n.
Moreover, \X¥' = —n if and only if M is a Clifford torus S*~*(\/(n —k)/n) x
SF(\/k/n) in SPHL.

Observe that the Schrodinger operator L is closely related to the Jacobi or sta-
bility operator J associated to the variational characterization of minimal hyper-
surfaces in S"*1, which is given by J = —A —|A|?> —n = L —n. In particular, their
spectra are related by the fact that A € Spec(J) if and only if A + n € Spec(L),
and A\{ = A\l — n. Therefore, a consequence of the result above is the following
characterization of the Clifford torus by the first eigenvalue of the stability operator.

Theorem 1.3. Let M™ be a compact orientable minimal hypersurface immersed in
the BEuclidean sphere S"*1, and let N{ stand for the first eigenvalue of its stability
operator J = —A — |A|*> —n. Then

(i) either \{ = —n (and M is totally geodesic), or

(i) A < —2n.
Moreover, \{ = —2n if and only if M is a Clifford torus in S*"*(\/(n — k)/n) x
Sk(\/k/n) in SPHL.

Theorem [[3] has been recently obtained by Perdomo [I0] using a new method
which is completely different from Wu’s method in Theorem Motivated by
Alencar and do Carmo’s result Theorem [[LT] our objective here is to extend Wu
and Perdomo’s results to the case of constant mean curvature hypersurfaces in
S"*1 characterizing the H(r)-torus in S"*! by the first eigenvalue of the stability
operator.
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A SPECTRAL CHARACTERIZATION OF THE H(r)-TORUS 877

2. STATEMENT OF THE MAIN RESULTS

Let us recall that, for the case of constant mean curvature H, the stability
operator is given by
J=—A—|¢|> —n(1+ H?).
The spectral behaviour of J is then directly related to the instability of such hyper-

surfaces. Since J is an elliptic operator, we can use the min-max characterization
of \{, as

(2.1) )\szin{%; fECOO(M)afi—éO}-
M

Since the mean curvature H is constant, it easily follows from (2.) that
1
A < -n(1 HQ——/ 2dv < —n(1 + H?

where V(M) and dv stand, respectively, for the n-dimensional volume and the
volume element of M. Moreover, \{ = —n(1 + H?) if and only if M is totally
umbilical.

With respect to the second eigenvalue of J, El Soufi and Ilias [7, Theorem
2.1] have recently obtained a sharp upper bound for the second eigenvalue of a
Schrodinger operator of the form —A + ¢ for a compact submanifold M™ of the
Euclidean space, the hyperbolic space or the unit Euclidean sphere, where ¢ is any
continuous potential on M, in terms of the total mean curvature of M and the
mean value of ¢. In particular, when M is a constant mean curvature hypersurface
in S"*1 and ¢ = —|¢|? — n(1 + H?), El Soufi and Ilias’s estimate yields

1
AJS——/ 2dv <0.

In particular, \§ is nonpositive and vanishes if and only if M is totally umbilical.
We also refer the reader to [6] for another interesting upper bound for the second
eigenvalue of Schrédinger operators, given by the same authors, and its applications
to the case of constant mean curvature or minimal hypersurfaces.

Remark 2.1. From a more geometrical point of view, in the case of constant mean
curvature compact hypersurfaces, the stability operator J is viewed as acting on
smooth functions with mean value zero because the variations under consideration
preserve the enclosed volume [3]. For that reason, one can consider two different
eigenvalue problems: the usual Dirichlet problem, associated with the quadratic
form Q(f) = [,, fJ(f)dv, and the so-called twisted Dirichlet problem, associated
with the same quadratic form Q(f) on smooth functions subject to the additional
condition [,, fdv = 0. As observed by Barbosa and Bérard [2], both eigenvalue
problems are interesting, and they have similar and related properties. For instance,
it easily follows from the min-max principle that their spectra are interwined by

J J J J
Al <pp <Ay <pp <

where pf denotes the eigenvalues of the twisted problem. Similarly, there are two
different notions of stability, the strong stability, associated to the usual Dirichlet
problem, and the weak stability, associated to the twisted Dirichlet problem. We
refer the reader to [2] for a detailed study of the relationship between these two
eigenvalue problems and their corresponding stability notions.
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Apart from the totally umbilical ones, the easiest constant mean curvature hy-
persurfaces in S"*1 are the so-called H(r)-tori. An H(r)-torus in S"*! is obtained
by considering the standard immersions S*~1(r) < R™ and S!(v/1 — r2) — R2, for
a given 0 < r < 1, and taking the product immersion S*~1(r) x S*(v/1 —72) —
S+ c R"*2 (see [1]). Its principal curvatures are given by

L _V1=r? B r
K1 = = Rp-1= r y  Rn = =2
which implies that its constant mean curvature is

n—1—nr?

