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ABSTRACT. In this paper we first observe that the complement of a countable
closed subset of an nm-dimensional manifold M has large (n — 1)-homology
group. In the last section we use this information to prove that, under some
topological conditions on the given manifold, certain families of fibers, in the
total space of a fibration over M, are not critical sets for some special real or
Sl-valued functions.

1. INTRODUCTION

Let M, N be differentiable manifolds, F C C°°(M, N) be a family of smooth
mappings and f : M — N be a differentiable mapping. Denote by C(f) its critical
set and recall that C(f) is closed.

A closed subset of M is called F-critical if C = C(f) for some differentiable
mappling f € F. A C*°(M, N)-critical set will be called N-critical and an R-critical
set will be simply called critical. Given a closed subset C' of M, the question is: is
it F-critical? This is a fundamental problem which has been treated in [5] and [6]
for F = C*°(M,R) and its subfamily of smooth proper functions. For instance the
Antoine’s Necklace of R? is a properly critical set [5] while the circle S C R? is
not a critical set [6]. On the other hand the finite subsets of M having cardinality
strictly smaller then cat(M)-the Lusternick-Schnirelmann category of M, are not
critical if M is compact, because it is well known that any function f : M — R has
at least cat(M) critical points. Finally, when M™ is immersible into R™*!, the
S™-non-criticality of certain subsets of M provides immediate information on the
set of zeros of the Gauss-Kronecker curvature associated to an arbitrary immersion
of M into R™*!, taking into account that the mentioned set of zeros is actually the
critical set of the associated Gauss mapping of the given immersion. For instance,
the product S*¥ x S™, k +n > 3 has, for any immersion f : ¥ x §7 — RF+n+1,
infinitely many points of zero Gauss-Kronecker curvature, simply because the finite
subsets of S* x S™ are not S**"-critical [7].

Let us consider the family CS™ (M, N) := {f € C*(M,N)|B(f) N f(R(f)) = 0},
where R(f) is the set of regular points of f while B(f) = f(C(f)) is the set of
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924 CORNEL PINTEA

its critical values. We say that a mapping from C'S*°(M, N) separates the critical
values by the regular ones.

Remark 1.1. Let p : N — N be a covering mapping and f : M — N be a
differentiable mapping. If f & CSOf(M, N), then po f & CS*>°(M, N). Therefore if
g€ CS®(M,N) and g € C>*(M, N) is a lifting of g, then § € CS>*(M, N).

Indeed, since f ¢ CS> (M, N), it follows that there exist 29 € C(f), z1 € R(f)
such that f(zg) = f(z1). Because p is a local diffeomorphism, this implies that

v € Clpo f), 71 € R(po f) and obviously (po )(zo) = (po F)(x1) € B(po f)n
(po f)(R(po f)), that is, po f & CS>®(M,N).

Proposition 1.2. (i) f € CS*°(M,N) iff C(f) = f~(B(f)).

(1) If M is a connected differentiable manifold and f € CS*®(M,R) is such
that R(f) = M\C(f) is also connected, then f(R(f)) = (m,,M,), where m, =
xlél]f\;[ flz),M, = sgj\% f(z) and B(f) € {m,,M,} NR. Moreover, if M is compact,

thenm,, M, € R and B(f) ={m,, M,}.

Proof. (i) Indeed if f € C'S>°(M, N) we only have to show that f=1(B(f)) C C(f),
because the other inclusion is always true. Hence if p € f~1(B(f)), it follows that
() € B(f) = F(C() C N\F(R(f)), that is, f(p) & F(R(f)). meaning that
p & R(f).

Conversely, if C(f) = f~1(B(f)), assume that B(f) N f(R(f)) # 0 and consider
g € f(C(f)) N f(R(f)). This means that there exists p1 € C(f),p2 € R(f) such
that f(p1) = f(p2) = g, that is ps € f~1(q) C f~YB(f)) = C(f), which is of
course a contradiction with the obvious fact that R(f) N C(f) = 0.

