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ABSTRACT. We introduce a family of bi-dimensional theta functions which
give uniformly explicit formulae for the theta series of hermitian lattices over
imaginary quadratic fields constructed from codes over GF(4) and Fa X Fa,
and give an interesting geometric characterization of the theta series that arise
in terms of the basic strongly £ modular lattice Z + v¢Z. We identify some
of the hermitian lattices constructed and observe an interesting pair of non-
isomorphic 3/2 dimensional codes over Fo X Fg that give rise to isomorphic
hermitian lattices when constructed at the lowest level 7 but nonisomorphic
lattices at higher levels. The results show that the two alphabets GF(4) and
F2 X Fa are complementary and raise the natural question as to whether there
are other such complementary alphabets for codes.

1. INTRODUCTION

There is a well-known (mod 2) construction for constructing lattices from linear
codes, which maps self-dual codes to unimodular lattices. It also gives an isomor-
phism between the invariant ring of polynomials for the weight enumerators and
the appropriate space of modular forms for the theta series of the constructed lat-
tices. The first result appears in [3] for a self-dual binary code and unimodular
lattice. Sloane, in [6] extended this correspondence to codes over GF(4) and lat-
tices over the Eisenstein integers Z[(—1 + v/—3)/2]. It is clear that one can extend
this to other imaginary quadratic fields, but one needs to distinguish between the
two cases where the level ¢ is either 3 or 7 mod 8 (see [I]) corresponding to the
cases where the prime ideal (2) either stays prime or splits, and this corresponds
to codes over GF(4) and the ring Fo x Fy respectively.

In this note, we introduce a one-parameter family of bi-dimensional theta func-
tions (see section 3) which give explicitly the theta series of the level ¢ (¢ = 3 mod
4) hermitian lattices constructed from codes over the two alphabets when they are
substituted into the weight enumerator of the codes (Theorem 5.2). It is interesting
to note that they are given by the same form for the two rather different alphabets.
We also make the interesting observation (which seems not to have been spelt out
explicitly before) that the theta series that occur for level ¢ can be characterized
geometrically as the theta series of the even sublattice, the odd part and the shadow
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of the basic two-dimensional strongly ¢ modular (see [L3]) lattice Z + v//Z. In the
lowest levels 3 and 7, we note that there is an additional symmetry (in the form of
equality of some of the theta functions) that reduces Theorem 5.2 to the simpler
result of Sloane [18] and the 7-modular case in [5].

In view of our result, it is natural to ask if there are other such complementary
alphabets for codes where the theta series of the constructed lattices can be pa-
rameterized uniformly. One possible hint would be to look for alphabets where the
MacWilliams Identities are identical (see Lemma 4.2).

We note that some of our bi-dimensional theta series were introduced in [4], [5]
where a generalized Jacobi Identity was given and used to give two new quadrati-
cally convergent algorithms for computing 7 analogous to those based on the AGM.
A more extensive higher-dimensional generalization of these theta functions and
the Jacobi Identity has also been given in [6]. Note that our results give a way of
constructing explicit bi-dimensional theta identities (which was our original moti-
vation) from every self-dual code, for example by using Cor. 5.6.

Finally in section 6, we constructed some hermitian lattices from some well-
known self-dual codes over GF(4) and Fy x Fa, and by computing their theta
series, we can identify some of them on Schulze-Pillot’s data base [T5]. Our con-
structions give the extremal ¢ modular lattice of minimum norm 4 (see [13]) for

level 3 (Coxeter-Todd) and level 7 (Craig’s Aéz)) from the well-known 3-dimensional
hexacode over GF(4) and a dimension 3/2 code over Fa x Fa observed in [5]. We
also note in section 6, Example 4, an interesting pair of nonisomorphic codes over
F5 x Fa which give isomorphic lattices Z[(—1++/—7)/2]? in level 7 but nonisomor-
phic lattices at higher levels.

