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ABSTRACT. Let P; be the semigroup of the diffusion process generated by
L = Zi,j a;0;0; + 3, b;0; on R?. It is proved that there exists ¢ € R
and an Re-valued function b = (b;) such that |VP.f| < e“*P;|Vf| holds for
all t > 0 and all f € C}(R?) if and only if a = (a;;) satisfies the formula
8kaij + 8jaki + 8iak]- =0 for all 4, 5, k.

1. INTRODUCTION

Consider the second-order differential operator on R%:

d d
L=1L,y,:= Z aijaiaj + Zbiaia
i=1

ij=1

where a = 0o* with ¢ a matrix-valued C''-function such that a is non-degenerate,
and b an R%valued C'-function. Assume that the L-diffusion process is non-
explosive and let P; denote its semigroup. The main purpose of the paper is to
search for explicit criteria for the following gradient estimate of P;:

(1.1) IVP.f| <ePIVS], t>0,feCLHRY,

where ¢ € R is a constant, and V and | - | are, respectively, the Euclidean gradient
operator and the Euclidean norm.

The gradient estimates of diffusion semigroups have played an important role
in the study of functional inequalities and heat kernels. For instance, (LI) has
been related to (at least for a = I) the log-Sobolev inequality, the dimension-free
Harnack inequality and heat kernel upper bounds (see e.g. [2 6, [7, [8,[5]). Indeed,
(1.2) with negative ¢ can imply the log-Sobolev inequality even if a is not constant
(cf. [4]).

To search for the exact and simple feature of (ILT)), we make use of the following
equivalent condition following the line of Bakry [I]:

2 d
(1.2) (VI, VL) <|VFLIV+ V5 f € CF(RY),
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828 FENG-YU WANG

where we set [Vf|L|Vf| = 0 when |V f| = 0. Starting from this equivalence, we
obtain with some efforts the following result which implies that the formula (L3)
below is the character of ().

Theorem 1.1. (1) [@13) implies
(1.3) 8kaij + &ukj + (%-aki =0, 1<4,j,k<d.

(2) If (T3) holds, then for any c € R there exists b such that () holds for the
diffusion semigroup generated by Lq . More precisely, (I1) follows from (I3) and

d
(14) c¢> sup{m Z |0xaij*(z) + (0xb, X)(z) : 2, X € RY | X| = 1}.

ij=1
When a = I, according to Bakry [I], (I) is equivalent to
(1.5) VP f|? < PVfI?, t>0,fecCHRY).

It is easy to see from [I] that (ICH) is always equivalent to
1
(1.6) (VI,VLI) < SLIVP + VI, [ e ™R

But by combining the following result with Theorem 1.1 we see that ([LI) is not
equivalent to (I.5]) in general, since it is easy to find an example such that (1)
holds but (L3) does not hold (e.g. d = 1,a(x) = (1 + z2)"/2,b=0).

Proposition 1.2. Let A(a)(z) denote the minimal eigenvalue of a(x) for each x.
() holds provided

d
3 Joxay P (@) + (9xb, X)(2) : 2, X € R, |X| = 1}.

i,j=1

1
(1.7) ¢ >sup {W

Moreover, to see that (I7) is somehow a reasonable condition for (CH) to hold,
we present the following estimate of (9xa;;)? in terms of b and c.

Proposition 1.3. If (IA) holds, then (Oxb, X) < c|X|? for all X, and

d
(1.8) 3 (9xay)? < 4M(a)(e — (9xb. X)), |X|=1,

i,j=1
where at each point \(a) denotes the mazimal eigenvalue of a.

Remark 1.1. In general, (1.1) holds provided (see the proof of Theorem 4.13 in [3])

(1.9) Tr{(o(z)~a(y))(o(x)* —a(y)*)}+(b(z)~b(y),z—y) < clz—y|*, 2,y R".

