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ABSTRACT. We show that if Y is a separable subspace of a Banach space X
such that both X and the quotient X/Y have CP-smooth Lipschitz bump
functions, and U is a bounded open subset of X, then, for every uniformly
continuous function f: Y NU — R and every € > 0, there exists a CP-smooth
Lipschitz function F': X — R such that |F(y) — f(y)| < e foreveryy € Y NU.

If we are given a separable subspace Y of a Banach space X and a continuous
(resp. Lipschitz) function f : Y — R, under what conditions can we ensure the
existence of a CP-smooth (Lipschitz) perturbed extension of f? That is, for a given
e > 0, does there exist a CP-smooth (Lipschitz) function F' : X — R so that
|F(y) — f(y)] < e for all y € Y? Such an F will be called a smooth perturbed
extension of f.

Of course there are several conditions under which the answer is “yes” in a
trivial way (for the non-Lipschitz case). For instance, when X has CP-smooth
partitions of unity, and also when Y has a CP-smooth bump function and the
subspace Y is complemented in X, such perturbed extensions F' are easily proved
to exist. However, in the Lipschitz case, or when the space X does not have smooth
partitions of unity and Y is not complemented in X, it is not quite clear what the
answer is.

These questions are interesting in the theory of Banach spaces because, for in-
stance, while trying to prove a theorem, one might be able to construct a continuous
(resp. Lipschitz) function f with some nice properties, but defined only on a certain
separable subspace Y of X, and then one might want to obtain a smooth (resp.
and Lipschitz) function F' defined on the whole of X that behaves on Y almost the
same way as f does.

In this paper we will try to give a solution to the above question in the Lipschitz
case. This problem is clearly related to the question concerning uniform approxi-
mation of Lipschitz functions by smooth Lipschitz functions on infinite-dimensional
spaces, which has remained unasked and open until recent times: in [7] R. Fry has
shown that, on any separable Banach space with a C'-smooth bump function,
uniformly continuous functions can be approximated by C'-smooth Lipschitz func-
tions, uniformly on bounded sets.
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We will use some of the ideas of the proof of [7], combined with some techniques
for starlike bodies, to prove the following theorem, which provides a solution to the
above “smooth perturbed extension” problem.

Theorem 1. Let (X,| - |x) be a Banach space and Y a separable subspace of
X such that both X and X/Y admit a Lipschitz CP-smooth bump function, where
p € NU{oo}. Let us consider U, an open subset of X, and a bounded uniformly
continuous function f: Y NU — R. Then, for every e > 0 there exists a CP-smooth
Lipschitz function K : X — R such that |K(z) — f(x)| <e forallz €Y NU.

Here p € NU {oo}. Note that, if we take X = Y, we obtain a generalization
of the main result of [7] (which was proved only for p = 1). Note also that if the
open set U is assumed to be bounded, then it is not necessary to demand that f
be bounded, because every uniformly continuous function is bounded on bounded
sets.

As we have already said, starlike bodies and their Minkowski functionals will
play an important role in our proof. Let us recall the definition and some of the
elementary properties of starlike bodies. A closed subset A of a Banach space X
is said to be a starlike body if there exists a point ag in the interior of A such that
every ray emanating from ay meets A, the boundary of A, at most once. We will
say that ag is a center of A. There can obviously exist many centers for a given
starlike body. Up to a suitable translation, we can always assume that ag = 0 is
the origin of X, and we will often do so, unless otherwise stated. For a starlike
body A with center ag, we define the characteristic cone of A as

ccA={z € X|ap+r(x — ap) € A for all r > 0},
and the Minkowski functional of A with respect to the center ag as
HAao(z) =pa(z) =inf{t >0| x —ag € t(—ap+ A)} forall z € X.

Note that pa(z) = pi—gera(z — ag) for all z € X. It is easily seen that pa is a
continuous function that satisfies pa(ag + ra) = rpa(ag + ) for every r > 0 and
r € X, and p,'(0) = ccA. Moreover, A = {z € X|ua(zr) < 1}, and 94 =
{z € X | pa(x) = 1}. Conversely, if ¢ : X — [0,00) is continuous and satisfies
P(ap + Az) = Mp(ag + ) for all A > 0, then Ay, = {z € X | ¢(z) <1} is a starlike
body.

We will say that A is a CP-smooth starlike body provided its Minkowski func-
tional p4 is CP-smooth on the set X \ccA = X\ ;' (0). This is equivalent to saying
that dA is a CP-smooth one-codimensional submanifold of X such that no affine
hyperplane tangent to 0A contains a ray emanating from the center ag. Through-
out this paper, p = 1,2,....,00. Similarly, we will say that a starlike body A is
Lipschitz if j14 is Lipschitz on X.

