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ABSTRACT. We study a class of superlinear elliptic problems —Au = Af(u)
under the Dirichlet boundary condition on a bounded smooth domain in RYV.
Assuming that the nonlinearity f(u) is superlinear in a neighborhood of u = 0,
we study the dependence of the number of signed and sign-changing solutions
on the parameter \.

INTRODUCTION

In this paper we consider the question of multiplicity of both signed and sign-
changing solutions for the one-parameter family of elliptic problems (Py)

—Au = Af(u) in
v = 0 on 00,

where A > 0 is a parameter, €2 is a bounded smooth domain in RN (N > 3), and the
nonlinearity f : R — R is a function of class C! satisfying the following conditions:

(f1) there exists v € (2,2") such that limsup, e o oo,

ul”

(f2) there exists 8 € (2,2") such that liminf),_o fu(—(g) >0,

(fs3) there exists p € (2,2*) such that wf(u) > pF(u) > 0 for 0 # |u| small ,

(fa) f(=u)=—f(u) V|u] <J (for some § > 0).
Here 2* = 2 is the critical Sobolev exponent and F(u) = fou f(®)dt. As is well
known, if f were assumed to be superlinear at infinity (in the sense that (f1) and
(f2) hold as |u|] — oo and (fs) holds for |u| large), then the associated energy
functional

(0.1) I(u) = %/Q|Vu|2 do — )\/QF(u) dx

would be of class C! on H}(Q) and satisfy the Palais-Smale condition, with its
critical points being precisely the solutions of problem (Py). Here, the assump-
tions (f1) — (f3) we make on the nonlinearity f(u) refer solely to its behavior in a
neighborhood of u = 0, and we will show that they suffice for the existence of three
solutions of problem (Py) when A is large. In addition, if f(u) is odd near u = 0,
the number of sign-changing solutions of (Py) gets arbitrarily large together with
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788 DAVID G. COSTA AND ZHI-QIANG WANG

A. With global superlinear conditions these results were known in [I}, 8][4}, [5]. More
precisely, we will prove the following results.

Theorem 1. Assume conditions (f1) — (fs) are satisfied. Then there exists ' > 0
depending only on v such that, if (8 —v)I' < 1 is satisfied, problem (Py) has at
least one positive solution, one negative solution, and a sign-changing solution for
all X sufficiently large.

Theorem 2. Assume conditions (f1) — (f4) are satisfied. Then there exists ' > 0
depending only on v such that, if (8—~)T' < 1 is satisfied then, for any given k > 1,
problem (Py) has k pairs of solutions +v;, i = 1,...,k, with |v;| , < 0, provided A
is sufficiently large. Moreover, tv; for i = 2,...,k, are sign-changing solutions.

Our approach is inspired by the results of Costa-Tehrani [2] and is based on the
fact that we can show an a priori bound of the form

lul|, <CAX°, >0,

for a class of solutions of (Py) with energy estimates given by minimax methods.
The energy estimates for sign-changing solutions rely upon the minimax procedure
of Li-Wang [4] for constructing nodal critical points.

The organization of this paper is as follows. Section 1 is reserved for setting the
framework and establishing some preliminary results. Theorems 1 and 2 are proved
in Section 2.

1. PRELIMINARY RESULTS

Throughout the paper we denote the Hg-norm by |- and the L™-norm by || ,
1 < r < oo. Also, sometimes we denote various positive constants by the same
letter C.,.

We start by observing that (f2) and (f1) imply the existence of constants Cy, C;
> 0 such that

(1.1) F(u) > Colul”

(1.2) Fu) < Cilul?

for |u| small. Now, let p(t) be an even cut-off function satisfying p(¢t) = 1 if |¢| < 4,
p(t) = 0if |t| > 26, tp'(t) < 0, and |tp/(t)| < 2, where 0 < § < 3 is chosen such
that (1.1), (1.2) and (f3) hold for |u| < 24.

