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(Communicated by David S. Tartakoff)

Abstract. We study a class of superlinear elliptic problems −∆u = λf(u)
under the Dirichlet boundary condition on a bounded smooth domain in R

N .
Assuming that the nonlinearity f(u) is superlinear in a neighborhood of u = 0,
we study the dependence of the number of signed and sign-changing solutions
on the parameter λ.

Introduction

In this paper we consider the question of multiplicity of both signed and sign-
changing solutions for the one-parameter family of elliptic problems (Pλ){

−∆u = λf(u) in Ω,
u = 0 on ∂Ω ,

where λ > 0 is a parameter, Ω is a bounded smooth domain in R
N (N ≥ 3), and the

nonlinearity f : R −→ R is a function of class C1 satisfying the following conditions:

(f1) there exists γ ∈ (2, 2∗) such that lim sup|u|→0
f(u)u
|u|γ < +∞ ,

(f2) there exists β ∈ (2, 2∗) such that lim inf |u|→0
F (u)
|u|β > 0 ,

(f3) there exists µ ∈ (2, 2∗) such that uf(u) ≥ µF (u) > 0 for 0 �= |u| small ,
(f4) f(−u) = −f(u) ∀ |u| ≤ δ (for some δ > 0).

Here 2∗ = 2N
N−2 is the critical Sobolev exponent and F (u) =

∫ u

0 f(t)dt. As is well
known, if f were assumed to be superlinear at infinity (in the sense that (f1) and
(f2) hold as |u| → ∞ and (f3) holds for |u| large), then the associated energy
functional

(0.1) I(u) =
1
2

∫
Ω

|∇u|2 dx − λ

∫
Ω

F (u) dx

would be of class C1 on H1
0 (Ω) and satisfy the Palais-Smale condition, with its

critical points being precisely the solutions of problem (Pλ). Here, the assump-
tions (f1) − (f3) we make on the nonlinearity f(u) refer solely to its behavior in a
neighborhood of u = 0, and we will show that they suffice for the existence of three
solutions of problem (Pλ) when λ is large. In addition, if f(u) is odd near u = 0,
the number of sign-changing solutions of (Pλ) gets arbitrarily large together with

Received by the editors October 24, 2003.
2000 Mathematics Subject Classification. Primary 35J20.

c©2004 American Mathematical Society
Reverts to public domain 28 years from publication

787

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



788 DAVID G. COSTA AND ZHI-QIANG WANG

λ. With global superlinear conditions these results were known in [1, 3, 4, 5]. More
precisely, we will prove the following results.

Theorem 1. Assume conditions (f1) − (f3) are satisfied. Then there exists Γ > 0
depending only on γ such that, if (β − γ)Γ < 1 is satisfied, problem (Pλ) has at
least one positive solution, one negative solution, and a sign-changing solution for
all λ sufficiently large.

Theorem 2. Assume conditions (f1) − (f4) are satisfied. Then there exists Γ > 0
depending only on γ such that, if (β−γ)Γ < 1 is satisfied then, for any given k ≥ 1,
problem (Pλ) has k pairs of solutions ±vi, i = 1, . . . , k, with |vi|∞ ≤ δ, provided λ
is sufficiently large. Moreover, ±vi for i = 2, . . . , k, are sign-changing solutions.

Our approach is inspired by the results of Costa-Tehrani [2] and is based on the
fact that we can show an a priori bound of the form

|u|∞ ≤ Cλ−ε , ε > 0 ,

for a class of solutions of (Pλ) with energy estimates given by minimax methods.
The energy estimates for sign-changing solutions rely upon the minimax procedure
of Li-Wang [4] for constructing nodal critical points.

The organization of this paper is as follows. Section 1 is reserved for setting the
framework and establishing some preliminary results. Theorems 1 and 2 are proved
in Section 2.

1. Preliminary results

Throughout the paper we denote the H1
0 -norm by ‖·‖ and the Lr-norm by |·|r,

1 ≤ r ≤ ∞. Also, sometimes we denote various positive constants by the same
letter C∗.