(4d) If f is non-constant, then obviously f(R(f)) € (m,, M,). On the other hand,
we can choose two regular values qi, ¢z in Imf C [m,, M ] arbitrarily close to m,
and M, respectively. We can also take two regular points p1 € f~'(q1),p2 € f~'(q2)
and connect py,p2 by a differential path in R(f). Because f is separating critical
points by the regular ones, this path is applied by f on a segment of regular values
in I'mf connecting ¢; with g2. Hence the interval [g1, ¢2] is completely contained in
Imf\B(f). Consequently we have shown in this way that (m, M) C Imf\B(f) =
f(R(f)) and that B(f) € {m,,M,} NR. O

In this paper we are going to prove that the collection of fibers in the total space
of certain fibrations p : E — M, over closed countable subsets of the base space,
is neither C'S*°(E, R)-critical nor CS>(FE, S!)-critical under certain topological
conditions on the total and base spaces and on the fiber of the considered fibrations.

Let us observe that any closed countable subset A of a manifold has countably
many isolated points. Indeed otherwise the subset I C A of isolated points would
be finite, possible empty, and A\I would be a countable perfect subset of the
given manifold. But it is folklore that perfect subsets of complete metric spaces
are not countable. Therefore such a subset can be represented as A = TU A" =
{a1,a9,...} UA’ where A’ is the derived set of A, that is, the set of accumulation
points.

We close this section by recalling a previously proved theorem, which involves
closed countable sets. It has been proved in [[7] for some particular closed countable
sets, the arguments for arbitrary ones being given in [8].
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Theorem 1.3. Let M be an n-dimensional differentiable manifold (OM = ()
and A be a closed countable subset of M. If P is a compact differentiable k-
dimensional manifold (k < n, OP # 0) and f : P — M 1is a continuous map
such that f(OP) C M\A, then there exists a continuous map g : P — M such
that g(P) C M\A, glop = flop and f ~ g(rel OP). If M is connected, then one
particularly gets, using the particular case P = [0,1], that M\ A is also connected.

2. BASIC RESULTS

We start this section by proving that the complement of a closed countable subset
of a given n-dimensional manifold has large n — 1 homology group. The manifold
M will be with empty boundary all along the paper.

Proposition 2.1. Let M be an n-dimensional differential manifold, n > 2, and
A=TUA be a closed countable subset of M, where I = {ay,as,...} is the set of
isolated points of A and A’ is its derived set. If H,_1(M) ~ 0, then for each k > 1
there exists a surjective group homomorphism

O : anl(M\A) — ZF1 D anl(M\Ak),
where Ay = {ag+1, agt2. ...} UA". Moreover, if M is either not compact or compact

but not orientable, then H, _1(M\A) ~ Z* © H,,_1(M\Ay,), for each k > 1, that
is, Hyp—1(M\A) has free abelian subgroups of arbitrarily large rank.

Proof. We first recall that M\ A is connected, because of Theorem [L3l To prove
the stated isomorphism, we will use the Mayer-Vietoris sequence for the following
two spaces:

X = M\{ala az, ... 7ak}7 Y, = M\Ak
Taking into account the fact that X NY = M\ A and X, UY, = M for each k > 1,
we get the following exact sequence:

(1) = Ha(M) — Hy 1 (M\A) =5 Hy 1(Xi) @ Ho o1 (Ye) — Huo1 (M) —,

where Ak(Z) = (Hk(lk)(f),Hk(jk)(Z)) and 7y, : M\A — Xk, Jk : M\A — Y are
the inclusions. Because of the exactness of the sequence () we can conclude that
for each k > 1 the group homomorphism Ay, is surjective because H,,—1 (M) ~ 0.
Using the homology sequence of the pair (M, X;) we have

(2) — Hn(Xk) = Hn(M) — Hn(M, Xi) = Hn1(Xx) = Hna (M) — .