2. HERMITIAN LATTICES OVER IMAGINARY QUADRATIC FIELDS

Let £ > 0 be a square-free integer, let K = Q(v/—/) be the imaginary quadratic
field with discriminant dg, let Ok be its ring of integers, and let z — Z denote
complex conjugation. The left K-vector space K™ is endowed with the hermitian
inner product (z,2')gx = Y 1, ziz_g, which we also denote simply by z.2/. A her-
mitian lattice A over K is an Og-submodule of K™ of full rank . Note that A
need not be a free module in general. The ring of integers Ok will play the same
role for these lattices as Z plays for the usual Euclidean lattices. In particular, the
hermitian dual is defined by

(2.1) AN ={z:2e K"|(z,N)x C Ok},

and we say that A is self-dual (or unimodular) if A = A*.

If A is a Hermitian lattice in K™, there is a corresponding real lattice A,cq; in
R?2", via the natural embedding of K in C = R?:

Avear = {(Re(z1), Im(z1), ..., Re(zp), Im(zy)) @ (21, ..., 2n) € A}.

In the case that A is a free Ox-module (e.g. when the class number h(K) = 1),
we can associate a Gram matrix G(A) for every Ok basis {v1, va, ..., v, } given by
G(A) = (vi.0)7 -1, and a determinant invariant detA := det(G) defined up to
squares of units in Ok . More generally if A is integral (as in our case here), namely
A C A*, we may take det(A) to be the order of the finite group A*/A.
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We have
|dr |"

oom (detA)?.

(22) detAreal =

We note that in this case, A is self-dual if and only if G(A) has & (see below)
entries and detA = 1, and v/2A,cq will be |dx-|-modular in R?" in the sense of [11],
[12]. (Note that by (2.2) we have det(v/2A,ea1) = |dx|™, which gives the correct
determinant for a 2n-dimensional |dk |-modular lattice.)

The theta series of an &-lattice A in K™ is given by

(2.3) Or(T) = Z eTiTEE

zENA

where 7 € H = {z € C : Im(z) > 0} and this agrees with the real theta series
OA ear (T)-

3. BI-DIMENSIONAL THETA FUNCTIONS TO THE BASE {

Let d be a positive integer, £ = 4d — 1 = 3 mod 4. Let K = Q(v/—¥) as before so

that its ring of integers & = Z[wy], where wy = _1+2‘/_7 satisfies wf +we+d=0.

Let Qa(z,y) = |z —yw? = 2 4oy +dy? = (z+ £)* + % be the (principal) norm
form of K. The ring &/2&, is isomorphic to either GF(4) or F2 x Fa depending on
whether ¢ is 3 or 7 mod 8. In either case, a complete set of coset representatives is
given by {0,1,ws, 1+ we}. Let ¢ = €™ and consider the following bi-dimensional
theta series for the four cosets:

(3.1) Ad(q) = bO2¢,(1) = Z g*Qa(m.m),
m,n€Z

(3.2) Cd(q) = 01_‘_2& (7-) — Z q4Qd(m+1/27"),
m,n€Z

(33) Gd(Q) = 0w[+2€é (7—) e Z q4Qd(m:n+1/2),
mneZ

(3.4) Ha(q) := O14wp42e,(T) = Z 1Qa(m+1/2,n41/2)
m,n€Z

The level £ theta functions A4(q), Cq(q) were introduced recently in [4],[5],[6] where
they occurred in a generalized Jacobi Identity which was used to derive two new
quadratically converging algorithms for computing 7 analogous to those based on
the AGM. Note that fg,(7) = Ag(q'/*). These theta series can be further ex-
pressed explicitly in terms of the standard one (real) dimensional theta series and

its shadow,
(3.5) O3(q) = > ™,
meZ
(3.6) Or(q) = > gtV = N g
meZ meZ+1/2
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We have

Lemma 3.1.

(3.7) Aalq) = 05(¢")03(¢") + 02(q")02(¢™),

(3.8) Ci(g) = 02(q*)05(¢*) + 05(q*)02(¢"),
V4

(3.9) Galg) = Halg) = 200

Proof. (3.7), (3.8) were proven in [4], Lemma 2.1. The somewhat surprising (3.9)
can be proven analogously by showing that both G4 and Hy are given by the RHS
of (3.9) by completing squares and noting that

2 2
Dt = 3 g = 0x(g") /2.

meZ meZ

O

These are all theta functions to the base (level) £. We now give a geometric
interpretation of these theta series which seems to be of interest. Recall that the
lattice Z ++/¢Z is the basic strongly -modular 2-dimensional lattice [T3]. Our next
observation is that all the coset theta series are derivable from that of Z + v//Z.
We also note that this is in fact a very general fact which has a generalization to
higher-dimensional odd diagonal lattices (see [6]).

