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A GENERAL REARRANGEMENT INEQUALITY
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ABSTRACT. We prove a general rearrangement inequality for multiple inte-
grals, using polarization. We introduce a special class of kernels for which
the product inequality holds, and then we prove that it also holds when the
product is replaced by a so-called function ALy,

1. INTRODUCTION

Let f : Q@ — R4 be a nonnegative measurable function defined on a measure
space (€2, 1), which satisfies the condition

(1.1) p{f > t}) < oo, Vt>0

where we write
{f>t}={zeQ: f(z) >t}
Its distribution function A is defined to be

Ap(t) = p(f >1t}),  te€l0,00).
Two functions f and g are said to be equimeasurable if they have the same distri-
bution function and we write f ~ g. Functions which are equimeasurable are also
said to be rearrangements of each other.

Let X denote either R", S" = {x € R"*! : |z| = 1}, or the n-dimensional hyper-
bolic space H". We equip X with its geodesic distance d and canonical measure p,
and we fix an origin o in X. For R", d is the Euclidean distance, u is the Lebesgue
measure, and o is (0,...,0). For S, d is the great circle distance on the sphere, u
is the surface area measure and o is (1,0, ...,0). We take as model for H" the open
unit ball {z € R : |z| < 1} endowed with the distance element ds = TQxlﬂdaﬂ; L
is the volume measure associated to ds, and the origin o is (0,...,0).

Given f : X — Ry satisfying (II]) we define its symmetric decreasing rearrange-
ment f¥: X — R, as follows :

fi(x) = inf{t = Ar(t) < p(B(d()))},
where B(d(x)) is the ball centered at o and with radius d(z) = d(z,0). It fol-
lows easily that f* is constant on each sphere centered at o and decreases as d(x)
increases. Moreover, f* ~ f. See, e.g., [3].
We define now a very simple rearrangement, called polarization (see [21[3, 6, [7]).

Received by the editors September 12, 2003.
2000 Mathematics Subject Classification. Primary 26D15, 28A25.
Key words and phrases. Symmetrization, rearrangement, integral inequality.

(©2004 American Mathematical Society
Reverts to public domain 28 years from publication

735

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



736 CRISTINA DRAGHICI

Let H(R™) be the collection of all (n — 1)-dimensional affine subspaces H of R™
such that o & H, H(S™) the collection of all intersections of S™ with hyperplanes
through the origin in R"™! which do not contain o and H(H™") the collection of
all images under the group of hyperbolic motions of the hyperbolic n — 1 plane
{z e R": |z| <1, z, = 0} C H™ which do not contain the origin o. For H € H(X),
let ~denote the reflection in H (i.e. Z is the reflection of z in H), and let H* and
H~ be the two components of X \ H, such that o € HT.

For f : X — R, we define a function f# : X — R by f#(z) = f(x) if x € H,
and

o f max(f(a), /(@) ifwe HY,
(1.2) P = { min(f(z), f(z)) ifaeH-.

We explore, in what follows, some of the rich history of rearrangement inequal-

ities. The most basic rearrangement inequality is due to Hardy and Littlewood
[13):

/ f(@)g(x) du(z) < / FH(@) g (@) dpu(z),
X X

with f,g: X — Ry satisfying (IIl). One can show that the inequality also holds
for polarizations.
We will prove inequalities from my thesis [I0], of the form

J @D, ) K o) da
< [ V@), ) K 1) da,
X

where dx = du(z1) ... du(x,,), which generalize the Hardy-Littlewood inequality.
See also [1].

The theory of rearrangement inequalities is well-developed in R™. The following
inequality, known as Riesz-Sobolev, was proved for n = 1 by F. Riesz in 1930 and
for n > 1 by S. L. Sobolev in 1938 :

= (z)g(y)h(z — y) dedy < - fH(@)g* (y)h* (x — y) dady.

The functions f, g, and h are nonnegative.
A general rearrangement inequality involving nonnegative functions is due to
H. J. Brascamp, E. H. Lieb, and J. M. Luttinger [5]:

k k

(1.3) /( 1150 ajmzm)da < /( LA ajmam)da

R™M)P 51 TP =

where a;,, are constants, dz = dx;...dxz,, and each x; € R". Whenp=2,k =3
and ajy,, are suitably chosen, ([3)) implies the Riesz-Sobolev inequality.