nry/1—r2
In particular, H(r) = 0 if and only if r> = (n — 1)/n, which corresponds to the
minimal Clifford torus. It follows from here that
2 2(n — 1) +nH? £ |H|\/n?H? +4(n — 1)
2n(1+ H?) ’
where we choose the sign as — or + according to 72> < (n—1)/n or 72 > (n—1)/n,
respectively. Moreover, |¢|? is given by

|6* =

H=H(r)=

n—1 n
nr2(l —r2) T A(n-— 1) ((n

where we are using the same criterion for the sign. In partlcular |62 = |¢|2 is also
constant and \{ = —|$|2 — n(1 + H?). Therefore, if 72 < (n — 1)/n we have

n(n —2)

)| H| + iTHE 40— T))

J_ 2
where )
9 = 3y (= 21| = VP = T))

and if 72 > (n — 1)/n we have

nin — 2
A = 2001+ 52— 22 i),

vn(n—1)

where

9l = gy ((n = 20|+ VoPEP (=)

Motivated by the value of \{ for the H (7)-tori, we will prove the following extension
of Theorems and [[.3

Theorem 2.2. Let M™ be a compact orientable hypersurface immersed in the Eu-
clidean sphere S with constant mean curvature H, and let \{ stand for the first
eigenvalue of its stability operator J = —A — |¢|*> —n(1 + H?). Then

(i) either \{ = —n(1+ H?) (and M is totally umbilic), or

(il) A/ < —2n(1+ H?) + %uﬂ max |g).
Moreover, \{ = —2n(1 + H?) + \/n—|H| max |@| if and only if

(a) n =2 and M is an H(r)-torus S'(r) x SL(v/1 —r2);
(b) n >3 and M is an H(r)-torus S*1(r) x SL(v/1 — r2), with r* < (n—1)/n.
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In particular, Theorem 2.3 in [I0] has the following extension to the constant
mean curvature case.

Corollary 2.3. Let M™ be a compact orientable hypersurface immersed in the
Euclidean sphere S"*1 with constant mean curvature H. If \{ = —2n(1 + H?) +

\/"—|H|max|¢|, then
(a) n =2 and M is an H(r)-torus S(r) x SL(v/1 —r2);
(b) n >3 and M is an H(r)-torus S"1(r) x SL(v/1 — r2), with r* < (n—1)/n.

3. PROOF OF THEOREM
Our Theorem will be an application of the following result concerning the

first eigenvalue of the Jacobi operator J.

Proposition 3.1. Let M™ be a compact orientable hypersurface immersed in the
FEuclidean sphere S with constant mean curvature H, and assume that M is
not totally umbilic. If \{ stands for the first eigenvalue of its Jacobi operator
J=—A—1¢|> —n(1+ H?), then

n(n — fM|¢|3dv 2 Jy Ve |*dv

vn(n— | JylolPde n+2 [, ¢ dv

where dv stands for the volume element of M™.

AN < —2n(1+ H?) + |

In order to derive Proposition[3.1] we will also need the following auxiliary result.

Lemma 3.2 ([41[12]). Let M be a Riemannian manifold, and consider ¢ : X (M) —
X (M) to be a traceless symmetric tensor on M that satisfies the Codazzi equation,
that is, Vo(X,Y) = Vo(Y, X) for every X, Y € X(M). Then

4n
VI6PP < o I8PIVa

Proof of Proposition[3.1. For every € > 0, let us consider the smooth function f. =
Ve + 6% Since M™ is not totally umbilic, we get lim. ¢ [,, f2dv = [, |¢[*dv >
0, and we can use f. as a test function to estimate A{. Observe that

1 1
2V/z + 0|2 A(e + |9]2)3/2

Now let us recall the following Simons type formula for the Laplacian of |¢|?, which
for the case of a constant mean curvature hypersurface in S**! reads as follows (see,
for instance, [I], taking into account the different choice of sign in their definition

of ¢):

(3.1) Afe= Algl? — Vg2,

(3.2) —A|¢|2 IV|> + o[> (n(1+ H?) — |¢]*) + nHtr(¢*).

Therefore, using (B.]) and (B:2]), we obtain that

1

(33) LS = [6*(n(1 + H2) = 6) + nHu(d") + VO = 1 s

V][,
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On the one hand, Lemma yields

2 1 212 o n ¢l ) 2
Vol ~ erem Vel 2 (l e Ve
n

o 2 2 2
(1 n+2)|v¢| 7n+2|v¢|'

This allows us to estimate the last two terms in (33). On the other hand, the so-
called Okumura Lemma (see [9] as well as Lemma (2.6) in [T]) allows us to estimate
the term with tr(¢?®) in (33) as follows:

v

n(n —2)

vn(n—1)

(3-4) nHtr(¢%) > —n|H|[tr(¢%)] > ~ [Hl[o.

