PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 133, Number 3, Pages 835-840

S 0002-9939(04)07717-2

Article electronically published on October 7, 2004

TRANSITIVE FAMILIES OF PROJECTIONS
IN FACTORS OF TYPE I,

JON P. BANNON

(Communicated by David R. Larson)

ABSTRACT. We introduce a notion of transitive family of subspaces relative to
a type I1; factor, and hence a notion of transitive family of projections in such
a factor. We show that whenever M is a factor of type 11 and M is generated
by two self-adjoint elements, then M ® M2(C) contains a transitive family of 5
projections. Finally, we exhibit a free transitive family of 12 projections that
generate a factor of type I[;.

1. INTRODUCTION

Let H be a complex, separable Hilbert space, and let M C B(H) be a factor of
type II;. If S is a non-empty set, we say that a family of norm-closed subspaces
{Hi}ics of H is transitive relative to M if for each ¢ € S, the projection P; of H
onto H; lies in M and only the scalar operators leave all of the H; invariant. In
this case, we also say that the family {P;};cs is a transitive family of projections
relative to M. When dim(H) > 3, a transitive family cannot contain only two
nontrivial projections P and @, since in this case (P — Q)? commutes with both
P and @, and therefore leaves the ranges of both invariant. In this paper we first
prove that if M is a type I factor and is generated by two self-adjoint elements,
then there is a transitive family of five projections relative to M ® Ms(C). This
leads us to the question of whether or not there is a transitive family of three or
four projections relative to some factor of type I1;7 To shed light on this question
we consider free families of projections. A family {P;}7 ; of projections in a factor
of type I is free if each P; has trace % and the P; are free with respect to the
trace (in the sense of Voiculescu, see [7] and [1]). We shall exhibit a free transitive
family of twelve projections.

In B(H), a family of norm-closed subspaces is transitive if the only bounded oper-
ators on H that leave every subspace in the family invariant are scalars. Transitive
families of subspaces were first considered by Paul Halmos in his 1970 paper, “Ten
problems in Hilbert space” [3]. In this paper Halmos studied medial subspace lat-
tices, which are families of subspaces that contain {0}, H, and at least two nontrivial
subspaces of H, with the additional property that any pair of nontrivial subspaces
K1, K> in the lattice are topologically complementary (that is, K3 N Ko = {0}
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and span{K1, K2} = H). Halmos constructed a finite-dimensional example of a
transitive medial subspace lattice having five nontrivial elements and raised the
question of how small a transitive medial subspace lattice could be. In 1971, Harri-
son, Radjavi and Rosenthal found that, in a separable, infinite-dimensional Hilbert
space, there is a transitive medial subspace lattice having four nontrivial elements
[4]. It has become apparent since that the construction of a medial subspace lat-
tice having three elements is a difficult problem. In fact, even finding a transitive
family of three nontrivial norm-closed subspaces is hard. Lambrou and Longstaff
have shown that in finite (> 3) dimensional H, the smallest possible cardinality of
a transitive family of subspaces is four [6]. Hadwin, Longstaff and Rosenthal have
(when dim H is infinite) found a transitive family of two norm-closed subspaces and
a linear manifold and have shown that the existence of a three-element transitive
family of norm-closed subspaces would follow from the existence of two dense oper-
ator ranges in H such that the only bounded operators leaving both of the ranges
invariant are scalars [2].

We note that the questions considered in this paper are closely related to the
generator question of von Neumann algebras, which asks if every von Neumann
algebra acting on a separable Hilbert space is generated by two self-adjoint elements.
The last example in this note shows that free families of projections that generate
factors can be transitive.

We wish to thank professor Liming Ge for his encouragement and guidance.

2. MAIN RESULTS

For basic information about von Neumann algebras, we refer the reader to [5].

Definition 1. Let H be a complex, separable Hilbert space, let I denote the
identity in B(H), and let I € M C B(H) be a factor of type II;. Let S be a
nonempty set. A family {P;};cs of projections in B(H) is transitive relative to M
if each P; is in M and the only operators T' € M that satisty (I — P,)TP; =0 for
all ¢ € S are scalars.

Remark 1. When there is no danger of confusing which factor we are considering,
we say that a family of projections {P;}ics € M is transitive when {P;}ics is
transitive relative to M.

Proposition 1. Let H be a complex, separable Hilbert space, and let M C B(H) be
a factor of type I1; such that M is generated, as a von Neumann algebra, by three
projections Py, Py and Ps. Then the family {Py, I — Py, Py, I — Py, P3, I — P3} is
transitive relative to M.