The following result is implicitly proved in [6, Proposition I1.5.1]; see also [8].

Proposition 2. Let X be a Banach space and p € NU {occ}. The following asser-
tions are equivalent.

(1) X admits a CP-smooth Lipschitz bump function.

(2) There exist numbers a,b > 0 and a Lipschitz function ¢ : X — [0,00)
which is CP-smooth on X \ {0}, homogeneous (that is ¥ (tx) = |t]p(x) for
alt e R,z € X), and such that al - || < < b - .

(3) There exists a symmetric bounded C?-smooth Lipschitz starlike body E with
center 0 € X.
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As a consequence we can deduce the following result, which plays a technical but
fundamental role in our proof.

Corollary 3. Let X be a Banach space, Y a closed subspace of X, and p € NU{co}.
Consider the following assertions.

(1) X/Y admits a CP-smooth Lipschitz bump function.

(2) There exist numbers a,b > 0 and a Lipschitz function ¢ : X — [0,00) that
is homogeneous, CP-smooth on X \'Y, and such that adist(z,Y) < ¢(z) <
bdist(z,Y) for all z € X.

(3) There ezists a symmetric CP-smooth Lipschitz starlike body E with center
0 € X and whose characteristic cone is 'Y .

Then (1) = (2) = (3).

Proof. We denote by | - | the canonical norm on X/Y, and let 7 be the canonical
quotient map of X onto X/Y. If (1) is true, then, according to Proposition B, there
exist positive real numbers a, b and a Lipschitz function ¥ : X/Y — [0, 00), that is
homogeneous, CP-smooth on X/Y \ {0}, and such that a|-| < ¥ < b|-|. Then the
function ¥ = ¥ o m makes (2) hold true. To see that (2) = (3) it is enough to
define FE as the set {x € X : ¢(x) < 1}. O

Proof of Theorem [1I Without loss of generality, and taking into account the well-
known fact that every uniformly continuous function can be uniformly approxi-
mated by Lipschitz functions (see [2] for instance), we may assume that f is Lip-
schitz.

Moreover, since f is bounded and Lipschitz on Y N U, there exists a bounded
Lipschitz function F' : Y — R that is an extension of f. Indeed, let L be the
Lipschitz constant of f on Y N U, and let C' > 0 be such that |f(z)| +1 < C. The
function g : Y — R defined as

g9(y) = mf{f(u) + Llly —ull : v € Y N U}

is easily seen to be a Lipschitz extension of f to Y. Then, the function F : Y — R
defined by
—C i gly) <—C,
Fly)=4 9(y) if —C<gy) <
c if C <g(y)
is a bounded Lipschitz extension of f to Y.

Since f and F' are bounded, we may obviously assume that F, f > 1.

From the assumption that X and X/Y have CP-smooth Lipschitz bumps we
infer two facts. First, the existence of a symmetric CP-smooth Lipschitz starlike
body Bx C E with center the origin (see Proposition[2l). Therefore the Minkowski
functional pp : X — [0, 00) is Lipschitz, homogeneous, and CP-smooth on X \ {0}.
Second (see Corollary [3), there are a Lipschitz function p : X — [0,00) and a real
number M > 1 such that

(1) p(tm) = |t|p(z) forallt e R, z € X;
) p1(0) = Y
3) pis CP-smooth on X \ Y
4) dist(z,Y) < p(z) < Mdlst(x Y), for all z € X.
e

)52, be the usual basis of ¢g. Let us consider the function @ : ¢g — R defined

(2
(
(
Let(
by ®(x) = Zn L @2 for each x = (2,)5%, € cp. The set A = {z € ¢p: ®(z) < 1}
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is closed, convex, bounded and symmetric with respect to the origin (which is

contained as an interior point). Hence || - || := pa(-) is a C*°-smooth (in fact real-
analytic) norm equivalent to the canonical norm || - || (see [6, Theorem V.1.5 and
Remark V.1.6]). It is easy to verify that 1|/ - || < |- | < || - [|. Moreover, || - || has
the following nice property. O

Fact 4. If 2 = (2,)52,y = (Yn)22q € co satisfy |xn| < |yn| for every n € N, then
Izl < [lyll-
Proof. For every A > 0 we have that

n= 1 n=1
It follows that inf{A > 0 : ®(y/A) < 1} < inf{\ > 0 : ®(x/A) < 1}, that is,
]l < llyll- O

Fix ¢ € (0,1). Since F : Y — R is Lipschitz and, in particular, uniformly
continuous, there exists § > 0 such that, for all z, y € Y, we have

pe( —y) <0 = [F(x) - Fy)| <e.
For every x € X and r > 0, the set
B(z,ripp) ={y € X 1 pp(y —z) <r}

is open. By the separability of Y, we can take a dense sequence (x]) 2, inY. We
have that

> é
Y c | B(xj, 5ipm).

