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ABSTRACT. We solve the connection coefficient problem between the
Al-Salam—Chihara polynomials and the g-Hermite polynomials, and we use
the resulting identity to answer a question from probability theory. We also
derive the distribution of some Al-Salam—Chihara polynomials, and compute
determinants of related Hankel matrices.

1. INTRODUCTION AND MAIN IDENTITY

The aim of the paper is to point out the connection of Al-Salam—Chihara poly-
nomials with a regression problem in probability, and to use it to give a new simple
derivation of their density. Our approach exploits identity (L) below, which con-
nects the Al-Salam—Chihara polynomials to the continuous g-Hermite polynomials.
This connection is more direct and elementary but less general than the technique of
attachment exploited in [BI96, Section 2]. We also compute determinants of Hankel
matrices with entries that are linear combinations of the ¢g-Hermite polynomials.

The Al-Salam—Chihara polynomials were introduced in [ASCT76], and their weight
function was found in [AI84]. We are interested in the renormalized Al-Salam-—
Chihara polynomials {p,(z|q, a,b)}, which are defined by the following three-term
recurrence relation:

(1.1)  patr (@) = (2 —ag") py (x) — (1 = bg" ") [0]gpn—1 (z) (n>0),
1.

with the usual initial conditions p_; = 0, pg = Here, we use the standard

notation
[y = 1+q+-+q"7
[nlg! = [1g[2]g---[nlg,
{n _ ]!
kJ, [n — k]! (k]!
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For |g| < 1, their generating function

> yn
f(t, z|q, a,b) Z 'pn (x]g, a,b)
n*O
is given by
o0
t bt2 2k
(1.2) f(t, z|g,a,b) = H —g)atg” + (1~ q)

1 —q)atgh + (1 — )2

compare [AI84), (3.6) and (3.10)].
The corresponding (renormalized) continuous ¢g-Hermite polynomials H,,(x|q) =
pn(z|q,0,0) satisfy the three-term recurrence relation

(1.3) Hiyir(2) = aH () — [l Hooa (@),

For || < 1 their generating function ¢(¢,z|q) = > o, [TtL] 1Hy, (x]q) is

[e )

(1.4) o(t,zlg) = ] (1— (1 — @atd® + (1 — )t?¢**)

k=0

Of course, these are well-known special cases of (L) and (L2); see [ISV87, (2.11)
and (2.12)], which we state here for further reference.

We will also use polynomials {B,(z|¢)} defined by the three-term recurrence
relation

(15) B (2) = =¢"2By () + 4" [n],Buri (2) (n>0)

with the usual initial conditions B_; = 0, By = 1. These polynomials are related
to the g-Hermite polynomials by

and have been studied in [Ask89], [IM94]. Their generating function (¢, z[q) =
> o WBn(xlq) is given by

oo

(1.7) Ut zlg) = ] (1— (1 = @t + (1 — q)t>¢*) .
k=0

We now point out the mutual relationship between the Al-Salam—Chihara poly-
nomials {pn(z[g,a,b)} and the polynomials {H, (z|q)},>, and {By (z[q)},,>¢-

Theorem 1. For all a,c,q € C, ¢ #0, and n > 1 we have

18 mbelaan) =3[ § | e Basio) (et - o)

k=1
where b = 2.

Proof. From the recurrence relations (L), (L3), and (L), it is clear that
pn(z|q,a,b), H,(z|q), and By, (z|q) are given by polynomial expressions in the vari-

able q. The g-binomial coefficient Z is also a polynomial in q. Therefore,

q
we see that identity (L) is equivalent to a polynomial identity in variable g € C.
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Hence it is enough to prove that (L8) holds true for all |¢| < 1. When |q| < 1,
inspecting (C2), (I4), and (1) we notice that for b = ¢ we have

(19) f(tax|Q7aab) = 1/)(1507 a/C|Q)¢(tax|Q)
and

(1.10) Y(t, |q)p(t, z|q) = 1.
Therefore,

f(ta x|(J7 a, b) =1+ 1/)(0157 a/c|q) (¢(ta x|Q) - d)(Cta G/C|(J)) ’
which is valid for all small enough |t|. Comparing the coefficients at ¢t for n > 1
and taking into account that Hy(z|q) — ¢*Hj(%]|q) = 0 for k =0, we get (L8). O