We start by observing that (f2) and (f1) imply the existence of constants C0, C1

> 0 such that

F (u) ≥ C0|u|β ,(1.1)

F (u) ≤ C1|u|γ ,(1.2)

for |u| small. Now, let ρ(t) be an even cut-off function satisfying ρ(t) ≡ 1 if |t| ≤ δ,
ρ(t) ≡ 0 if |t| ≥ 2δ, tρ′(t) ≤ 0, and |tρ′(t)| ≤ 2

δ , where 0 < δ < 1
2 is chosen such

that (1.1), (1.2) and (f3) hold for |u| ≤ 2δ.

Lemma 1.1. Define F̃ (u) = ρ(u)F (u)+ (1−ρ(u))F∞(u), where F∞(u) := C1|u|γ.
Then

uF̃ ′(u) ≥ θF̃ (u) > 0

for all u �= 0, where θ = min{µ, γ}.

Proof. We have

(1.3) F̃ ′(u) = ρ(u)f(u) + (1 − ρ(u))F ′
∞(u) + ρ′(u)F (u) − ρ′(u)F∞(u)
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so that

θF̃ (u) = θρ(u)F (u) + θ(1 − ρ(u))F∞(u)

≤ ρ(u)
θ

µ
f(u)u + (1 − ρ(u))

θ

γ
F ′
∞(u)u

+ρ′(u)uF (u) − ρ′(u)uF∞(u) − ρ′(u)uF (u) + ρ′(u)uF∞(u)

≤ uF̃ ′(u) + ρ′(u)u(F∞(u) − F (u)) ≤ uF̃ ′(u) .

�

Now let us consider the modified equation of (Pλ) given by (P̃λ){
−∆u = λF̃ ′(u) in Ω,

u = 0 on ∂Ω .

The corresponding functional

Ĩλ(u) =
1
2

∫
Ω

|∇u|2 dx − λ

∫
Ω

F̃ (u) dx , u ∈ E := H1
0 (Ω) ,

is of class C2, and its critical points are the solutions of (P̃λ). We note that critical
points of (Ĩλ) with L∞-norm less than or equal to δ are also solutions of the original
problem (Pλ).

Lemma 1.2. The functional Ĩλ satisfies (PS) on E.

Proof. This is standard in view of Lemma 1.1 and the fact that γ < 2∗. �

Lemma 1.3. Let u ∈ E be a critical point of Ĩλ. Then

(1.4) ‖u‖2 ≤ 2θ

θ − 2
Ĩλ(u) .

Proof. This estimate readily follows from Lemma 1.1 and

1
2
‖u‖2 − λ

∫
Ω

F̃ (u) dx = Ĩλ(u) , ‖u‖2 − λ

∫
Ω

F̃ ′(u)u dx = 0 .

�

Now, let 0 < λ1 < λ2 ≤ λ3 ≤ . . . and φ1, φ2, φ3, . . . denote the eigenvalues and
corresponding eigenfunctions of −∆ on H1

0 (Ω). Also, for k = 1, 2, . . ., let

Yk := span {φ1, . . . , φk} , Zk := span {φk, φk+1, . . .} .

Lemma 1.4. Let bk,λ = supu∈Yk
Ĩλ(u). Then

(1.5) bk,λ ≤ C∗Ckλ− 2
β−2

where C∗ > 0 depends only on γ, β and Ω and Ck := λ
β

β−2
k + λ

γ
γ−2
k .

Proof. We recall that δ > 0 was chosen so that

F̃ (u) ≥ F (u) ≥ C0|u|β for |u| ≤ 2δ ,(1.6)

F̃ (u) = F∞(u) = C1|u|γ for |u| ≥ 2δ .(1.7)
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For u ∈ E, denote Ω1 = {x | |u| ≥ 2δ}, Ω2 = {x | |u| < 2δ}, and let u1 = u|Ω1,
u2 = u|Ω2. In view of Hölder’s inequality we obtain∫

Ω

F̃ (u2) dx ≥ C∗|u2|β2 ,∫
Ω

F̃ (u1) dx ≥ C∗|u1|γ2 ,

so that, for u ∈ Yk, it follows that

Ĩλ(u) ≤ λk

2
|u|22 − λC∗|u1|γ2 − λC∗|u2|β2

=
λk

2
|u1|22 − λC∗|u1|γ2 +

λk

2
|u2|22 − λC∗|u2|β2

≤ C∗λ
γ

γ−2
k λ− 2

γ−2 + C∗λ
β

β−2
k λ− 2

β−2 .