Summing up, we obtain that

n(n—-2)

142 2
JNA <|¢| + ="

2
[H|¢] —n(1+ H2)> + n—H|V¢I2~
Thus,
fed(fe) = —fAf-—=(o* +n(1+ H?))f2

< of <|¢|2 + ;%mw —n(1+ H2)>

— (10 + (1 + ) (e + o) - —— VP,

A

Therefore, using (2.1)) with f. as a test function, we obtain that
N[ rae = A [ oo < [ faiga
M M M

| 1o <|¢>|2 " %IHIWI (1 + HQ)) v

2
[ 197 #0014 E)e + 00— [ Vo

IN

Finally, letting € — 0 in this last inequality we have

n(n — 2) .
)\J/ lpPdv < —2n(1+ H2)/ |p>dv + 7|H|/ lp[3dv
Y u M vn(n—1) M
2
— | ——|V¢|*dv,
| givepa
which completes the proof of Proposition [3.1] O
Now we are ready to prove our Theorem In fact, if M is totally umbilical
in S"*1, then |¢|? = 0 and J = —A — n(1 + H?), where H is constant, so that

N =A% —n(1+ H?) = —n(1 + H?), whose corresponding eigenfunctions are the
constant functions. On the other hand, when M is not umbilical, we easily deduce
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from Proposition [31] that
n(n — |fM|¢|3dv_ 2 JylVe|*dv
n(n—l JyulolPdv n+2 [, |¢]?dv

n(n —2)
Vvn(n—1)

as desired. Moreover, if \{ = —2n(1 + H?) +

N < —2n(1+ H?) +

< —2n(l1+ H?) + |H| max |¢],

\/"—|H|max|¢| then |V¢| = 0,
and Lemma implies that |¢| = |¢p|o is a positive constant. Therefore, J =
— (|¢]2 + n(1 + H?)), where |¢|3 + n(1 + H?) is constant, and

(3-5) M =A2 = (103 + n(1+ H?) = —(Ig]5 +n(1 + H?)).
On the other hand, we also have that

n(n — 2)
Vn(n—1)

n(n — 2)
vn(n—1)
Finally, from 3.3) and (8.6), it follows that

n(n —2)
vn(n—1)
that is, |¢|3 = By, and by Theorem [I1], we can conclude that M is an H(r)-torus
S"=1(r) x SY(v/1 —r2), with 72 < (n — 1)/n provided n > 3.

Conversely, we already know that for every H (r)-torus S*~1(r) x S}(v/1 —r2) C

S™+1 9|2 is constant and A{ = —|¢|? — n(1 + H?). The case where r2 < (n—1)/n

corresponds precisely to the case where the constant value |¢| is the positive root
of Py, and in that case we have that

(3.6) A= —2n(1+ H?)+ |H| max |¢|

= —2n(1+ H?) + |H||¢]o-

Pr(|olo) = |o[5 + |H||¢lo — n(1+ H?) =0,

7= g2 25— 2y, =2
= o+ B+ 22 g max g,

vn(n—1)

as desired. This finishes the proof of Theorem 2.2}

4. ANOTHER PROOF OF COROLLARY 23]

Our proof of Theorem 22l given in the previous section relies on the classical min-
max characterization of \{, and it has the advantage of providing us with both a
sharp inequality for A\{ and the characterization of the case where equality holds.
In this section we would like to show how Perdomo’s technique, which is based on a
maximum principle, also works to characterize the equality case (Corollary[23]). To
the authors, this is interesting because, besides providing one with an alternative
proof of the equality characterization, it could serve to better understand other
similar problems, as well as to have a more global perspective of our result. In
order to do that, we need the following extension of Lemma 2.1 in [IU] to the case
of constant mean curvature.
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Lemma 4.1. Let M™ be an orientable hypersurface immersed in the FEuclidean
sphere ST with constant mean curvature H, and let U be the set of non-umbilic
points of M, U = {p € M : |¢(p)| > 0}. Then

n(n —2)
vn(n—1)

on U. Moreover, if equality holds at a point p € U, then Vo(p) =

Algl = —[o]Pu(|9]) = —[4] <|¢>I2 + [H||¢| = n(1+ H2)>

Observe here that, in the case where equality holds at a point p, we are able
to conclude not only that V¢(p) = B¢(p) for some linear function 5 on T,M (see
Lemma 2.1 in [10]), but that V¢(p) = 0 indeed. This will be key in our proof of
Corollary 2.3