Lemma 1.1. Define F(u) = p(u)F(u)+ (1 — p(u))Fao (1), where Fao(u) := Cy|ul.
Then

wF'(u) > 0F(u) > 0
for all w # 0, where § = min{y,~}.
Proof. We have

(13)  F'(u) = p(u)f(u) + (1= p(w)) F (u) + o' (w)F(u) = p(u) Foc (u)
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MULTIPLICITY RESULTS FOR SUPERLINEAR ELLIPTIC PROBLEMS 789

so that
OF (u) = Bp(u)F () + (1 — p(w)) Fao(u)
< plu) f(uu+ (1= ) 2Pl )
7 (WY () — ! ()uFoo () — o (u)uF (0) + ' (w)uFoo ()
< uF'(u) + p (W) Fro () — F(u)) < uF'(u)

Now let us consider the modified equation of (Py) given by (IBA)

—Au = AF'(u) in Q,
v = 0 on 99 .

The corresponding functional
~ 1 ~
I,\(u)za/|Vu|2da:—)\/F(u)da:, u€ E:=H}Q),
Q Q

is of class C?, and its critical points are the solutions of (]5)\) We note that critical

points of (f A) with L*-norm less than or equal to d are also solutions of the original
problem (Py).

Lemma 1.2. The functional I satisfies (PS) on E.
Proof. This is standard in view of Lemma 1.1 and the fact that v < 2*. O

Lemma 1.3. Let u € E be a critical point of I,. Then

2 20
. <
(149 lull® < 5=

Proof. This estimate readily follows from Lemma 1.1 and

L2 - /\/ Flu) dz = Tau) , Jul]® - /\/ Flwude =0 .
2 Q Q

I(u) .

O

Now, let 0 < A1 < A2 < A3 < ... and ¢1, P2, @3, ... denote the eigenvalues and
corresponding eigenfunctions of —A on H}(Q). Also, for k=1,2,..., let

Yy i=span {¢1,.... ¢k}, Zi :=3pan {¢r, Prt1,-- -} -
Lemma 1.4. Let by x = sup,cy, I\(u). Then

(1.5) ber < CLCRA 72

where Cy > 0 depends only on 7,0 and 2 and Cy := )\,f%2 + )\,3%2.
Proof. We recall that § > 0 was chosen so that

(1.6) F(u) > F(u) > Colul® for |u| <26,

(1.7) F(u) = Foo(u) = Ch|u|” for |u|>26.
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For u € E, denote Q1 = {z | |u| > 20}, Q2 = {z | |u| < 20}, and let u; = u|Qy,
uz = u|Qz. In view of Hélder’s inequality we obtain

| Flus) do = .fualf
Q

[ Flur) da = C.lualy
so that, for u € Yy, it follows tglllat
Ta() < 25 uf} = AC s} — AC s}
= 2} = AUt} + 2ol — A

- 2 LB 2
SCON TN 2+ CNTPN P2
Since 2 < v < 3 < 2%, we obtain the following estimate:
(1.8) bin < CLCRA" 72

_B_ A
where Cp, := N\ + A\ 7. O
2. PROOFS OF THE THEOREMS

As is well known, (ﬁk) has a positive solution u1, and a negative solution ug
obtained through an application of the Mountain-Pass Theorem [I] to the function-

als
1

E7A(U):§/§z|VU|2 dx—/\/ﬂﬁl(u) dv, weFE:=HQ)

and

~ 1 ~
I a(u) = 5/ |Vu|? do — )\/ F(u)dr, weE:=H}Q),
Q Q

respectively, where F (u) = F(u) if u > 0, Fy(u) = 0 if u < 0, and Fy(u) = F(u) if
u < 0, Fa(u) =0 if u > 0. The corresponding critical values are given by

dix= inf sup L (h(t , =12,
GiA hEFjOgtgl ia(h(t)) J

where I'; = {h e C([0,1,E) | h #0, L;A(h(1)) < 0}. It is clear that

(2.1) djx < dja
where

dy » = inf sup ’Iv,\(tu) , dax:=inf sup FI;(tu).
u>0 << oo u<0o<t<oo

Lemma 2.1. c@g < C'*)fﬁ for 5 =1,2 and X\ > 0 large.
Proof. From Lemma and (2:I), we have the estimates
(2.2) [ujall < Ca/djn -, j=1,2.