Since 2 < γ ≤ β < 2∗, we obtain the following estimate:

(1.8) bk,λ ≤ C∗Ckλ− 2
β−2 ,

where Ck := λ
β

β−2
k + λ

γ
γ−2
k . �

2. Proofs of the theorems

As is well known, (P̃λ) has a positive solution u1,λ and a negative solution u2,λ

obtained through an application of the Mountain-Pass Theorem [1] to the function-
als

Ĩ1,λ(u) =
1
2

∫
Ω

|∇u|2 dx − λ

∫
Ω

F̃1(u) dx , u ∈ E := H1
0 (Ω)

and
Ĩ2,λ(u) =

1
2

∫
Ω

|∇u|2 dx − λ

∫
Ω

F̃2(u) dx , u ∈ E := H1
0 (Ω) ,

respectively, where F̃1(u) = F̃ (u) if u > 0, F̃1(u) ≡ 0 if u ≤ 0, and F̃2(u) = F̃ (u) if
u < 0, F̃2(u) ≡ 0 if u ≥ 0. The corresponding critical values are given by

d̃j,λ = inf
h∈Γj

sup
0≤t≤1

Ĩj,λ(h(t)) , j = 1, 2 ,

where Γj =
{

h ∈ C([0, 1], E) | h �= 0 , Ĩj,λ(h(1)) ≤ 0
}
. It is clear that

(2.1) d̃j,λ ≤ dj,λ

where
d1,λ := inf

u>0
sup

0≤t<∞
Ĩλ(tu) , d2,λ := inf

u<0
sup

0≤t<∞
Ĩλ(tu) .

Lemma 2.1. d̃j,λ ≤ C∗λ
− 2

β−2 for j = 1, 2 and λ > 0 large.

Proof. From Lemma 1.3 and (2.1), we have the estimates

(2.2) ‖uj,λ‖ ≤ C∗
√

dj,λ , j = 1, 2 .

Let us consider u1,λ since the same argument applies to u2,λ. Recalling from (1.6)
that F̃ (u) ≥ C0|u|β for |u| ≤ 2δ and defining

Jλ(u) =
1
2

∫
Ω

|∇u|2 dx − λ

∫
Ω

C0|u|β dx ,
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we have

(2.3)
d1,λ = inf

u>0
sup

0≤t<∞
Ĩλ(tu) ≤ inf

0<u≤2δ
sup

0≤t<∞
Ĩλ(tu)

≤ inf
0<u≤2δ

sup
0≤t<∞

Jλ(tu) = inf
u�=0

sup
0≤t<∞

Jλ(tu) ,

where the last equality holds provided λ > 0 is sufficiently large so that the ground
states of Jλ(u) have L∞-norm less than 2δ. In fact, we obtain through straightfor-
ward calculations as in [2, Thm. 1.1] that

inf
u�=0

sup
0≤t<∞

Jλ(tu) ≤ C∗λ
− 2

β−2 .

Therefore, keeping in mind (2.3) and (2.2) above, we conclude that

(2.4) d1,λ ≤ C∗λ
− 2

β−2

and

(2.5) ‖u1,λ‖ ≤ C∗λ
− 1

β−2

for λ > 0 large. It follows by Sobolev’s inequality that

(2.6) |u1,λ|2∗ ≤ C∗λ
− 1

β−2

for λ > 0 large. The proof is complete in view of (2.4) and (2.1). �

Lemma 2.2. Let uλ be solutions of (Pλ) satisfying Ĩλ(uλ) ≤ C∗λ
− 2

β−2 . Then there
is an integer m depending only on γ such that for all λ ≥ 1,

|uλ|∞ ≤ C∗λ
− 1

β−2 λ
β−γ
β−2

∑m−1
i=0 (γ−1)i

.