On the other hand, excising a suitable open subset of X}, one can get an isomor-
phism H,,(M, X},) ~ Z*. Therefore, when M is either not compact or compact and
not orientable, we get that H,,_1(Xy) ~ Z*, H, (M) being trivial in both cases [4]
p. 166, 167].

If M is compact orientable, the exact sequence (2)) provide us, up to some group
isomorphisms, the following short exact sequence:

0—->27Z—27ZF— H,_1(X) — 0,

because H, (X)) ~ 0, taking into account that X} is a connected non-compact
n-dimensional manifold. It ensures us that, when M is compact orientable, there
exists d > 1 such that H,—1(Xy) ~ Z/dZ & Z"~'.

In any case there exists a surjective group homomorphism

Vi Hyo1(Xy) — 271
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which is defined by composing the isomorphism H,_1(Xy) ~ Z/dZ ® Z*~' or
H,_1(Xx) =~ Z* with a suitable projection that simply forgets the first term of the
direct sum. Consequently the group homomorphism

O : anl(M\A) — ZF1 D anl(M\Ak), O = (Q/Jk X ZdH )O Ay

n—1Yg)

is obviously surjective, and the proof is now complete. (I

Corollary 2.2. Let M be an n-dimensional differential manifold, n > 2, and
A =TUA be a closed countable subset of M, where I = {a1,as,...} is the set
of isolated points of A and A’ is its derived set. If G is an abelian group and
¢ : G — Hy,_1(M\A) is a surjective group homomorphism, then G is not finitely
generated. In particular, Hy,,_1(M\A) is not finitely generated.

Proof. Assume that G is a finitely generated group and ¢ : G — H,,_1(M\A) is a
surjective group homomorphism. It follows that

Spop:G—ZF'a H,_1(M\Ay)

is also surjective for each k > 1. But since 0, o ¢ maps the torsion part ¢(G)
of G into the torsion part t(Z¥~' & H,_1(M\Ax)) = Z" ' @ t(H,—1(M\Ay)) of
ZF @ H,_1(M\Ag), it follows that

G g Hoa(MN\AY
1(G) t(ZF-1 @ H, 1 (M\Ay))

, 9+ t(G) — (00 0)(g) +t(G)

is a well-defined group homomorphism denoted by «y;. But since G is finitely gener-
ated, there exists a unique natural number ¢ such that G ~ Z4®t(G) and obviously
% o~ Z4. Therefore, up to some group isomorphisms, 442 acts surjectively from

Z9 to 29t @ %. Because the projection

Hy, 1 (M\Aq+2)

HHana) 2"

pr1: 29 @
is surjective, it follows that pri o y,4o : Z9 — Z9T! is also surjective, which is
impossible because such a group homomorphism does not exist. O

Let p: E — M be a fibration whose base space M is an n-dimensional man-
ifold, and let A C M be a closed countable subset. In order to prove that the
natural group homomorphism h,_1 : m,—1(E\p~'(A)) — H,—1(E\p~(4)) is an
isomorphism, we will show that each homotopy class

[F] € [(P,0P), (E, E\p~'(A))]

contains a mapping whose image avoids the subset p~1(A), where P is a compact
connected differentiable manifold such that dim P < dim N and dP # (.

Theorem 2.3. Let p : E — M be a fibration whose base space M is an n-
dimensional differentiable manifold, and let A be a closed countable subset of M.
If P is a compact differentiable k-dimensional manifold (k < n, P # 0) and
F : P — E is a continuous map such that F(OP) C E\p~'(A), then there exists
a continuous map G : P — E such that G(P) C E\p~'(A), Glap = Flop and
F ~ G(rel 9P). If E is connected, then one particularly gets, using the particular
case P =[0,1], that E\p~1(A) is also connected.
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Proof. Applying Theorem [[3, there exists a homotopy H : P x [0,1] = M of po F
such that ImH(-,1) C M\A. Because p : E — M is a fibration, there exists a
homotopy H’ of F' that covers the homotopy H, namely H = po H'. It is easy to
check that ImH'(-,1) C E\p~1(A).