, 8

Jj=1
Let us define the open subset V := U;’;l B(z;, %;ME)~ In the sequel, we will say
that a family of functions {h;};cs is uniformly Lipschitz if there is a number C' > 0
so that h; is C-Lipschitz for every i € 1.

Claim 5. There exists a family {¥; : j € N} of non-negative CP-smooth functions
defined on X such that:

(i) {¥, : j € N} is uniformly Lipschitz and uniformly bounded.

(i4) For every x € V, there exist W,, an open neighborhood of z € V, and
jz € N, such that U;|w, = 0if j > j,.

(t4i) For every x € V, there exists jo € N such that ¥ (z) = 1.

(tv) For every x € V and j € N, if ug(x — ;) > 6, then ¥;(z) = 0.

Let us assume for a while that Claim 5 is proved and let us see how the proof of
Theorem [lis finished.

By (ii) of Claim Bl for every x € V there exist W, an open neighborhood of
x €V, and j, € N such that

yeWe, j>jo= ¥;(y) =0.
Then the mapping
(o]
V9$—>{\I/](£L')} 16000CCQ

locally takes values on finite-dimensional subspaces of cgg. Clearly it is also Lip-
schitz and CP-smooth (note (i) of Claim[H). Let us define ¥ : V' — R by

0= [{ne)

)
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which is a Lipschitz function. To prove that ¥ is CP-smooth, it suffices to check
that ¥ is bounded below by a strictly positive real number. Indeed, by (iii) of
Claim [5], for each « € V, there exists jo € N such that ¥, (z) = 1, and thus

0= [{m@} = e} ] 2 v =1

It follows that ¥ is a CP-smooth function and ¥ > 1.
Define then Ky : V — [0, 00) by

[eEnL A |

Ko(z) =

Taking into account that F' > 1, it is obvious that

{F (@)@} 2 | = [{F ) )} 2 = [1(85() 2 ]| = 1

Therefore Ky is CP-smooth. Let us see that Ky is a Lipschitz function. Since F
is bounded, and the family {¥; : j € N} is uniformly bounded, it is obvious that
the collection {F(z;)¥; : j € N} C CP(V) is uniformly Lipschitz and uniformly
bounded, which implies that the numerator of K is bounded and Lipschitz. Be-
sides, since ¥ is Lipschitz and ¥ > 1, it follows that Kj is Lipschitz (note that the
inverse of a Lipschitz function bounded below by a strictly positive real number is
Lipschitz).

Finally let us see that |Ko(z) — F(z)| < e for every x € Y. Fix € Y. Then,

RCOLACQIN
|K($)—F($)|—| V) —F(a?)‘

Let us consider the set J := {j € N: pg(z —x;) < §}. We can distinguish two
situations.

Case 1. If j € J, then pg(x — ;) < 6, and thus |F'(z) — F(z;)| <e.

Case 2. Assume that j ¢ J. Then pg(z —z;) > 0 and, by (iv) of Claim[5] we
have U,(x) = 0.

By collecting the conclusions of the distinguished cases, we deduce that

Uj(2)|F(x;) — F(x)] < eWj(x)

for every j > 1. Since {U;(z)(F(xz;) — F()) };‘;1 € oo, taking Fact [ into account
we may estimate

Ko(w) = P& = s [{ 0@ (Fle) - ) }

< gl (wio) | -eh2

Hence Ky : V — R is a Lipschitz C?-smooth function such that |Ko(z) — F(z)| < e
for every z € Y.

j=1
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Finally, let us see how we can extend the function K from the open set V' to
the whole of X. Since Bx C FE, there exists a real number m > 1 that satisfies
m|-||x <pp <] | x. By property (4) of p, it is easy to see that

YC{xEX:p(a:)<g}CVC{a:EX:p(m)<]8W—W(LS}.

Let us pick two positive real numbers r; and ro such that 0 < ry < ry < %. Take
a C*°-smooth function 6 : R — [0, 1] such that 6=1(1) = (—o0,r1] and §71(0) =
[r2,00). Then, the function K : X — R defined by

K(z) = 0(p(x)) Ko(z) ifx €V,
0 ifr gV

is Lipschitz and CP-smooth. Moreover, K and K are equal on the open set
{r e X :p(x)<m},

which contains the subspace Y. Therefore |K(x) — F(x)| = |Ko(z) — F(z)| < ¢ for
every x € Y. In particular, we have that

|K(z) = f(2)] = |[K(z) - F(2)] <e,

for eachx e UNY. ]
To finish the proof of Theorem [[] it only remains to show Claim 5.