Let us consider uj » since the same argument applies to us x. Recalling from (L.0)
that F(u) > Colul® for |u| < 26 and defining

1
Ja(u) = §/Q|Vu|2 dx—)\/QCO|u|ﬁ dx
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we have
dyx = inf sup fA tu < inf  sup ’Iv,\ tu
(2 3) ’ u>0 <t <00 ( ) 0<u<2d p<t<oo ( )
' < inf sup Ja(tw) = inf sup Jx(tu),
0<u<2§ 0<t<o0 u7#0 0<t<o0o

where the last equality holds provided A > 0 is sufficiently large so that the ground
states of Jy(u) have L>°-norm less than 2§. In fact, we obtain through straightfor-
ward calculations as in [2, Thm. 1.1] that

inf sup Jy(tu) < C A 77
“7’500§t<oo

Therefore, keeping in mind (2.3) and (2.2) above, we conclude that

(2.4) diy < C A 72
and
(2.5) Juyal| < CA" 72

for A > 0 large. It follows by Sobolev’s inequality that

(2.6) lurplye < CAT7

for A > 0 large. The proof is complete in view of (24) and 2I)). O

Lemma 2.2. Let uy be solutions of (Py) satisfying I(uy) < C.\"77. Then there
is an integer m depending only on v such that for all A > 1,

_ 1 B=y ym—1/._ 1yi
|ur] o < CLATF2 N2 2izo (71,

Proof. Since the cut-off function p(t) satisfies |p/(¢)t| < 2/0, we obtain from (L3)

that

[Fun| < o™
hence

F'(uy) € L71(Q) .
Now, if r; = ,YQ—_*l, then L™ -estimates give

lurllyer, < C. (mnﬁ ISVION )
T1

é C* C*|U)\ 2% + >\C*|U)\ ;:1)

< C(AFE TR

< ¢ (A2 +)fﬁ/\§—i}) :
hence
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where i = % — <. Note that s; > 2" since v < 2*. Next, letting ro = A/Sjl and
using L’"2—est1mates we obtain
luallyzr, < Cu (|uA|T2 + A\ﬁ'(m) >

< (c Jual,, + ACLua|7 !

< ¢, (A +—AA*“*A£LJAE4Q)

< oy = 772)\“7([? 'v)>.
Iterating m > 1 times yields
(2.7) uallyan, < CA”FRATE EETOD",
and the result follows by taking m so that r,, > % O

Remark 2.3. The number m of iterations needed to have W2 (Q) C L>(Q) in
Lemma 2.2 depends only on N and +. In other words, since the space dimension
N is given, the positive number

m—1

i=0
above depends solely on . Therefore, if 3 > + is such that
(B-7l<1,
we get a negative exponent for A in (7).
Proof of Theorem 1. Let 2 < v < 3 < 2* be such that (8 — )’ < 1, where ' > 0
was defined in Remark . Then
lujal, < Cs A

where the exponent of A is negative, so that there exists Ag > 0 such that
_ 1= (ﬁ v)A
CA <4

for all A > Ag. It follows that u; y > 0 and ug » < 0 are solutions of our original
problem (Py) for all A > Ay.