Consider the homotopies ¢ : P x [0,1] — P and ¢ : P x [0,1] — E:

x if x € P\Q(OP x [0,2)),
P(z,t) =1 Q((moQ ) (2), 525 (m0Q )(2) + £25) if x € QAP x[t,2]),
(m10Q 1) (x) if z € Q(OP x [0,t]),

_ H’(i/)(x t),t) ifxe P\Q(OP x[0,1)),
ple.t) = { H(Q '(x)) ifzeQ@P x [0,1]),

where Q) : OP x [0,00) — U C P is a collar neighbourhood of 9P and 7 : 9P x
[0,00) = OP, 7 : 0P x [0,00) — [0,00) are obviously the projections.

Denoting ¢(-, 1) by G and observing that ¢(-,0) = F, one can easily see that
F ~, G(rel OP) and also that G(P) C E\p *(A), the theorem being now com-
pletely proved. (I

Corollary 2.4. Ifp: E — M is a fibration whose base space M is an n-dimensional
differentiable manifold and A is a closed countable subset of M, then the pair
(E, E\p~Y(A)) is (n—1)-connected, that is, 7y(E, E\p~*(A)) ~ 0 for allq € {1,...,
n — 1}. In particular we get that Hy(E, E\p=*(A)) ~ 0 for all ¢ € {1,...,n — 1}
and the natural group homomorphism

Xn T (B, E\p™(A)) — Ho(E, E\p~'(4))

is surjective. On the other hand the inclusion i, . - E\p~Y(A) — E is (n—1)-
connected, that is, the induced group homomorphism

g (i 1)) * Ta(B\D ™ (A)) = mg(E)

is an isomorphism for ¢ < n — 2 and it is an epimorphism for ¢ = n — 1. Hence
the morphism X, is an isomorphism if E is simply connected and n > 3.

Proof. The fact that m,(E, E\p~'(A)) = 0 for all ¢ € {1,2,.

mediate consequence of Theorem [2.3] and of the fact that [« ] 7,(E, E\p~1(A))
is zero if and only if there exists 3 € [a] such that 3(D?) C E\p~'(A). From the
Hurewicz theorem [9, pp. 394-398] one can deduce that Hy(FE, E\p~*(A)) ~ 0 for
all g € {1,...,n — 1} as well as that x,, : Wn(E,E\p_l(A)) H,(E,E\p~t(4)) is
surjective. Further on, using the exact homotopy sequence

w1 (B, E\p~H(A)) = m(B\p~ ' (A)) = m(B) — (B, E\p~(4)) = -+,

and the triviality of m,(E, E\p~!(A)) for ¢ € {1,2,...,n — 1}, it follows that the
inclusion @ -, - : E\p~'(A) — E is (n — 1)-connected. Finally, since E is
simply connected, it follows that E\p~!(A) is also simply connected such that
m(E\p~1(A)) acts trivially on m,(E, E\p~*(4)), which means that y,, is an iso-
morphism [3| p. 166]. O

.,n—1} is an im-

Corollary 2.5. Let p : E — M be a fibration whose base space M is an n-
dimensional differentiable manifold, and let A be a closed countable subset of M.
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If the total space E is simply connected and the natural group homomorphisms
th : mg(E) — Hy(E), g € {n —1,n} are isomorphisms, then the natural group
homomorphism

hn-1: Tp-1(E\p™'(A)) = Hp1(E\p~'(A))
is also an isomorphism.