Recently, Da Prato and Goldys claimed in [4] that (I9) also implies (L)) provided
a > el for some € > 0. This assertion, however, is unfortunately wrong: there are
a lot of counter-examples according to Theorem 1.1. Indeed, there is an obvious
gap in their proof, i.e. in the proof of Proposition 2.8 in [4]: what they obtained
is an upper bound of the second moment, rather than the uniform norm as they
claimed, of the derivative process; thus, what they could prove there is ([LH) rather

than ().
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2. PROOFS

We first present the following simple lemma, which essentially follows from the
standard argument of Bakry (cf. [I]). A complete proof is presented as an appendix
for the reader’s reference.

Lemma 2.1. (1) is equivalent to (L2), while (L3 is equivalent to (I.4).

Proof of Theorem 1.1 (1). We shall only prove (L3) at the point 0, since at other
points the proof also works by shifting our test functions. We consider three cases
respectively: i = j = k;i # j but k € {i,7}; and different i, j, k.
(a) For any i one has d;a;; = 0. Let f(z) = cosx;. By ([L.2), we have
0ia;i () < (¢ — 9;bi(x)) tanx;, x; > 0.
Letting © — 0 with x; > 0, we obtain 0;a;;(0) < 0. Similarly, for 2; < 0 one has
Oiaii(x) > (¢ — 9;b;(x)) tan x;, and hence 9;a;;(0) > 0.

(b) For i # j, it holds that 20;a;; + d;a;; = 0. For € > 0, let f(z) = (ex; + x;)%.
For x;,z; > 0 we have

IVF|(z) = 2(ex; + 2:)V1+ €2, |VFILIVF| = 4(1 + e2)(ex; + ;) (eb; + bi).
Moreover, since 0;a; = 0ja;; = 0, we have

(VF,VLf) =A(exj + 2;)(€0; + 0i)[asi + €%a;; + 2eai; + (ex; + x;)(ebj + b;)]
=A(ex; + 2;)(e0;ai; + 2620ja;; + €20;a; + 2€0;a45)
+4(exj + 2:)(eb; + b)) (1 + €2) + 4(exj + x;)*(€0; + 9;)(eb; + b;).

Therefore, by (I.2),

ex; +
20;a;5 + Ojai; < e

[C(l + 62) — (E@j + 8i)(5bj + bz)] — 5(28jaij + 81-@]-]-).
Letting x — 0 with x;, z; > 0, we obtain
(281‘@1'3‘ + 8jajj)(0) < —6(28]'@”‘ + 8iaij)(0).

Thus, letting ¢ | 0 we arrive at (20;a;; + 9;a4;)(0) < 0. Similarly, working with
x;,¢; < 0 we obtain the inverse inequality.
(c) For any different i,j,k, one has Opai; + Oiar; + Oja;, = 0. Let f(x) =
(g + i + :cj)z. For x;,x;, i > 0 we have
IV f(2)| = 2v3(zk + 2 + ;) == 2V3g(x),
(IVFILIV f])(2) = 12g(2)(be + b; + bj)(x).
Moreover, by (a) and (b) in this proof we have
(Vf,VLf)
=4g- (O + 0; + 05) [aii +aj; + agk + 2ai5 + 2ak; + 2ak; + g - (b + b + bj)}
=4g% - (O + 0; + 0;)(bx + b; +b;) +12g - (b + b; + bj)
+ 8¢ - (8kaij + (%-aik =+ &ajk).
Therefore, for z;, z;, z; > 0 it follows from (2] that
2(Okaij + Ojai, + Oiajr) < 3cg—g- (O + 0; + 0;) (b + b; + b;).
Letting z — 0 we obtain (Oxai; + 0;aik + 9iaj,)(0) < 0. Similarly, we obtain the
inverse inequality by considering x;, x;, zx < 0. O
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Proof of Theorem 1.1 (2). We first prove that (L4) and (L3) imply (LZ). For
f € C5°(R?) we have