Proof. If T € M leaves the ranges of each of these projections invariant, then
TP, — PT = PTP,+ (I - P)TP,— PTP,— PRT(I—P,) =0 fori=1,2,3. Tt
follows that T € M N M’ =CI. O

We now extend an idea of Halmos [3].

Proposition 2. Let H be a complex, separable Hilbert space, and let M C B(H) be
a factor of type 111 such that M is generated, as a von Neumann algebra, by two
self-adjoint elements A, B. There is a transitive family of 5 projections relative to

MMy (C).
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Proof. We realize M@M>(C) as Ma(M) acting on H @ H. Let I denote the identity
in M, and I the identity in M5(M). Now each of the projections

I o 0 0 17 17
n=lo om0 d]mnsl g 4]

2
lies in M (M). If an operator T' € My(M) leaves the ranges of each of these three
projections invariant, then 7" must have the form

7, 0
0 T
with T3 € M. We consider the matrix
ir 1y
Ay=| 2 2 | € My(M).
S RVEEVH Rt

Letting A = ||A1A%]|7!, we note that there is the following equality of range
projections R(AA1A}) = R(A1A}) = R(A;). Now notice that AA; A} is a positive
element of norm 1, and therefore 0 < AA; A} < I, and by Lemma 5.15 in the first
volume of [5], the sequence {(AA;A%)% } converges in the strong-operator topology
to R(AA1AY) and therefore R(A;) € My(M) since Ma(M) is a von Neumann
algebra. Note that the range of the operator A; is a closed subspace of H&H since
it is the graph of the bounded operator A. Now if T leaves the ranges of P, P5,
P3, and A; invariant, then for any x € H it must be that

T1 0 x _ T1$ o Tlx
0 Ty Az |~ | ThAx |~ | ATz |~
It follows that TY A = ATj.
Similarly, we consider
I ir
B fB
2

and see that R(B;) € Ma(M), and if T leaves the ranges of Py, P», P; and By
invariant, then 79 B = BT;. Hence T; commutes with both generators of the factor
M, and hence T} € M N M’ = CI. Thus the family of projections

{P1, P2, P3, R(A1), R(B1)} € My(M)

is transitive. O

B = { } € My(M)

N0 —

Corollary 1. There is a transitive family of 5 projections relative to the hyperfinite
1L factor R.

Proof. Tt is well known that R ~ R®M>(C) and that R is generated by two self-
adjoint elements. From the above proposition, R®Ms(C) contains a transitive
family of five projections. It follows that R contains a transitive family of five
projections. (I

We now exhibit a free transitive family of projections.
Let {G;}?_, be groups, and let e; be the identity of G; for i = 1,2,...,n. Let

‘%Gi denote the group free product of the G;, and let e denote its identity element.
i—

Recall that elements in .:kllGi are given, in reduced form, by elements in the set
=
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{e} U kUN{gilgi2gi3...gik: ij € {1,2,..,n}; i; # ij41 for j € {1,2,...,(n — 1)};
€

9i; € Gi,\{ei; }}.

Let G denote the group free product Zg * Zg * ... * Za, and let A = {a1, a2, as, ...,

—_
12 times

a12} denote the canonical set of generators of G. This group is I.C.C.; therefore the
group von Neumann algebra L¢ acting on l3(G) is a factor of type IT;. Recall that
each element in L has the form L,, where x € lg (@) and the action on a function
y € l2(G) is defined by (Loy)(g9) = Y peq x(gh™)y(h). With g € G, let x4 be the
function in l3(G) that takes the value 1 on g and 0 on every other group element.
To avoid excessive use of subscripts, we everywhere write L, in place of L, . Since
Li =1 for each i € {1,2,3,...,12}, it is evident that P; = HQL”"’ is a projection in
L, and the family {Py, Py, ..., P12} is free with respect to the trace on Lg.

Theorem 1. In Lg, the family {P1, P, Ps, ..., P12} is transitive.

Proof. Suppose that Ly € Lg is a solution to the system (I — P;)TP, = 0
(1=1,2,3,...,12), and therefore

(I —La,)Ly(I+Ls)=0 (i=1,2,3,..,12).
Let both sides of this equation act on x. to obtain

foe = La,;foe — LfLa,;xe + La,;LfLa,;xe (Z =1,2,3,..., 12).