Proof. Consider the following ladder with exact rows and commutative rectangles:
T (E) = mn(E, E\p~" (A)) = mn-1(E\p~ " (A)) = mn1(E) — mn_1(E, E\p~' (4))
lhf J{XH lhn71 lhf,l J{anl
Hu(E) — Hn(E,E\p~"(A)) = Hn-1(B\p~"(A)) — Hn-1(E) — Ha1(E, E\p~'(A))

and conclude, using the hypothesis, Corollary 2.4] and the five lemma, that h,,_1 is
indeed an isomorphism. O

Remark 2.6. (i) If M is an n-dimensional differentiable manifold and A is a closed
countable subset of M, then the pair (M, M\A) is (n — 1)-connected, that is,
wq(M, M\A) ~0forall ¢ € {1,...,n—1}.

In particular we get that Hy(M, M\A) ~ 0 for all ¢ € {1,...,n — 1} and the
natural group homomorphism x,, : m, (M, M\ A) — H, (M, M\ A) is surjective. On
the other hand the inclusion i,,, , : M\A < M is (n — 1)-connected, that is, the
induced group homomorphism 74 (i, ,) : Tg(M\A) — mg(M) is an isomorphism
for ¢ < n — 2 and it is an epimorphism for ¢ = n — 1. Hence the morphism Y, is
an isomorphism if M is simply connected and n > 3.

(i4) Let M be an n-dimensional differentiable manifold, and let A be a closed
countable subset of M. If the natural group homomorphism hM | : 7, _1(M) —
H,_1(M) is surjective, then the natural group homomorphism

RMAA L L(M\A) — H,_1(M\A)

n—1

is also surjective. Moreover, if h} | hM are isomorphisms, then hi‘l{\{q is an iso-
morphism too.

(#4i) If M is an n-dimensional differentiable manifold and A is a closed countable
subset of M, then m,_1(M\A) is not finitely generated.

(iv) Let M be an n-dimensional differential contractible manifold, n > 2, and let
A =TU A’ be a closed countable subset of M, where I = {ay,as,...} is the set of
isolated points of A and A’ is its derived set. Then M\ A is (n — 2)-connected and
Tn_1(M\A) 2 Z' & m,_1(M\A;), where A; = {a;41,ai12....} UA’. In particular
Tn—1(M\A) has free abelian subgroups of arbitrarily large rank.

Indeed the first points (i) and (i¢) are immediate consequences of Corollaries 2.7
and 20 respectively by considering the particular fibration id,, : M — M, while
the third point (ii¢) follows easily by combining Corollary 2221and Remark 28] (ii).
At the fourth point (iv) the (n—2)-connectedness follows easily from Remark 226 (7)
while the isomorphism 7, 1 (M\A) = Z° & m,,_1(M\A;) follows from Proposition
21 by using the Hurewitz theorem and Remark 26 (74).

3. APPLICATION

In this section we will give the topological conditions on the total and base spaces
and on the fiber of a fibration in order that the collection of fibers over a closed
countable subset of the base space not be C'S*°-critical.
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Theorem 3.1. Let F — E % M"™ be a differential fibration with compact total
space, and let A be a closed countable subset of M.

(i) If n > 2, M is a homotopy sphere and Hy(F) ~ 0, then p~1(A) is not
CS>(E,R)-critical.  Moreover, if E is simply connected, then p~'(A) is not
CS*>(E, SY)-critical too.

(i¢) If n > 3, E is simply connected, H,,_1(M) ~ 0, m,_2(F) is finitely generated
and commutative when n = 3 and the natural group homomorphisms hE | hE are
isomorphisms, then p~*(A) is neither CS>(E, R)-critical nor CS>(E, S1)-critical.

Proof. Assume that there exists a mapping f € CS®(E,R) such that C(f) =
p ' (A). This means that B(f) = {m,, M, } and that its restriction

ENC(f) = Imf\B(f) = (my, M), p — f(p)

is a proper submersion, that is, via Ehresmann’s theorem, a locally trivial fibra-
tion whose compact fiber we are denoting by F. Its base space (m,, M,) being
contractible, it follows that the inclusion i, : F — E\C(f) is a weak homotopy
equivalence, namely the induced group homomorphisms

Tq(is) : mg(F) — mg(E\C(f))

are all isomorphisms. Consequently, using the Whitehead theorem [3, p. 167] or
[9, p. 399], it follows that the induced group homomorphisms

Hy(iy) : Hy(F) — Ho(E\C(f)) = Hy(E\p~"(A))

are also isomorphisms.
(i) The Serre homology sequence of the fibration F < E\p~'(A) £ M\A is:

= Hy 1 (F) — n,I(E\pfl(A))—> n—1(M\A) = H,,_o(F) — ---.