Lemma 3.2. A4(q) (resp. Cq(q)) are the theta series of the even sublattice (resp.
odd part) of Z+UZ. 2G4(q) = 2Ha(q) = O(z+1/2)+vi(z+1/2)(T) is the theta series
of the shadow of Z + \/1Z.

Proof. By (3.7), (3.8), we have Aq(q)+Ca(q) = (03(¢")+62(q"))(03(¢"") +02(¢")) =
05(q)0(q") = 05 /77 (7) by (22) on p.104 of [§]. The first statement follows from

the fact that A4(q) is even and Cy(q) is odd by (3.1), (3.2). (Note that isospectral
lattices in dimension two are isomorphic.) The second part follows from (3.9). O

We next define two more associated level ¢ theta series which we will need later.

Lemma 3.3.

(310)  Balg) = Y (=)™ "q?™ = 65(—q)b5(—q"),
m,neZ

(311)  Ealg) = Y (=1)"q%™™ =03(q)05(q") — 02(q)02(q").
m,neZ

Proof. (3.10) has been proven in [5]. A similar method (completing the square)
proves (3.11). O

We note that the functions Ay, By, Cy are related by a Jacobi Identity Aq(q)? =
Ba(¢*)? + Ca(q)?; see [], [5] and a generalized higher-dimensional version in [6].

Lemma 3.4.
(3.12) Aa(g) + Calq) — 2Ga(q) = Ea(q)-

Proof. By Lemma 3.1, the LHS is (63(q*) + 02(¢*))(03(¢*) + 02(¢*")) — 2Ga(q)
03(0)03(¢") — 02(0)02(¢") = Ealq)-

ol
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4. Copes OVER GF(4) AND Fy x Fy AND THEIR WEIGHT ENUMERATORS

Let GF(4) = {0, 1,w,w?}, where w? +w+1 = 0, be the finite field of 4 elements.
The conjugate of x € GF(4) is Z = 2 and is an involution since #* = z, V 2 €
GF(4). In order to give a uniform treatment, we will represent Fo x Fq (see [5])
by the ring Ry = F3 + wF3 where w? = w. This ring contains two maximal ideals
(w) and (w+ 1) and R4/(w),Ra/(w + 1) are both Fy3 so that Ry = (w) ® (w + 1)
by the Chinese Remainder Theorem. An explicit isomorphism is given by

wa+ (w+1)b— (a,b), a,beFs.

The natural conjugation in R4, which we denote again by x — Z, is the map that
fixes F5 and swaps w and w + 1. Note that in both cases, we have v = w + 1.

Now we let R denote either the ring Rq or GF(4). A linear code C of length n
over R is simply an R-submodule of R™. Note that in the case of GF(4) it is a
linear subspace of GF(4)". The (hermitian) dual code is C* = {u € R™ : u.v =
> u0; = 0,Vv € C} and C is self-dual if C = C*. Self-dual codes over GF(4) up
to length 16 have been classified in [7]. They are necessarily even (all words have
even weight). Some self-dual codes over Ry were constructed in [I]. They are in
general not free submodules but we recall the following useful criteria for generating
self-dual codes over R4 which follow easily from the remarks in [I] :

Lemma 4.1. If R is a binary linear code and R* its binary dual, then wR @
(14 w)Rt is a self-dual code over Ry.

For a codeword u = (uq,us,...,u,) € R"™ and an a € R, we define the counting
function n(u) = #{j : v; = a}. Next for an R code C, we define the complete
weight enumerator (cwe) to be

(4.1) cwee(X,Y, Z,W) := Y Xm0y gro(wyymen),
ueC
and in view of Lemma 3.1, a symmetrized weight enumerator swe to be

(4.2) swee (XY, Z) = cwee(X,Y, Z,Z),
and finally by a further contraction, we have the Hamming weight enumerator
(4.3) We(X,Y) = swee(X,Y,Y).