The proof of (I3) uses the Brunn-Minkowski inequality [15], which states that
if K and L are convex bodies (compact convex sets with nonempty interiors) in R*
and 0 < A < 1, then

V(1= MK+ AD)YF > (1= NV (E)Y*F + av(D)VE,

V denotes the k-dimensional volume and + is the vector sum of K and L. Further
generalizations of ([L3)) were given by M. Christ [9] and R. E. Pfiefer [16].
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The proofs of the rearrangement inequalities on R™ require the product structure
R" =R x ... x R, as well as the Brunn-Minkowski inequality. These tools are not
available on S™ or H", and for this reason complete analogues of (3] for S™ and
H™ are not known. To get rearrangement inequalities on X, polarization proved to
be an effective tool. A. Baernstein and B. A. Taylor [2] used it to derive inequalities
for S™, and W. Beckner ] noticed that it can also be used for H".

Baernstein and Taylor showed that the symmetric decreasing rearrangement of a
function can be approximated through a sequence of polarizations [2]. The polariza-
tion is easier to handle and if an inequality holds for polarizations in all hyperplanes
in H(X), then in most cases one can apply a similar approximation argument to
deduce the inequality for the symmetric decreasing rearrangement. We state here
the Baernstein-Taylor inequality:

L[ r@ewre ) duyan < [ pdete ) due

n S?L
for K : R, — R, a decreasing function. This inequality was proved for f# and g?
in place of f¥ and ¢*, for every H € H(X), and then they used the approximation
argument to deduce it for f* and g°*.
We introduce now a special class of functions of particular interest for our result.
2

For z' = (z1,...2},), 2* = (21,...,22,) € RT we write g' < z? if 2} < a2, for

every i =1,...,m.
Definition 1.1. Let ¥ : R — R be a continuous function such that
VU (z,=0y = 0,forevery i =1,...,m.

We say that ¥ € AL,,(RY) if, for every z', 22 € R?, such that z' < z2, the
following condition holds:

L) S ) 2 0
i1,0000m €{1,2}

If ¥ € C™(R7), then () is equivalent to dx?mi‘dp“ > 0.
Consider now a family of m positive random variables Xi,..., X,, on some

probability space (€2, P), and define
U(z1,...,¢m) = P(X1 <x1,..., X < Tp),

their joint distribution function. Then ¥ satisfies ([4).

One can show that ¥ € AL, (R) implies W is increasing in each argument, when
the rest are fixed. This can be seen, for example, by taking z* = (21,0,...,0) and
2% = (y1,22,...,7m) with 2! < 22, and using (C4) and the fact that ¥ vanishes
on the boundary.

We say that a continuous function ¥ : R* — R is in ALo(R?T') if for every fixed
m — 2 variables ¥ is in AL>(IR%) in the remaining two arguments [6]. This class of
functions was studied by Almgren and Lieb [I].

Brock [6] proved an extension of the Hardy-Littlewood inequality: If ¥ €
AL>(R'), then

(15) Awmqummmmwgémﬁwwwmmmwm

for every fi,..., fm : X — R, satisfying (LI). As before, X is any of the spaces
R™ S™, or H™.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



738 CRISTINA DRAGHICI

In the same spirit, Morpurgo [I4] proved the following inequality: For K;; :
Ry — R4, 1 <4 < j < m, decreasing functions and ¥y : R — R a continuous
convex function:

m
(16) | T Kot a)val3- ) de
X 1=1

i<y
= / ,,,LHKz-j(d@wj))%(Z FHa)) da,
i<J =1

where dx = dxy . ..dz,,. A similar result was proved by Burchard and Schmucken-
schliger, [8]. Both Morpurgo’s result (L) and Brock’s result (LLE]) were first proved
for polarization, then obtained for the symmetric decreasing rearrangement by the
approximation argument. Also, Morpurgo’s inequality contains the Baernstein-
Taylor inequality as a special case.

Our result gives a larger class of kernels K for which the polarization inequal-
ity holds in Morpurgo’s theorem, when Wo(3"7", fi(z;)) is replaced by fi(x1)---
Jm(zm) and hence by W(fi(x1),..., fm(2m)), where ¥ € AL, (RT). We begin
with a discrete result.