We see that
(Lyze)(g
(La, (Lyxe)
(Ly(La,xe)
(La,(LyLa;e)

(9) = D, o flah™Hze(h) = f(9),
(0 = (Lah)0) =Y, aloh™)f(h) = Flasg).
(9) = (Lyza)(g) =), . Flgh™za (h) = f(gai),
(9) = (La,Lyza,)(9)
= D g Palgh QL Fh T za () = f(aigas).
From these it follows that for all g € G,
f(g) = flaig) — f(ga:) + f(aiga;) (i=1,2,3,..,12).
By the triangle inequality, we see that
|f(@)l < 1f(aig)| + £ (gai)| + f(aigas)] (i =1,2,3,..,12),

and by the well-known inequality (z1 + ... + z5)? < k(2% + ... + 22) for non-negative
real k, we see that

1F(9)1* < 3(1f(aig)? + 1 f(9ai)* + | flaigai)?)  (i=1,2,3,...,12).
With 4,7 € {1,2,...,12} given, let S;; = {g € G : g begins with a; and ends
with a; in its reduced form in the free product}. With g € S;;, let {b”,. ,bzl]O
= A\{a;,a;}. We then have

IF(@)F < 3(1F (i) + 1f (gbiy)|* + |f (bi;gbi) ),
IF(@)F < 3(F 059 + | (gb3)1* + | (03,90 1%),

)
)9
)
)

f(9)? 3(IF (b9 + |f (gbi)* + £ (b3 9bi5)) 1)

IN
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Adding these inequalities, we obtain that
10[£(g)|* < 32 £l + £ (g1 + 1 (bl9b%) ).

Summing over g € S;;, we have

10
3
> @ < 45 Z D (50 + 1f (gbiy) [ + 1 (br;005)1°)-

geSij €85 k=1
Suppose that g1 # g2 are elements in S;;. Note that by construction, all elements
of the form b”gl, bk glb or ggbfj are in reduced form in the free product, for k,
l1e{1,2,..,10}. C0n51der any k1, kg, kg, ks €{1,2,. 10} Since g1 # gg, it follows
that b’“ g1 # b2ga, DELgIbiE # bl goblt, bElgy 7& gabi2, bilgy # bi?gobl?, and
1bfj1 75 bf]? bfj&. Therefore the right-hand sum above can have no repeated terms,

meaning for any go € G, the term |f(go)|? shows up at most once on the right-hand
side of the inequality. We sum over all 7, j to obtain

12
Y ol <55 Z > Z (1 (659)1> + 1 £(gbl)[* + | (bE;9bE) %)

1,j=1 g€S;; 1,j=1g€S;; k=1
12
Let § = 35 5 32170500 + 70t )" + 7ot ). We now note tha
L,)=1g i] =1

there can be repeated terms in S. We shall list the ways that a given term |f(go)|?

may be repeated in the sum S. Suppose that a,b € A and that gy begins with
a and ends with b in its reduced form. Each occurrence of the term |f(go)|* in
S corresponds to an appearence of |f(go)|?> on the right side of an inequality of
the form |£(g/)[? < 3(1 (aig)> + £ (a:)? + | (aig’a:)[2), where a; € A and g is
one of the group elements agg, gob or ageb. If a # b, then there can only be two
occurrences of |f(go)|? in the sum S, one coming from the inequality

£ (ago)l* < 3(1f(90)* + | (agoa)* + | f (g0a)[?),

and one from the inequality

[f(g0b)* < 3(1f (bgob)|* + £ (90)* + | £ (bgo) *)-

If a = b, then |f(go)|? may occur three times, once in

|f(ago)® < 3(1f(90)I* + | (agoa)|* + |f (g0a)[?),

again in the inequality

|f(g0a)|* < 3(f (agoa)|* + [ £ (90)* + | f (ago)|*),

and finally, in the inequality

|f(agoa)|* < 3(1f(g0a)|? + | f(ago)|* + [ f(90) ).
2
2

in S may occur at most three times. We
appears in the sum S the multiplicity of

We therefore note that any term | f(go)
call the number of times the term |f(go)

|£(90)|? in S.

Let script 7 denote {¢ : t is a term in S}. Then, since all terms in S are
non-negative, S = ), nst where n; is the multiplicity of the term ¢ in S.
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We now have that

12
Sl = Y. D If)?

9€G\{e} 1,j=1g€S;;

3 3 9
155 = 16 2orer ™t S 15 2orer t

9
< 10 Z |f(9)]?.

IN

gEG\{e}
Therefore Y. |f(g)|? is necessarily zero and f(g) = 0 when g # e. We have
g€G\{e}
now that only f(e) may be nonzero, and hence L must be a scalar. It follows that
the family {P, ..., P1o} is transitive. O

Remark 2. The number of projections in the above theorem may be reduced. We
believe that 4 such free projections should form a transitive family, but new tech-
niques may be needed to prove this.
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