(2.1) @VIVAVIVID = 5 f|2 Z aii (VI VNV V)

at points with |V f| > 0. Moreover, we have

(22 LIVIP= i aii [(VF1,V£5) + (VL VD] + ibxw, V1)

(2.3) o -

(VI.VLf) = Zd:l (V1. Vai) £+ aii(V L, V)] + Z (VL V) + £V 1 V0]
5

where f} := 0;f and [/ := 0;0;f,1 < i,j < d. Combining 1)) with (22)) and
(B3)) we obtain
(2.4)

= (V. VL) = VLIV = (V[,VLf) = %leflz’ + (aVIV ], VIV )

d VI, VNV, V]
Z { Vfa val] a’b] <<vfz,avfj,> - < f .|fv>.]<c|2f f]>)} + <8Vfba Vf>

d
Z (Vf,Vai)ff; = aii(P(V ), P(VI))} + (9v5b, V f),

where P denotes the projection to the vector space {X : (X, Vf) = 0}. To prove
(1.5) we need to estimate

d
Iy = Z <Vfa vaz] Z fk akazg U
i:j 1 ’L]k: 1

in terms of >, |P(V f{)|?. To this end, let us look at a fixed point zo with |V f|(z0) >
0. Since I; involves a only via a;;(x¢) and Va;;(z0), we may assume that a;; is linear
for all 4, j. Indeed, replacing a;;(z) by a;j(zo) + >\ Tx0kai;(xo), the value of I at
xo does not change and ([L.3) remains true.

Now, for each j let X7 be an R%-valued function with Xij = ZZ=1 f10ka;j,1 <

1 < d. We have
d d d
(25) L= (VfI,X7) =3 (P(X7), (V) IV E Z VIV X).
j=1 j=1 j=1
Since by (I3) one has
d
(2.6) > XTIV Z i1 fiowaij =0
Jj=1 i,7,k=1
it follows that
d d
=Y AVEVUXL VAR =Y [V, VX, VE) + F{VE V(X V ).
j=1 j=1
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Noting that we have assumed that a;; is linear for each 4, j, we obtain

d
I3 =Y (VL VIV X) Z fjfkak(ZszJ)
j=1 J,k=1
d
= - Z ff [fszlalaz]+flf alam]
i,k 1=1

Combining this with (I3) we arrive at

d
I3 = — Z Fifulfi fadai; — fl firOiai; — fi fir05au] = Z Fifufl fle0jaa.
ijokd=1 ikl =1

For fixed k, let Y* be the R%valued function with Y}* := f] Z]l 1 f f]9;ai. By

(B8) we have
d
(YR,VI)y=F Y fifH05au =0.
i,7,l=1
Then
d d
L= (Y5 Vi)=Y (Y5 P(Vf)).
k=1 k=1
Combining this with (2.4) and (Z5) we obtain
d
1 =30 ((POO) PV + (V) PV A)
j=1
d
— Y ai(P(Vf]), P(V}) + (9vsb, V )
ij=1
d
@7 < |vf|{j§|P(Vf§> VY {IVfP ZI e+ |vf|6 ZI 2}
d
—Ma) Y [PV + (9vsb, V)
j=1
VI = (IPX)2 | [y
S );( ot |Vf|6) + (Db, V f).
Since
d . d
SISy (kaaka”) = > (Ovsay)?
j=1 ij=1 k=1 i,j=1

by @), (C2) follows from
d " d
2 VPPN 12
> (1P + () = X 1%
j=1

Jj=1
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or equivalently

(2.8) V£ Z (X9,Vf)? leﬁ

Jj=1

By the definitions of X7 and Y*, we have

d d d d
SR = 9SS (3 fogen) = 9P ( 3 o)’
k=1

i=1  jl=1 j=1 il=1
d

= |V /[ Z(Z fflala”) = V23 (X7, V)2
=1 il=1 j=1

Thus (2.8) and hence (L2) holds.
Now, assume that holds and let ¢ € R be fixed. Let F € C?%([0,c)) be
such that 7/ > 0 and

(|$| = 2)\ Z |vaz] , T & Rd.