2. A DISCRETE REARRANGEMENT INEQUALITY

Let @ = {1,2} be a set with two points, and let Ky : Q™ — R be a nonnegative
function. We think of Q™ as the vertices of a cube in R™. Take k € {1,...,m}
and S C {1,...,m}, with |S| = k. We write S = {i1,...,ir}, with i1 < ... < ij.
For every S and y = (y1,...,yx) € QF, let

A(yaS):{erm Tiy = Y1y -+ Ty, :yk}

We can think of A(y, S) as an (m — k)-dimensional subcube of Q™.
Let 1, = (1,...,1) € Q*. Then A(1;,S) is the set of points x in Q™ for which

T, =...=x;, =1.
We define
(2.1) Ko(y,S)= Y Ko(z), ye@"
z€A(y,S)
Definition 2.1. A function Ky : Q™ — R is called a “good” cube kernel if
(22) Ko(y,S) < K0(1k7‘8)5

for every y € QF, every S C {1,...,m} with |S| =k, and every k € {1,...,m}.

Let us consider some particular cases. For k = m, we have A(y,S) = {y} and
S ={1,...,m}. Then (22) says that

Ko(y) < Ko(lm),  VyeQ™.
For k=m—1and S={1,...,m}\ {j}, @2) asserts that
(2.3) Ko, ¥j-1, L, Yj1s - ym) + Koy, -+ Y51, 250+, Ym)
< Ko(1,1,...,1)+ Ko(1,1,...,2,...,1), VyeQ@™ '

One may picture the left-hand side of (Z3) as the sum of Ky over an edge of the
m-cube Q™, and then (Z3)) says that among all parallel edges, the maximal edge
sum is achieved when the edge contains (1,...,1).
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Likewise, for every S, with |S| = k, A(y, S) represents the sum of Ky over the
vertices of an m — k subcube of Q™ and (Z.2) requires that among all parallel m — k&
subcubes, the maximal sum is attained when the subcube contains (1,...,1).

For g : @Q — R, we define g*, its decreasing rearrangement, as follows:

g"(1) =max(g(1),9(2))  and  g%(2) = min(g(1),g(2)).
The following lemma is immediate from the definition of K.

Lemma 2.2. Let Ky : Q™ — R be a nonnegative function. Then, the following
inequality is true:

(24) / g1(€1)---gm(€m)KQ(€1,...,Em)d€1...d€m

§/’ gi(e1) g (em)Kolet, ... em)der ... dep,

for every g1,...,9m : @ — Ry, if and only if Ko is a good cube kernel.

The proof is achieved by considering each g; to be the characteristic function of
a point in ). This result implies the following;:

Proposition 2.3. Let f; : Q — R be m nonnegative functions, let ¥ € AL,,(RY")
and let Ko : Q™ — Ry be a good cube kernel. We define
I[gl, ce. ,gm] = / \I/(gl(€1), . 7gm(€m))KO(5la . ,Em) d€1 S d&m.

Sometimes we write 1(gy,...,9m, ¥, K) if we want to emphasize ¥ and K. Then

g1,y gm] < Ilgts - gl

Conversely, if for some Ko : Q™ — Ry we assume that the inequality holds for
every ¥ € AL, (R?) and all choices of gi, then Kq is a good cube kernel.

Proof. For every a > 0 we define the set
Cla) =RP\{(@1,...,Zm) s &y >a,Vi=1,...,m}.

We assume first that ¥ € C™ (¥ is m times continuously differentiable) and
that it vanishes on C(a), for some a. We already have the inequality for the case

when ¥ is the product function, U(y1,...,¥m) = Y1 Ym. S0, we need to express
¥ in terms of a product. To condense notation, let
omv
®(s) = 5——F—(s),

de =dey...dep, e = (1,...,6m), ds = ds1...dSm, s = (S1,...,8m). Then & >0
since W € AL,,.
Since all the boundary terms are zero, we can write

Y1 opye Ym
\I/(yl,...,ym):/ / / O(s)dsy...dsp
o Jo 0

— / / B()X o1 ) (51) X {on < () ds.