Proof. Since the cut-off function ρ(t) satisfies |ρ′(t)t| ≤ 2/δ, we obtain from (1.3)
that ∣∣∣F̃ ′(uλ)

∣∣∣ ≤ C∗|uλ|γ−1 ;

hence

F̃ ′(uλ) ∈ L
2∗

γ−1 (Ω) .

Now, if r1 = 2∗

γ−1 , then Lr1-estimates give

‖uλ‖W 2,r1 ≤ C∗

(
|uλ|r1

+ λ
∣∣∣F̃ ′(uλ)

∣∣∣
r1

)
≤ C∗

(
C∗|uλ|2∗ + λC∗|uλ|γ−1

2∗

)
≤ C∗

(
λ− 1

β−2 + λλ− γ−1
β−2

)
≤ C∗

(
λ− 1

β−2 + λ− 1
β−2 λ

β−γ
β−2

)
;

hence

|uλ|s1
≤ C∗

(
λ− 1

β−2 λ
β−γ
β−2

)
,
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where 1
s1

= 1
r1

− 2
N . Note that s1 > 2∗ since γ < 2∗. Next, letting r2 = s1

γ−1 and
using Lr2-estimates, we obtain

‖uλ‖W 2,r2 ≤ C∗

(
|uλ|r2

+ λ
∣∣∣F̃ ′(uλ)

∣∣∣
r2

)
≤ C∗

(
C∗|uλ|s1

+ λC∗|uλ|γ−1
s1

)
≤ C∗

(
λ− 1

β−2 λ
β−γ
β−2 + λλ− γ−1

β−2 λ
(γ−1)(β−γ)

β−2

)
≤ C∗

(
λ− 1

β−2 λ
β−γ
β−2 + λ− 1

β−2 λ
γ(β−γ)

β−2

)
.

Iterating m ≥ 1 times yields

(2.7) ‖uλ‖W 2,rm ≤ C∗λ
− 1

β−2 λ
β−γ
β−2

∑m−1
i=0 (γ−1)i

,

and the result follows by taking m so that rm > N
2 . �

Remark 2.3. The number m of iterations needed to have W 2,rm(Ω) ⊂ L∞(Ω) in
Lemma 2.2 depends only on N and γ. In other words, since the space dimension
N is given, the positive number

Γ :=
m−1∑
i=0

(γ − 1)i

above depends solely on γ. Therefore, if β ≥ γ is such that

(β − γ)Γ < 1 ,

we get a negative exponent for λ in (2.7).

Proof of Theorem 1. Let 2 < γ ≤ β < 2∗ be such that (β − γ)Γ < 1, where Γ > 0
was defined in Remark 2.3 . Then

|uj,λ|∞ ≤ C∗λ
− 1−(β−γ)Γ

β−2 ,

where the exponent of λ is negative, so that there exists Λ0 > 0 such that

C∗λ
− 1−(β−γ)Λ

β−2 ≤ δ

for all λ ≥ Λ0. It follows that u1,λ > 0 and u2,λ < 0 are solutions of our original
problem (Pλ) for all λ ≥ Λ0.

Since f is assumed to be of class C1 and infs∈R F̃ ′(s) > −∞ by construction,
we also prove that there is a sign-changing solution for all λ large. We employ the
method in [4]. On E, let us define

PE = {u ∈ E | u(x) ≥ 0, a.e. in Ω} ,

which is a closed convex cone. Then, the Banach space X = C1
0 (Ω) is densely

embedded in E, and
P = PE ∩ X

is a closed convex cone in X . Furthermore, P =
◦
P ∪∂P under the topology of X ,

i.e., there exist interior points in P . So, as in [4, Section 3], we may define a partial

order relation in X : u, v ∈ X , u > v ⇐⇒ u− v ∈ P \ {0}; u � v ⇐⇒ u− v ∈
◦
P .