3,j=1

Indeed, letting v € C?[0, 00) with

(r) > S ) 2>\ Z Va; (),

4,7=1

we may take F(r )+ Jy V/1+7'(s)?ds. Let

||
Vi) = —% 0 F(r)dr+%c|x|2, bw) = VV(2).

We have
1
(0xb, X)(z) = Hessy (X, X)(x) < 5(0 — F(|z|*))Hess|.12 (X, X)(z) = ¢ — F(|z|?).
Therefore, (T.4) holds and hence one has (I-1)). O

Proof of Proposition 1.2. By Lemma 2.1, it suffices to show that each of (7)) im-

plies (LG). By 22) and (Z.3) we have

d d

(VIVLE) ~ LIS = S (VF,Vai)fly — 3 ai (V5L V) + (0w b, V)
Q=1 Q=1
]d ’ d
< Y AV Vag)fl = Ma) Y (fi)? + (9w 5, V )
i,5=1 i,5=1

d
1 2
< E . VF).
= 4)\(a) ij=1 i Dot V1)

Thus () implies (@) and hence (IH) by Lemma 2.1. O
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Proof of Proposition 1.3. The estimate of (Oxb, X) follows from (L6) with f(z) =
Zm X;z;. Now, for fixed X,z € R? with |X| =1, let

d

Fly) = 2X@) (@)X, 0) + 5 S Oy (@) s — )5 — 7).

,j=1

It follows from ([CH), Z2) and (Z3)) that
4eA(a)’ (@) = VS (@) > (V1, VLF)(x) ~ 3 LIV (2)

d
Z va vaz] — Qg5 <vfw Vf >] ( ) <vab, Vf> (.13)

d

> Ma)(z) Y (Oxaij(@))* + 4Ma)? (2)(0xb(z), X)*.

i,j=1

This implies (). O

3. APPENDIX: THE PROOF OF LEMMA 2.1

The basic idea of the proof comes from Bakry [I]. To follow his argument, we
need to show that |V P, f|? is in the weak domain of L for f € C§°(R?%) and s > 0,
for which we make use of 1td’s formula. We only prove the equivalence of (I1I]) and

(L2) since that of (LH) and (LE) is even simpler.

a) (L)) implies (T:2). We only prove the second implication since the proof of the
first is similar and simpler. Assume (I); it suffices to show (L2) for f € C5°(R?)
at points with |V f| > 0. Let z € R? be such that [V f|(x) > 0, take g € C§°(R?)
such that g > |V f| on R? and g = |V f]| in a neighborhood of z. Then it follows

from () that
VP, f? < e*(Pig)?

for all ¢ > 0 with equality holding at t = 0. Therefore, we are able to take derivatives
of both sides w.r.t. ¢ at t = 0 to obtain

2(Vf,VLf)(z) < 2(cg® + gLg)(z) = 2(c|Vf* + |VFILIVf])(2).
(b) implies (ILT)). Let ¢ > 0 and f € C§°(R?) be fixed. For § > 0 let

h(;(r):%/o ds/o( 6 —t)Fdt, > 0.

Then hs € C?[0,00) with h5(0) = 0,0 < hs < 1,0 < hY and hs(r) T r,hj(r) T 1 for
r>0asd | 0. Let {5} denote the L-diffusion process and let 7, := inf{s € [0, 1] :
|z:| > n} where we set inf ) = ¢. Then there is a martingale {M,} on [0, 7] such
that

dhs(|V Pr,,—s f])(2s)
=AM, + Lhs(|VPs, o f|)(2s)ds

_{hfs(IVan <f1)

IV Pr, s f]
Since h§ > 0, combining this with (L2) we obtain
dhs(|V Py, s f|)(zs) > dM — C{h:s(|VPTn—Sf|)|VPTW,—Sf|}($S)d5a s € [0, 7).