Proof of Claim 5. Let us take two Lipschitz functions &;,& € C*°(R,[0,1]) such
that

gi > 0,5;1(0) = (—00,5/2], 5;1(1) = [5700);
€ <0, &1(1) = (—00,8/4], &1(0) = [6/2, 00).
For every j € N and every x € X, we define

filz) = & (uele —ay)), gi(@) =& (up(r — ).
Since &1, &2 and pp are Lipschitz, it follows that {f; : j € N} U{g; : j € N}
is a uniformly Lipschitz family. Moreover, all the functions f; and g; are CP-
smooth (notice that £ and & are constant on a neighborhood of the origin). Let
@y : X — cpo C co be the zero function. For every j > 2, let us define ®; : X — cqo
by
(I)]((E) = (gl(x)ﬂ "'7gj*1(x)7 Oa 07 )
It is clear that {®; : j € N} is uniformly Lipschitz, and each ®; is CP-smooth.
Take a C°°-smooth function 7 : R — [0, 00) such that 7 is non-decreasing, n(t) =t
if t > 1, and n = 1/2 on a neighborhood of the origin.
For each j € N, we define S; : X — [0, 00) by

Si(x) = fi(x) + n(12;()])-

Bearing in mind that f; and ®; are CP-smooth, 1 is C*°-smooth, [|-|| is a C°°-smooth
norm, and 7 is constant on a neighborhood of the origin, it follows that S; is a CP-
smooth function. Moreover, taking into account that {f; : j € NJU{®; : j € N}
is a uniformly Lipschitz family, and that n and £ are Lipschitz, it follows that
{S; : j € N} is a uniformly Lipschitz family of non-negative CP-smooth functions
defined on X.
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Let h € C*(R,[0,1]) be a Lipschitz function such that h is non-increasing and
h=1(1) = (—00,1/2] and h=1(0) = [1, 00). We define

\I’j:hOSj,

for each j € N. It is patent that {¥, : j € N} = {hoS;:j € N} C CP(X,]0,1]) is
a uniformly Lipschitz family. Therefore, the collection {¥; : j € N} satisfies (¢) of
Claim [l Let us prove that {¥; : j € N} also satisfies (i), (#ii) and (iv).

(13) Pick z € V. Choose j, € N and r > 0 such that W, := B(z,r;ug) C
B(z;,, %;ME)~ If y € Wy, then pr(y—z;,) < g and g;, (y) = 1. Therefore, for each
j > jr, we have that || ®;(y)] > [12;(1)]lec = lg;. (y)| = 1. Hence n([|®;(y)l]) =
[|12;(y)]| > 1 and S;(y) > 1. It follows from the definitions of the function h that
Ui(y) = h(Sj(y)) = 0 for each y € W, and j > j,.

(¢i) Let us fix z € V. Notice that V' C ey B(2y, g;uE). If x € B(z1, g;uE),
then fi(z) = 0 = [|®1(z)|| and n(||®1(z)||)=1/2. If = ¢ B(a, g;uE), there exists
jo > 1 such that z € B(zj,, g; 1e) \ Ui, Bl@i, g;uE). From the definition of the
functions f;, g; and n, it follows that f;,(z) = 0 and n((||®;,(2)|)) = 3. Therefore,
for each = € V, there exists jo € N such that Wj, (x) = h(Sj,(z)) = h(1/2) = 1.

(iv) Take x € V and j € N. Assume that pg(z —x;) > J. From the definition of
[ it follows that f;(z) = & (pe(z—=;)) = 1. Hence S;(z) = fi(x)+n(]|®;(z)]) >
fi(x) =1 and ¥ (x) = h(S;(x)) =0. O

An application. As an illustration of the usefulness of our main result, let us
mention that D. Azagra and A. Montesinos have used Theorem [ to show that,
for every infinite-dimensional Banach space X with a separable subspace Y so that
X and X/Y have CP-smooth Lipschitz bumps, there exist CP-diffeomorphisms
deleting points with bounded supports, that is, there exist CP-diffeomorphisms
h:X — X\ {0} such that h(z) = z if |z| > 1; see [I] for details.

Some related open questions. (1) Is it always true that if X has a CP-smooth
Lipschitz bump and Y C X is separable, then the quotient X/Y has a CP-smooth
bump as well?

(2) Is “X/Y has a CP-smooth Lipschitz bump” necessary in Theorem [II?

(3) Does Theorem [T hold true when f is not bounded?

(4) Is Theorem [[ true if we drop the Lipschitz condition everywhere?

(5) If X has a separating polynomial, can we obtain real-analytic perturbed
extensions F'7

(6) What happens when Y is not separable?
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