We also define W = P ∪ (−P ).
We follow the arguments of Example 3.2 and Corollary 3.2 in [4]. On Y2 consider

Q = {u = sφ1 + tφ2 | |s| ≤ R, 0 ≤ t ≤ R, ||u|| ≤ R} and for 0 < r < R,
T = {u ∈ Z2 | ||u|| = r}. Note that the boundary of Q contains two parts: Q1 is

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MULTIPLICITY RESULTS FOR SUPERLINEAR ELLIPTIC PROBLEMS 793

the part contained in Y1 and Q2 is the part such that ||u|| = R. From the conditions
on F̃ we may assume R > 0 is large enough so that Ĩλ(u) ≤ 0 for all u ∈ Y2 with
||u|| = R and for all λ ≥ 1. Also we may assume r > 0 is small enough so that
Ĩλ(u) > 0 for all u ∈ T and for all λ ≥ 1. Define

Γ = {h ∈ C(Q, X) | h(Q1) ∈ W, h(u) = u, for u ∈ Q2},
cλ = inf

h∈Γ
sup

h(Q)\W

Ĩλ.

Then it follows from [4] that cλ > 0 is a critical value of Ĩλ having a sign-changing
critical point uλ at this critical value. From the construction of cλ and Lemma
1.4, we have cλ ≤ b2,λ ≤ C∗λ

− 2
β−2 . From Lemma 2.2 and for λ large, the uλ’s are

solutions of the original problem (Pλ). �

Proof of Theorem 2. To prove Theorem 2 we shall use the arguments in [3] and
[4] to get solutions for (P̃λ) first. In order to get estimates on the critical values
we shall use the proofs in [3] for the existence and the proofs in [4] for the nodal
property of the solutions. Fix an integer k. We shall show (Pλ) has k pairs of
solutions for large λ, including k − 1 pairs of nodal solutions.

Choose R > 0 such that Ĩλ(u) ≤ 0 for all u ∈ Yk with ||u|| ≥ R, and for all λ ≥ 1.
Let D = BR ∩ Yk. Define G = {h ∈ C(D, E) | h is odd and h(u) = u, for ||u|| =
R}. We denote the genus of a symmetric subset A by i(A) and, for j = 1, . . . , k,
we let

Γj = {h(D \ B) | h ∈ G, k ≥ j, i(B) ≤ k − j },
cj,λ = inf

A∈Γj

sup
u∈A

Ĩλ(u).

Then, by [3] (Proposition 9.30, p. 58), and under our conditions on f , we have that
0 < c1,λ ≤ c2,λ ≤ · · · ≤ ck,λ are all critical values of Ĩλ and there are at least k
pairs of critical points at these critical values. Since Id ∈ G we have

ck,λ ≤ bk,λ ≤ Ckλ− 2
β−2 ,

where bk,λ is as in Lemma 1.4. Then, by Lemma 2.2 and for λ large, these k pairs
of critical points are also solutions of the original problem.

Finally, we make use of the fact that infs∈R F̃ ′(s) > −∞ (by construction) and
follow the idea in [4] by restricting the above minimax procedure to X and taking
the maximum outside W . Choose R > 0 such that Ĩλ(u) ≤ 0 for all u ∈ Yk

with ||u|| ≥ R, and for all λ ≥ 1. Let D = BR ∩ Yk and define G = {h ∈
C(D, X) | h is odd and h(u) = u, for ||u|| = R}. We also denote the genus of a
symmetric subset A in X by again i(A) and, for j = 2, . . . , k, let

Γj = {h(D \ B) | h ∈ G, k ≥ j, i(B) ≤ k − j },
cj,λ = inf

A∈Γj

sup
A\W

Ĩλ(u).

Then, by [4] (Theorem 2.3, p. 3214)) and, again, by the properties of F̃ ′, we have
that 0 < c2,λ ≤ c3,λ ≤ · · · ≤ ck,λ are all critical values of Ĩλ and there are at least
(k − 1) pairs of sign-changing critical points at these critical values. Also, since
Id ∈ G, we have

ck,λ ≤ bk,λ ≤ Ckλ− 2
β−2 ,
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with bk,λ as in Lemma 1.4. Therefore, it follows from Lemma 2.2 and for λ large
that these (k − 1) pairs of sign-changing critical points are also solutions of the
original problem. �
Remark. We point out that all the above results are still true when N = 1, 2.
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