(VP _sf, VLPTn_sf>}(xs)ds, s € [0, 7y].
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Therefore,
Ehé(|VPT7L_S/\T77,f|)(xS/\Tn) - Eh5(|VPTn—S’/\Tnf|)(378’/\7n)

SNATp
> —cE/ (RS (1V Prr—a f)IV Py f]) () du, 0< s’ <5 <t.

'NTp

Let ¢n(s) := E|V Py, _sar, [l(Zsar, ). By letting § | 0 in the above inequality, we

obtain

(3.1)
SNATn, s

On(8)—n(s') > —cE VP, —uf|(zy)du > —c+/ dn(u)du, t>s>s >0.
s' ATy, s’

Thus ¢, (t) > e~ ¢, (0). Since |V f| is bounded, by Fatou’s lemma and the domi-
nated convergence theorem we obtain

IVP,f| = Eliminf |V P, f| < liminf ¢,,(0) < e ' liminf ¢, (t) = e 'P,|V f].
n—oo n—oo n—oo

Therefore, we are able to use the dominated convergence theorem by letting n — oo
in the first inequality of (3I]) to obtain

EIVP, o f|(xs) — E|VP_y fl(zs) > —c/ EIVPy o f|(za)du.

This implies ().
ACKNOWLEDGMENT

The work was initiated when the author visited Bielefeld during the summer of
2001. He would like to thank Professor M. Rockner for warm hospitality and useful
discussions.

REFERENCES

[1] D. Bakry, On Sobolev and logarithmic Sobolev inequalities for Markov semigroups, New
Trends in Stochastic Analysis (Eds. K.D. Elworthy, S. Kusuoka, I. Shigekawa), 43—75, World
Scientific, 1997. MR99m:60110

[2] D. Bakry and M. Ledoux, Lévy-Gromouv’s isoperimetric inequality for an infinite-dimensional
diffusion generator, Invent. Math. 123(1996), 253-270. MR97c:58162

[3] M. F. Chen and F. Y. Wang, Estimation of spectral gap for elliptic operators, Trans. Amer.
Math. Soc. 349(1997), 1239-1267. MR97h:35175

[4] G. Da Prato and B. Goldys, FElliptic operators on R? with unbounded coefficients, J. Diff.
Equat. 172 (2001), 333-358. MR2002d:35228

[5] F.-Z. Gong and F.-Y. Wang, Heat kernel estimates with application to compactness of man-
ifolds, Quart. J. Math. 52(2001), 171-180. MR2002¢:58039

6] E. P. Hsu, Logarithmic Sobolev inequalities on path spaces over Riemannian manifolds,
Comm. Math. Phys. 189(1997), 9-16. MR98i:58249

[7] F.-Y.Wang, Logarithmic Sobolev inequalities on noncompact Riemannian manifolds, Probab.
Theory Relat. Fields 109(1997), 417-424. MR98i:58253

[8] F.-Y. Wang, Functional inequalities, semigroup properties and spectrum estimates, Inf. Di-
mens. Anal. Quant. Probab. Relat. Topics 3(2000), 263—295. MR2002b:47083

DEPARTMENT OF MATHEMATICS, BEIJING NORMAL UNIVERSITY, BEIJING 100875, PEOPLE’S

REPUBLIC OF CHINA
E-mail address: wangfy@bnu.edu.cn

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=99m:60110
http://www.ams.org/mathscinet-getitem?mr=97c:58162
http://www.ams.org/mathscinet-getitem?mr=97h:35175
http://www.ams.org/mathscinet-getitem?mr=2002d:35228
http://www.ams.org/mathscinet-getitem?mr=2002c:58039
http://www.ams.org/mathscinet-getitem?mr=98i:58249
http://www.ams.org/mathscinet-getitem?mr=98i:58253
http://www.ams.org/mathscinet-getitem?mr=2002b:47083

	1. Introduction
	2. Proofs
	3. Appendix: the proof of Lemma 2.1
	Acknowledgment
	References