Remark 1. One could split (L&) into the following two separate identities, which
are implied by (I9) and (ICIT) respectively:

Ly w20 ) =Y | b | e Bl
k=0 q
(1.12) Vn>1:y" { Z ] By _x(z|q)Hg (x|q) = 0.
k=0 q

Formula ([CT)) is a renormalized inverse of formula [IRS99) (4.7)], which expresses
the ¢g-Hermite polynomials as linear combinations of Al-Salam—Chihara polynomi-
als. Formula (LIZ) resembles [Car56l (2.28)], which considers ¢g-Hermite polyno-

mials of the form h,(z|q) = Z [ Z } 2* paired with b, (z|q) = h,(z]1/q).
k=0 q

2. PROBABILISTIC ASPECTS

Quadratic regression questions in the paper |[Bry0l] lead to the problem of de-
termining all probability distributions g which are defined indirectly by the rela-

tionships

(2.1) /Hn(x|q),u(dx) =p"H,(ylq), n=1,2,...,

where y, p,q € R are fixed parameters, and {H,}, - is the family of the g-Hermite
polynomials. B

Our next result shows that this problem can be solved using the Al-Salam-—
Chihara polynomials.

Theorem 2. If u = p(dz|p,y) satisfies (1), then its orthogonal polynomials are
Al-Salam—Chihara polynomials {p,(z|q,a,b)} with a = py, b= p2.

Proof. Recall that H,(z|q) = pn(x|q,0,0). Thus if p = 0, then (21I) implies that
J pn(z]g,a,b)u(dx) = 0 for all n = 1,2,.... Suppose now that p # 0. Combining

(CR) with ZTI) we get
[potata.amian =3[ 1] o+ Bastola) [ (Hutola) ~ o Hetolo)) i) =0

k=1
for all n = 1,2,.... Since {p,} satisfy a three-step recurrence, this implies
J pe(@)pn(@)p(dz) =0 for all 0 < k < n. O
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Next we answer an unresolved case from [BryO01].

Corollary 1. Fizq> 1,y € R. Let R, ={1,1/q,1/¢* ..., 1/q",...,0}.
(i) If p* € Ry, then ZI) has no probabilistic solution .
(ii) If p? € Ry is non-zero, then the probabilistic solution of (1)) exists, and
is a discrete measure supported on 1+ log, 1/p% points.

Proof. Suppose that p is positive and solves (2.1I). Therefore its monic orthogonal
polynomials satisfy the three-term recurrence relation

(2.2) Prr1(x) = (z = pyq")pn(x) — (1 = p°¢" ")pn_1 ().

For a positive non-degenerate measure p,(dx), and n > 1 we have

(2.3) / P2 (@) (d) = (1 — g2 ) / P2 (@) ().

If p? & Ry, then (1 — p?¢"~') # 0 for all n. Since [ p3(z)uy(dz) > 0, this shows
that [ p2(x)uy(dz) > 0 for all n > 0. But then the coefficients 1 — p?¢™~! must be
non-negative for all n, which is false. This proves (i).

To conclude the proof it remains to notice that if p?> = 1/¢™, then from (22)
and (the proof of) Favard’s theorem, see [Fre7ll, Theorem II.1.5], it follows that
the solution of (21I) is given by a measure supported on the roots of the polyno-
mial pp41. Indeed, ([Z2) implies that the polynomial py,+2 is divisible by pp,41.
Therefore, p,,4+1 is the common factor of all polynomials {py : k > m + 1}. It is
also known, see [Fre7ll Theorem 1.2.2], that p,,+1 has exactly m + 1 distinct real
r00ts 1,...,Tmy1. Thus, any measure p(dr) = Y A;jd,; supported on the roots
of the polynomial py, 11 satisfies [ ppi14xp(de) = 0. Solving the remaining m + 1
equations [ pou(dzr) = 1, and [ pr(z)u(dz) = 0,k = 1,2,...,m for \;, we get a
measure that solves (). This measure is non-negative since the coefficients at
the third term in the recurrence (2) are non-negative for n = 1,...,m; see [Fre7l]
page 58]. O