Next we note the following MacWilliams Identity, which is identical for both
GF(4) and F3 x Fy codes:

Lemma 4.2.

1
(4.4) swec (X,Y,Z) = mswec(X +Y+22,X+Y-2Z,X-Y).

Proof. The case of GF(4) is given in [14], p. 19, while the Fy x F5 case is covered
in Theorem 4.2 of [1]. O

5. CONSTRUCTING HERMITIAN LATTICES FROM CODES
OVER GF(4) AND F3 x Fy

Throughout ¢ will be a positive square-free integer with £ = 3 mod 4, K =
Q(v/—¥) the quadratic field with discriminant dx = —¢ and & = Z[wy] its ring of
algebraic integers. We have to distinguish between two cases. If £ = 3 mod 8 so
that d = (¢ + 1)/4 is odd, and dg = 5 mod 8, (3£) = —1, 2§ remains a prime
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ideal in &, and its residual field &;/2&; is isomorphic to GF(4). If £ = 7 mod 8,
d = (£+1)/41is even, and (_72) =1, 2&; splits in & so that £/2E; 2 Fo xFy = Ry.

In both cases, we may take 0,1,wy, 1 + wy as coset representatives for 2&, in
&y, and there is an isomorphism mapping 2&; to 0, 1 4+ 2&; to 1, wy + 2&; to w,
and 1 4+ wy + 2&; to 1 + w since the relation wf + wy +d = 0 is preserved by
w2 +w+d=0mod 2 in R. Hence there is a map py : & — E/2E — R that
sends w; € & onto w” € R (r = 0,1,2). Note that p; respects conjugation, i.e.

pe(Z) = pe(z) since wy = —1 — wy = 1 4+ wp mod 2E,. We now define the following
standard construction:

CONSTRUCTION A (level ¢): Let R be the ring GF(4) if £ = 3 mod 8, or
the ring Ry & F3 X Fo when ¢ = 7 mod 8. Letting C be a linear code over R of
length n and dimension k, we define A¢(C) := {x € &" : pe(z) € C}. In other words,
Ay(C) consists of all vectors in &™ which when taken mod 2&, componentwise are
in p, (C).

Note that we omit the usual scaling by /2 so that Ay(C) is always integral and is
a union of cosets. We choose this normalization because it brings out the geometric
meaning of the theta series in our main Theorem 5.2 below. The following usual
consequence is immediate.

Lemma 5.1. (i) Ay(C) is an &-lattice. (ii) Ao(CL) = 2A,(C)*. (iii) C is self-dual
if and only if Ag(C)/\/?2 is self-dual. In this case Ng(C)rear is 2n-dimensional even,
and £-modular if the different of K is principal.

Proof. (i) A¢(C) is a submodule of &™ follows from C is a submodule of R™. (ii)
For a+221,b+229 € Ag(C), {(a+221)/2,b+222) € (3 aibi)/2+ & € & if and only
if a.b =0 in C. (iii) follows from (ii) and the fact that (A¢(C)rear)* = Dr~ ' Ag(C)*
where Dy~ is the inverse different of Ox (see [2]). O

We now state our main result:

Theorem 5.2. Let { = 3 mod 4, let C be a code over GF(4) or R4 accordingly,
and let Ag(C)/\/2 be the hermitian lattice constructed via the construction Ay above.
Then we have

(5.1) Oa,(c) (1) = swec(Aa(q), Calq), Ga(q)),

where the three theta functions Aq(q), Ca(q), Ga(q) are respectively the theta series
of the even sublattice, the odd part, and half the shadow of the strongly £-modular
lattice Z + /1Z.