Proof. Assume that M is not totally umbilical; otherwise, 4 = @ and there is
nothing to do. Observe that & C M is an open subset and |¢| € C*°(Uf). Therefore,
writing |¢| = 1/|¢|? and using the Simons type formula given at ([B.2) we obtain

that
Algl = AVIP = =—AlgP 22
9 OF = 5ol - 7 S IVlof
4. = H?) — — nHtr(o3 2 2
(41 = o+ 1) = o)+ i)+ (196 - o ITIoP )

on the set U of non-umbilic points of M. Let us now proceed similarly as in the
proof of Proposition BIl. By Lemma we know that

2

4.2 Vol* — Vgl > (1——) P= ——|Vgl
42 Vol — VIR > (1= 5 ) IV6 = —=5ve
on U. On the other hand, by (B.4]) we also have that

1 . n(n —2) 9

TnHt(¢%) > — ———=[H||¢|*,

[ Vn(n—1)
so that

[0l(n(1 + H?) —[6]*) + mnHtr(f’)

2 n(n —2) 2
(4.3) = —[¢|Pr(|9])-

Therefore, using ({.2) and {3) into (1) we have
2 2
Algl > WWM —1¢1Pu(|9l) = —|¢|Pu(|9)

on the set Y. Finally, observe that if equality holds at a point p € U, then Vo (p) = 0
necessarily. 0

Now we are ready to prove Corollary 23l by using Perdomo’s technique. Let us
assume that \{ = —2n(1+H?)+-= H|max|¢|. In particular, M is not totally
i ( )+ \/—I | max |¢].

umbilical. As is well known, the first eigenvalue \{ is simple and its eigenspace
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A SPECTRAL CHARACTERIZATION OF THE H(r)-TORUS 883
is generated by a first positive eigenfunction p € C®°(M). Then Jp = A{p or,
equivalently,

(4.4) Ap == +[¢]* +n(1+ H?))p.
Observe that
Ap~t=—=p2Ap+2p7°|Vpl* = (X + [¢* +n(1+ H?)p~" +2p7°|Vp[*.
Now for the smooth function f = |¢|p~! defined on U, it easily follows that
Vf=p"V|g|—l¢lp>*Vp,
and, using Lemma[4.]], a straightforward computation on U yields
Af = Adolp™") = [olAp™" + p Ald| + 2(V]g|, Vo)
= (gl + 10 +n(L+H?)p™" +p " Alg|

+ 2|p[p 3| Vp|? —2p7%(V|¢], Vp)
(4.5) = [glp" (N + 181> + n(1+ H?) + p ' Alg| — 20 (Vf, Vp)
> ol A 4 2n(1 4 52— 22 - 00 V£, V)

Vn(n—1)
= MH max || — — 20 NV [,V
f\/ml |(max |¢| — |¢]) — 207 (V f, Vp)

> —2p"Y(V/,Vp).
Summing up,
(4.6) Af4+2p YV f,Vp) >0 on U.

Let pg € U be the point where the function f attains its positive maximum on
M, and let 2 C U be a region around py on which f is greater than some positive
constant. Since the maximum of f in  is obtained in the interior of , by ([4.6) and
the maximum principle we deduce that f is constant on 2. Since M is connected,
we conclude that f is a positive constant on all M = U. Therefore, Vf = 0,
Af =0, and equality trivially holds in ({6)). That means that both inequalities in
the computation of (£5)) must be equalities. Observe now that the first inequality in
(EH) becomes an equality if and only if equality holds in Lemma [l Thus, equality
in Lemma [4.1] holds at every point of M, and V¢ = 0 on M. It follows from here
that |¢| = |}|o is a positive constant. Finally, since Al¢p| = 0 = |¢|oPu(|dlo), we
obtain that |¢|3 = Bp, and by Theorem [[.I]we conclude the result.

Remark 4.2. Let M? be a compact orientable surface with constant mean curvature
in §? (n = 2). Following Perdomo [I0, Section 3], one can also compute from (f2)

Alogp=p 'Ap—p ?|Vp* = =(\] +[0* +2(1 + H?)) — p~*|Vp|?,
and integrate on M to find
o= [ ppPd =~ 4200+ B2 - [ o

where a > 0 defines a simple invariant that is independent of the choice of p because
A{ is simple. Equivalently,

N =201+ H? - |—]\14| <a+/ |¢|2dv> .
M
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Using now the Gauss equation, one can write |¢|? in terms of the mean curvature
H and the Gaussian curvature K of the surface as |¢|> = 2(1+ H? — K), and using
now the Gauss-Bonnet theorem the formula above becomes

(4.7) N = A1+ ) = (o Sn(g 1)),

where g denotes the genus of the surface. This extends Proposition 3.2 in [I0] to
the constant mean curvature case. Reasoning now as in the proof of Corollary 3.3
in [10], formula () allows one to give a new proof of Corollary in the case
where n = 2, which is specific for the 2-dimensional case. Simply recall that M
being non-totally umbilical implies that g > 1, as in the minimal case.
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