From Theorem [2 it follows that if the solution of (Z.I)) exists, then it is given
by the distribution of the Al-Salam—Chihara polynomials. The distribution of the
Al-Salam—Chihara polynomials is derived in [AI84 Chapter 3]. However, in [BryOT}
Proposition 8.1] we found the solution of (ZT) that relies solely on the facts about
the ¢g-Hermite polynomials. We repeat the latter argument here, and then use it to
re-derive the distribution of the corresponding Al-Salam—Chihara polynomials.

Corollary 2. If p,q,y € R are such that |p| < 1, |q| < 1, and y*(1 — q) < 4, then
the probabilistic solution of ([ZII) is given by the absolutely continuous measure L
with the density on x? < 4/(1 — q) given by

VI= H (1-p%¢") (1= ¢""") (1 +¢*)* = (1 — g)*¢")
2m\/4 — 1 —q)z2 1 (1= p2¢*%)? = (1 = q)pg* (1 + p*¢**)zy + (1 — q)p*(z* + y*)¢?*

Proof. The distribution of the g-Hermite polynomials H, (x|q) is supported on 2% <
4/(1 — q) with the density

V R
zwmn (1+a)" = (1-92'd) ]

(1—qg"th);

8

fu(z) =

0
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see [ISV87, (2.15)]. Moreover, since |H,(z)| < Cy(n+1)(1 — q)~™/? when 22, y% <
4/(1 — q), the series

(2.4) %u%m=§%§gmmm@>
n=0 q

converges uniformly and defines the Poisson-Mehler kernel, which is given by
(2.5)
(1-p%¢")

gu(z,y,p) = kl;[o (1= 222 — (1 — )pd" (1 + P2 )zy + (1 — @)p2(2 + y2)q 2%

this is the renormalized version of the well-known result; see e.g. [IS88] (2.2)],
which considers the g-Hermite polynomials given by {(1 — q)"/?H,,(2x/v/T — q|q)}
instead of our {H,(x|q)}.

Since (L3) implies that [ H2(z|q)fu(x)dz = [n],!, it follows from (Z4)) that

2/v/1—¢q
/’ Ho(2lg)g (2. v, p) fr(x) dx = p" Ho(y).
—2/yT=g

U
Corollary 3. Ifq,a,b € R are such that |q| < 1,0 <b < 1, and a®>(1—q) < 4b, then

the distribution of the Al-Salam—Chihara polynomials {pn(z|q,a,b)} is absolutely
continuous with the density on x*> < 4/(1 — q) given by

VI H lqu (=g (1 +45)° - (1= 9)2’q")
2m\/4 — ( 1—q Jo2 i (1= bg?*)2 — (1 — q)ag®(1 + bg** )z + (1 — q) (b + a?)g?*

Proof. By Theorem [ the distribution of polynomials p,, solves @21I) with p =
Vb, y = a/p. Thus the formula follows from Corollary 2 O

Remark 2. Tterating (ZTI) we see that the measure corresponding to the parameter
p1p2 instead of p is given by

(2.6) p(lp1p2, ) = /u(-lm,y)u(dylpzvﬂc)

For |g| < 1, |p| < 1 the density of p is given in Corollary B} hence, after simplifying

common factors and substituting « = 2¢/v/1 —q, y = 2n/v/1—q, z = 2(//1 —q,

the relationship (2.6) takes the following form:

/ (1—=p3g") (1 —¢") (14 ¢)* — 4n°q")

iy (1= pia®)? = dpigb (1 + pIg*)nC + 4p3 (0 + ¢2)g*

o H (1 = p3q”) dn
o (1= p3q7%)? — dpagh(1 + p3¢F)En + 4p3(n? + €3¢ 21\/T — 12

e 2 2 k
-1 (1 - pip3q”)
o (1= p1p3a®F)? — 4p1pagh (1 + p2p3¢%*)EC + 40203 (C2 + £2)g?*
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3. DETERMINANTS OF HANKEL MATRICES