Proof. Tt is clear that 6, () can be expressed as the cwe of the theta series of the
TITL.T

cosets of 2&; since 0y, (¢)(T) = D, cc On,(u)(T), Where Oy, () (1) = EIEUJFQS/, e ,
splits further into a product

[T > 0 =0 0ne, (1) by, (1)1, (7).
7 xEuj+2é'l

Therefore we must have 6y,(c)(7) = cwec(Aq(q?), Ca(q?), Galq), Ha(q)) by (3.1)-
(3.4). (5.1) follows immediately from the symmetry G4(q) = Ha(q), in (3.9). The
geometric interpretation follows from Lemma 3.2. (]

Note that Theorem 5.2 can be thought of as an explicit version of the cases (3)
and (5) of Proposition 2.1 of [I] in the case of an imaginary quadratic field. The
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constructed lattices appear to be extremal only in the smallest levels £ = 3,7 since
the minimal distances are fixed while by (2.2) the volumes increase with £.

In the case of the two lowest levels £ = 3,7, there is an additional symmetry and
there is a simpler version of (5.1). We recover Theorem 7 of Sloane [18] and an
explicit form of [5], Theorem 3.2.

Corollary 5.3. For ¢ =3, d=1 and a GF(4) code C, we have
(5.2) Ors0)(T) = We(Ai(g), Ci(q)).

Proof. This follows from the fact that when ¢ = 3,d = 1, the norm form Q1 (x,y) =
22 + 2y +1y? is symmetric in x and y, and by (3.2), (3.3), Ga(q) = Ca(q). The result

then follows from Theorem 5.2 and (4.3). O
Corollary 5.4. For {=7,d =2 and an Fo X Fg code, we have
(5.3) Or.c)(7) = We(A2(q), C2(q), A2(1/q) — A2(q))
Proof. This follows from the additional symmetry Gz(q) = A2(y/q) — A2(q), which
follows from Lemma 4.3 and Proposition 4.4 of [5]. O

Corollary 5.5. IfC is an [n, k] code over R, then

1
(5.4) Oan(0) (1) = ppswec (Aa(q"*), Ea(q), Ba(q))-
Proof. This follows from Lemma 5.1 (ii), (4.4) and the identity (6.1) below, (3.12)
and the fact that Ba(q) = 05, /57(—q) = Aa(q) — Ca(q). O

Corollary 5.6. If a code C over R is self-dual, then

(55)  swee(Aafa),Cala). Gala)) = rswee(Aa(a"'"), Bala). Ba(a)).

Proof. This is an immediate consequence of (5.4), Lemma 5.1(ii) and Theorem
5.2. ([

6. EXAMPLES

(1) Let Ry = {0,1,w,w?} be the repetition code of length 1. Clearly then
swer,(X,Y,Z) = X +Y 4+ 2Z and also it is clear that Ay(R1) = Ry + 2& = &
since Ry gives exactly the coset representatives of 2&, in £&. We have by Theorem
5.2,

(6.1) Aa(q"*) = 0g,(1) = Aa(q) + Calq) + 2Galq).

(2) Let co = {00,11,ww,w?w?} be the repetition code of length two, which is
also the unique self-dual code of length 2 for both the rings R. By Theorem 5.2,
A¢(C)/v/2 must be a hermitian lattice over Q(v/—¢) of dimension 4. But by Table
1 in [T, for the two lowest levels £ = 3,7 this lattice is unique and must be &2
So we have Az(ca) = ca+ 28, = V/2&,%. But this is actually true for all £ = 3 mod
4, by counting volume. Clearly swe,,(X,Y,Z) = X2 +Y? + 272, So Theorem 5.2
implies the less obvious identities

(6.2) Aa(v2)? = Aa(q)* + Ca(q)* + 2Ga(q)®.

It can be proven easily, using the formulae in terms of the one-dimensional theta
functions (3.7)-(3.11), that (6.1),(6.2) actually holds for all odd ¢, which are not
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necessary square free. Note that Ag(cz) is -modular (if (&) is one) with minimal

. 2 1 2 1
norm4andGrammatr1X<1 2d>@<1 2d)'

(3) Let C5 = w([1,1,1]) + (1 +w)([1,1,1])* be the 3-dimensional R4 code which
is self-dual by Lemma 4.1 but is not a free submodule. We have swec,(X,Y, Z) =
X3+ 7% 4+3XZ?%+3ZY?. By Theorem 5.2, for each £ = 7 mod 8, A¢(C3)/v/2 is a
3-dimensional hermitian lattice over Q(v/—¢) with theta series