Because H,,_1(F) ~ H,_1(E\p~*(A)) and H,_1(F), H,_o(F), are finitely gener-
ated, it follows that H,,_1(M\ A) must be finitely generated, which is a contradiction
with Corollary 22l In order to prove that p~1(A) is not CS*°(E, S)-critical, under
the additional hypothesis of simply connectedness of E, we assume that there exists
g € CS*°(E,SY) such that C(g) = p~!(A) and consider a lifting g : E — R that
does not belong to C'S*°(E,R) since C(§) = C(g) = p~1(A). Using Remark [Tl
one can deduce that g = expo § & CS®(E, S!).

(i) Because H,_1(M) =~ 0, this implies that h | is obviously surjective. Ac-
cording to Corollary [Z5 and Remark [26 (i¢), the natural group homomorphism

hn—1 o1 (E\p~'(A)) = H, 1 (E\p~'(A))
is an isomorphism, while hnM_\f‘ i o1 (M\A) — H,_1(M\A) is surjective. There-
fore, h:lil oH, 1(F): Hy1(F) = mn_1(E\p~1(A)) is an isomorphism.
The homotopy sequence of the fibration F < E\p~1(4) & M\A is
= o1 (F) — Wn_l(E\p_l(A)) — o1 (M\A) = mpo(F) — -+,

and it forces m,,_1(M\ A) to be finitely generated since H,—1(F) ~ m,—1(E\p~'(A))
and m,—o(F), Hy—1(F) are finitely generated. But this is impossible because
Remark 228 (ii4) ensures us that m,—1(M\A) is not finitely generated. The
CS*(E, S')-non-criticality of p~1(A) can be proved similiarly. O
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Corollary 3.2. If F — E -2 M is one of the following fibrations:

(1) Spin(n) — Spin(n+1) — S™, n >3,

(ii) SU(n) — SU(n +1) — S2"+1 n > 2,

(iii) Sp(n) — Sp(n+1) — S48 n>1,

(iv) S — §4nt3 — PH" n > 1,

(v) St — §2n+l  PC" n > 2,
and if A is a closed countable subset of the base space, then p~'(A) is neither
CS>(E,R)-critical nor CS*(E, S')-critical.

Proof. Indeed, (i), (i7) and (iii) follow immediately from Theorem (7) taking
into account that S* is (k — 1)-connected, Spin(n), U(n), Sp(n) are compact and
H;(Spin(n)), H;(SU(n)), H;(Sp(n)), i € {1,2} are trivial because m;(Spin(n)),
m;(SU(n)), m(Sp(n)), i € {1,2} are trivial [1], p. 368], 2| p. 224].

(iv) and (v) follow from Theorem[3.1] (i7) since Hyy,—1(PH™) ~ 0 ~ Hy, 1(PC")
while oy, —2(S1), T4,—2(S?) are finitely generated, ma,_2(S') being actually trivial
for n > 2, while 74, _2(S?) is even finite [3] p. 318]. Finally the natural group ho-

. 4n+3 4n+3 2n+1 2n+1 . . .
momorphisms h3," . hy, . kS, 1, ks, are obviously isomorphisms, because

7, (S4H3), H, (84 F3), g € {4n—1,4n} and 7. (S?"+1), H,.(S?"*1), r € {2n—1,2n}
are trivial. (]

Remark 3.3. The quaternionic Hopf fibration S% < S7 — 5% can also be treated
by means of Theorem 311 (4).
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