Setting y; = gi(e;), multiplying by Ko(¢) and integrating, we obtain

1[91,~.~,gm]:/ /(O : ()X {g1>511(E1) X {gm>s,m} (Em) Ko (e) ds de.
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Now reverse the order of integration. For fixed si,. .., Sy, positive,
X .
X{gi>si} = X{gr>si}» 88 functions on @,

and we can apply Lemma [2.2]to show that

/Q Niorse) (E1)* X(onsany Em) Ko(e) de

< /Q X{g{>sl}(51) ' "X{g,*”>s,,"}(5m)K0(5) de.

It follows that I(g1,...,9m, ¥, Ko) < I(g95,...,95, ¥, Kp) when ¥ € C™ and ¥
vanishes on C'(a).

If ¥ vanishes on C(a) and is not smooth, then we can approximate it by smooth
functions by convolving it with C§° functions. First, we extend ¥ to R by defining
it to be zero outside R, its domain. The new function W is continuous on R™.

Let G : R™ — R, be a C§° function such that f]Rm G = 1. Define Gs(z) =
d~"G(x/J) and

Ws(x) = (U + Cy)(z) = / U(y)Gs(z — y) dy.

m

Then ¥; is smooth and in AL,,(R7), and since ¥ = 0 on C(a), ¥5 is zero on
C(as), when 0 is small enough, for some as > 0. Thus we can apply our inequality
for ¥y to get

(g1, 9m, Vs, Ko) < I(97,- -+, 9> ¥s, Ko).
Since the s are uniformly close to ¥ on the discrete set f1(Q) X ... X fi(Q), we
let 6 — 0 to get

I(gla"'agﬂ’L7\I/7K0) S I(gfa"'7g:rz7\1/7K0)7

for ¥ € AL,,(RT) and ¥ = 0 on C(a).
For general ¥ € AL, (R™"), let

Vi(r) = V(x - (1/k)1), withl,, =(1,...,1) e R™, z € RT"\ C(1/k).
Then we can define W to be zero on C(1/k). The new W;’s are in AL, (RT).
Since Wy T ¥ on R, and since

I(glv ces9m, \Ilk; KO) é I(gra oo 7g:n7 \Ilkv KO);
we can pass to the limit under the integral sign, and we obtain
I(gla' "agﬂ’L7\I/7KO) S I(gfa .. 7g:n7\I/7KO)'
The converse statement of Proposition follows from Lemma [Z2] by taking
\I/(yla7ym):y1ym (I

3. MAIN RESULT

We return now to analysis on X. We consider a measurable function K : X™ —
R4, and take H € H(X). For each (z1,...,2,) € (HT)™, we define K¢ : Q™ — R4
as follows:

. x; ife; =1,
Kotooes6n) = Kl o), with = { 20 570
As usual, Z; is the reflection of z; in the hyperplane H. We note that Ky depends
on (T1,...,%Tm)-
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A GENERAL REARRANGEMENT INEQUALITY 741

Definition 3.1. We call K : X™ — Ry a good polarization kernel if each K is
a good cube kernel for almost every (z1,...,2,) € (HT)™ and every H € H(X)
with 0 € HT.

Here is an equivalent definition of a good polarization kernel, in terms of sums.
Consider k € {1,...,m} and S C {1,...,m}, S = {i1,...,ix} with 47 < ... <
i, and H € H(X) with (x1,...,2,) € (HT)™ being fixed. For every y =
(yla' "ayk) € {xiu‘iil} XX {ximiik}’ let

AH(yvs) :{1'6 {thl} XX {xm;jm}: Tiy = Y1y -+ Ty, :yk}

We define
(3.1) K9S = Y K(@).
z€AH(y,5)
Let y* = (@4,...,2;,). Then we see that our definition is equivalent to the

condition K(y,S) < K(y*,9), for every S C {1,...,m}, H € H(X) and a.e.
(xlv s 7xm) € (H+)m
Now, consider ¥ : R — Ry and f; : X — Ry, 1 <i < m. Define

(3.2)
I(fl, .. .,fm,K, \I’) = / \I’(fl(l‘l), PN ,fm(l‘m))K(l‘l, c. ,xm) dxl .. d$m

m

If we split each integral [, = [, + [};— and use reflection in the second integral
and collect terms, we get in

(3.3) I(fl,...,fm,K,\Il):/ (g1, gm, YV, Ko)dzy ... dzy,.
(H*)m™

Here the g; : @ — Ry depend on z; and are defined as follows:
9i(1) = fi(xi), 9i(2) = fi(®:), zi€X.