In this section we are interested in calculating the determinants of the Hankel
matrices
My, = [mitjlij=0,.n-1,
where m; = [ x'u(dx) are the moments of a certain (perhaps signed) measure y. It
is well known that for positive measures we must have det M,, > 0, and that these
determinants can be read out from the three-term recurrence for the corresponding
monic orthogonal polynomials.
Consider first the moments my,(y) = [ 2*u(dz) of the (perhaps signed) measure
[ = [ly,p, which solves ([ZI)). Then ms(y) are polynomials of degree k in the
variable y and can be written as follows. Let ay 2i, ¢ < [n/2] be the coefficients in
the expansion of the monomial ™ into the ¢-Hermite polynomials,
[n/2]
" = Z an,2iHp—2; (x|q), n > 0.
i=0
Then
[n/2]
ma(y) = /w"du (@)= D p" *Fan ok Ho ok (ylq) -
k=0

Let S, be the Hankel matrix of moments my(y),

mogyg mlgyg cee mp—1(y)
Sn(yla, p) = Y Y

Mp—1(y) oo Man—2(y)
It is well known that det.S,, is the product of the coefficients at the third term of
(222), which implies the following.
Corollary 4. det Spy1/det S, = [n]o! TTi; (1 — p%¢").

Our second Hankel matrix has an even simpler form. As indicated in [[S97],
[IS02| the g-Hermite polynomials can be viewed as moments of a signed measure,
H,(z|q) = [u"u(du|z,q). It turns out that if ¢ # 0, the measure p(du|z, q) cannot
be positive even for a single value of x. To see this, consider the following n x n

matrices:
Ho(xzlq)  Hi(zlq) Ha(zlg) ... Hu_1(z|q)
Hy(x|q)  Ha(x|q) Hy(z|q)
My, (x|q) = Hsy(x|q) H,11(xlq)
Ho 1(zlg) Ho(zlg) R A

The following g-generalization of [Kra99, (3.55)] shows that the determinants
det M,,(x|q) are free of the variable z and take negative values.

Theorem 3.
det Mn—i— 1

det M. (—=1)"q" =D 2[n) L.
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Proof. Using (L3), we row-reduce the first column of the matrix. Namely, from the
second row of M, 1, we subtract the first one multiplied by x. Similarly, for i > 3,
we subtract = times row ¢ — 1 and add the (¢ — 2)-th row multiplied by [i — 1],.
Taking ([C3) into account, det M, +1(x|q) becomes

Hy Hy H» H,
0 ([0] — [1])Ho ([0] — [2])H1 ([0] = [n])Hp—
det | 0 (1] = [2) Ha ([1] — [3]) H2 (1] = [n+ 1)) Hn
0 (=1 = ) Hoos (n—1] — [p+ 1) H .. (j1—1] — [20—1]) Han_s

Now, we use the fact that for m < n we have [n], — [m], = ¢" [n—m], . Thus
det M, +1(z|q) becomes

HO Hl H2 anl
0 —[1]Hy —[21H, —[nlHny
det | O —q[1]H, —q[2]H> 4}ty
0 " '[UHur —¢"'2Hn ... =" [n]Hzns

Expanding‘det M, +1 with respect to the first column, and factoring out the common
factors —¢'~! from the i-th row and [j], from the j-th column of the resulting
matrix, we get
n
det Myyq = (—1)" gXi=r' [T0 det M, = (—=1)" ¢~ V2 [n]  det M,,. O

Jj=1

The formula stated in Corollary Bl was originally discovered through symbolic
computations and motivated this paper. We were unable to find a direct algebraic
proof along the lines of the proof of Theorem [, and our search for the explanation
of why det S, (y) does not depend on y led us to Al-Salam-Chihara polynomials
and identity (L.8).

The fact that Hankel determinants formed of certain linear combinations of the
g-Hermite polynomials do not depend on the argument of these polynomials as
exposed in Theorem B]and Corollary His striking and unexpected to us. A natural
question arises whether other linear combinations have this property.
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