Oa,(cs) (1) = Aa(@)® + Ga(a)® + 344(a)Ga(a)* + 3Ca(q)*Galq)-
We identify some of the hermitian lattices constructed with Schulze-Pillot’s data
base [15]:

e A7(C3): [I5] D—7 dim 3 #1, A7(C3)/+/2 is the only other hermitian lattice
over Q(v/=7) of dimension 3 other than £3 (which will be constructed as
A7(C3,2)/\/§ below). A7(Cs)peqr is the Craig lattice AéQ), which is the
unique extremal 7-modular lattice of minimal norm 4.

e Ai5(C3): [15] D — 15 dim 3.1 #2.
o Ao3(C3): [15] D — 23 dim 3 #15.
e A31(C3): [15] D — 31 dim 3 #19.
o A39(C3): [15] D — 39 dim 3.2 #10.

(4) Consider the following two codes over Ray:

(6.3) Cs2 = w(0.L1])+ (w+1)([0,1,1]),
(6.4) C33 = w([0,0,1]) + (w4 1){[0,0,1])*.
By Lemma 4.1 these are self-dual over Ry4. It is easy to enumerate by hand that
there are eight code words so that the dimension of the code is log|r,||C| = 3/2.
The weight enumerators are

swee, ,(X,Y,Z) = X+ X?Z+XY?+2XZ°+Y?Z +22°,

swee, (XY, Z) = X®+3X°Z+3XZ*+ 7%
As observed in 5],

Swecs; , (AQ (q)a Co (q)a Gs (Q)) = SWeCy 5 (AQ (Q), Co (Q), Ga (Q))
= A2(Va)* = 0 jze3(7)-

We have from Schulze-Pillot’s table:
A7(Cs2) = A7(C33) = V/283: [I5] D —7 dim 3 #2.
Ai5(Cs2) 2 V2(E15 © E15 ® 2&15): [15] D — 15 dim 3.2 #4.
Ai5(Cs3) 2 V2(2&15 @ 1615 @ 3€15): [I5] D —15 dim 3.2 #1.
Ao23(C32) 2 V2(Ea3 @ Ea3 ® 2E23): [1H] D — 23 dim 3 #18.
A23(Cs3): [I5] D — 23 dim 3 #3 or #4.
So we have an interesting example of two non-isomorphic codes that give rise to
equivalent lattices under construction A7 but not under higher-level construction.

(5) Let eg be the self-dual [6,3,4] hexacode over GF(4) (see [18], Example 3) of
length 6 generated by

— o o
ISER S
&€ — &
— & &
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Then its symmetrized and Hamming weight enumerator polynomials are:
swee (X,Y,Z) = X04+VY04+22°+15(X2+ Y2 +30X%Y227?,
Weo(X,Y) = XO4+45X%V* +18YS.

o (=3:[I5] D-3 dim=6 #1.
A3(eg)/V/2 is the 6-dimensional self-dual Eisenstein lattice Us in [9] whose
real form (As(eg))rear = K12 is the extremal 3-modular Coxeter-Todd lat-
tice with minimal norm 4 ([8] p.127) whose theta series is by Cor. 5.3,
Oz (2) = A1(q)® + 4541 (¢)*C1(q)* + 18C1(q)°.

o (=11:[I5] D-11 dim=6 #26.

e (=19 : [15] D-19 dim=6 #82.

(6) Let eg be the self-dual [8,4,4] GF(4) code (see [7]) generated by

11110000
0111100
00001111}
01 01010
swees(X,Y, Z) = X8+ V8 4+ 14XV + 28X 424 + 168 X2y 224 + 28Y 424 4 1625,
e (=3 [I5] D —3 dim=8 # 1. This gives the 8-dimensional complex
Eg lattice ([9] Table 1) of minimal norm 4, kissing number 720 and auto-
morphism group of size 2'4.36.52.7. The real form is the 16-dimensional

3-modular lattice Ay ® Eg, in Nebe-Sloane catalogue [10].
e (=11: [I5] D — 11 dim=8 #59.
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