Theorem 3.2. Let X = R", S" or H", let f; : X — Ry be m nonnegative
functions, let ¥ € AL, (R7"), and let K be a good polarization kernel. We define

I[fl,. .. 7fm] = / N \I/(fl(l‘l),. .. ,fm(l‘m))K(Jﬁl, .,xm) dl‘l .. d$m

Then, the following inequalities hold:

(3.4) Ifooeo fm) I FH] VH e H(X)
and
(3.5) If1y oo fn] <IUfE L FE.

If K : X™ — Ry is such that the polarization inequality (3.4) holds for every
H € H(X) and every ¥ € AL, (R, then K is a good polarization kernel.

Proof. The polarization inequality in Theorem follows from Proposition
applied to the integrand in (B3], using the fact that if ¢1,...,gm correspond to
fi,.-, fm for a certain (z1,...,2,,), then gi,..., g% correspond to fi ..., fH.
Also, inequality (3H) can be deduced using an approximation argument similar to
the one presented in [2].

Conversely, to prove that K must be a good polarization kernel if (B4) al-
ways holds, let U(y1,...,¥m) = Y1 Ym. Let us fix H € H(X) and consider
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(xlv"wmm) € (H+)m For § = {ilv'-wik} and Yy = (yl;---,yk) € {xilv‘iil} X
. x{zi,, %, }, define

fio = (1/c)xBwie)s  --+s i = (1/ca)XByr.e)

and fj = (1/cc)XB(x; ) + (1/¢c)XB(a,.¢), for j € S¢. Here c. represents the measure
of any ball of radius € in X.
For ¢ sufficiently small,

iIf = (1/CE)XB(I¢1,6)7 ) i{;l = (1/CE)XB(95,-,C,5)

and f; = f]H for j € S°€.
Without loss of generality, we can assume that K is integrable (K € L*(X™)).
Since

I(frseeos ) TCAT o S,
and by passing to the limit as ¢ — 0 we get that LHS — K(y, S), RHS — K(y*, 5)
for a.e. (x1,...,xm) € (HT)™ (see [12, p. 93]), it follows that

K(y,S) < K(y*,S), forae. (v1,...,7,) € (H)™.

Since H € H(X) was arbitrarily chosen, this proves that K is a good polarization
kernel. O

We conclude this section with a few remarks. Firstly, when m = 2, K(z,y) =
Ky (d(z,y)), with K a decreasing function, is a good polarization kernel.

Kernels of the form K(z1,...,Zm) = k(Jz1|* + |22|** + ... + |zm|*™), where
a1, ...,y > 0 are positive real numbers and k is a decreasing function of one
variable, are good polarization kernels. Here |x| denotes the distance to the origin,
d(z,0). To see this, let H € H(X) and (z1,...,2,) € (HT)™. With the notation
in @), K(z) < K(z) for z € Ag(y,S) and z € Ay (y*,S) such that z; = z; for
every ¢ € S¢, since any component of z has distance to the origin less than or equal
to the distance to the origin of the corresponding component of x and since k is
decreasing. There is a one-to-one correspondence between elements in Ay (y,S)
and Ay (y*,S), and thus

Ky,S)= Y, K@< > K@r=K@y,>9),
z€AH(Y,S) z€EAH(y*,S)

for every H € H(X), and (z1,...,7,) € (HT)™ and y. This proves that K is a
good polarization kernel.

More generally, K(z1,...,m,), where K is symmetric decreasing in each argu-
ment, is a good polarization kernel.

We show now that Morpurgo’s kernels are good polarization kernels. Let
K(z1,...,xm) = [[;o; Kij(d(zi, x;)) where z1,...,2m € X, and K;; : Ry — Ry
are decreasing. We have I(f1,..., fm, U, K) < I(fH,..., fH ¥ K) for

\Ij(ylv oo 7ym) =Y1-""Ym € ALm(RT)

and all nonnegative f;’s and H € H(X). This follows from Morpurgo’s result (I.6),
which was proved using polarization, and by taking ¥o(y) = e¥ and using the fact
that e/ = (ef)". The proof of the necessity part of Theorem required only
the case when W is the product function. Thus, we can conclude that K is a good
polarization kernel.
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