Since f is assumed to be of class C' and inf,cg ﬁ’(s) > —oo by construction,
we also prove that there is a sign-changing solution for all A large. We employ the
method in [4]. On E, let us define

Pp={ue E|u(xz)>0, ae. in Q},

(B 'Y)

which is a closed convex cone. Then, the Banach space X = C}(Q) is densely
embedded in E, and
P=PgnX

is a closed convex cone in X. Furthermore, P =P UJP under the topology of X,
i.e., there exist interior points in P. So, as in [4] Section 3], we may define a partial
[e]

order relation in X : y,v € X, u>v <= u—ve P\{0};u>»v < u—v€P.
We also define W = P U (—P).

We follow the arguments of Example 3.2 and Corollary 3.2 in [4]. On Y5 consider
Q = {u =359 +tpa | |Is| < RO <t < R,|ull] < R} and for 0 < r < R,
T ={u € Zs | ||u]| = r}. Note that the boundary of @ contains two parts: @ is
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the part contained in Y7 and @) is the part such that ||u|| = R. From the conditions
on F we may assume R > 0 is large enough so that I(u) < 0 for all u € Y with
[lul| = R and for all A\ > 1. Also we may assume r > 0 is small enough so that

In(u) > 0 for all w € T and for all A > 1. Define
D= {he C(Q, X) | h(@1) € W, h(u) = u, foru € Qa},

¢y = inf  sup I~)\.
hel n@\w
Then it follows from [4] that ¢y > 0 is a critical value of Iy having a sign-changing
critical point uy at this critical value. From the construction of ¢y and Lemma
[[4, we have ¢y < bay < C*/\fﬁ. From Lemma 22l and for A large, the uy’s are
solutions of the original problem (Py). O

Proof of Theorem 2. To prove Theorem 2 we shall use the arguments in [3] and
[4] to get solutions for (Py) first. In order to get estimates on the critical values
we shall use the proofs in [3] for the existence and the proofs in [4] for the nodal
property of the solutions. Fix an integer k. We shall show (Py) has k pairs of
solutions for large A, including k& — 1 pairs of nodal solutions.

Choose R > 0 such that Iy (u) < 0 for all u € Y;, with |Ju|| > R, and for all A > 1.
Let D = B NYj. Define G ={h € C(D,E) | hisodd and h(u) = u, for ||u|| =
R}. We denote the genus of a symmetric subset A by i(A) and, for j = 1,...,k,
we let

Ij={h(D\B)|he G, k>j i(B)<k—j}

cix= inf sup Iy(u).

PAT ety ueg A(w)
Then, by [3] (Proposition 9.30, p. 58), and under our conditions on f, we have that
0 <ecin < ean < -0 <o,y are all critical values of I, and there are at least k
pairs of critical points at these critical values. Since Id € G we have

2
e b < CpA™ 72 |

where by, » is as in Lemma [l Then, by Lemma E2land for A large, these k pairs
of critical points are also solutions of the original problem.

Finally, we make use of the fact that infser F'(s) > —oo (by construction) and
follow the idea in [4] by restricting the above minimax procedure to X and taking
the maximum outside W. Choose R > 0 such that I)(u) < 0 for all u € Y}
with |lu|] > R, and for all A > 1. Let D = Br NYj; and define G = {h €
C(D,X) | h isodd and h(u) = u, for ||u]| = R}. We also denote the genus of a
symmetric subset A in X by again i(A) and, for j =2,...,k, let

Lj={MD\B)|heG, k=j, i(B)<k—j},

cjx = inf sup I~)\ u).
J AEFJ' A\W ( )
Then, by [4] (Theorem 2.3, p. 3214)) and, again, by the properties of ﬁ’, we have
that 0 < can < egn < -+ < g,y are all critical values of I and there are at least

(k — 1) pairs of sign-changing critical points at these critical values. Also, since
Id € G, we have

_2
e S by S CpA 72
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794 DAVID G. COSTA AND ZHI-QIANG WANG

with by, » as in Lemma [[.4l Therefore, it follows from Lemma and for A large
that these (k — 1) pairs of sign-changing critical points are also solutions of the
original problem. (I

Remark. We point out that all the above results are still true when N =1, 2.
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