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ABSTRACT. A finite Hilbert transformation associated with a polynomial is
the analogue of a Hilbert transformation associated with an entire function
which is a generalization of the classical Hilbert transformation. The weighted
Hilbert inequality, which has applications in analytic number theory, is closely
related to the finite Hilbert transformation associated with a polynomial. In
this note, we study a relation between the finite Hilbert transformation and
the weighted Hilbert’s inequality. A question is posed about the finite Hilbert
transformation, of which an affirmative answer implies the weighted Hilbert
inequality.

1. INTRODUCTION

Let r be a positive integer. Assume that P(z) is a polynomial of degree at most
r such that |P*(z)| < |P(z)| for |z| < 1, where P*(z) = 2"P(1/%). Let F.(P) be
the Hilbert space of all polynomials F(z) of degree less than r such that

1
IF1%, Py =/ |F(e2™) | P(e*™)|2df < oc.
0

The expression
P(2)P(w) — P*(z)P*(w)

(1.1) K(w,z) = ——

)

considered as a polynomial of z, belongs to F,.(P) for every complex w. It is the
reproducing kernel function for the space F,.(P) in the sense that the identity

holds for every element F' in F,.(P) and for all complex w; see [3].
A polynomial S is said to be associated with a space F,.(P) if
F(2)S(w) = S(2)F(w)

zZ—w

belongs to the space for every complex w whenever F' belongs to the space. We
write

P(z) = A(z) —iB(z)
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1166 XTAN-JIN LI

with A*(z) = A(z), B*(z) = B(z). It is proved in Theorem 1 and Theorem 3 of [3]
that there are polynomials C(z), D(z) with C*(z) = C(z), D*(z) = D(z) such that

A(2)D(z) = B(2)C(z) = 5(2)5"(2)
for all complex z, such that

25(w)S(2) — 2[A(2) D(w) — B(2)C(w)]

1—wz

L(w,z) =

)

considered as a polynomial of z, belongs to F;.(P) for every complex w, and such
that the identity

SF@)E(B) + 3 F(0)C(5) = (F(2)S(0), CE)S() 7
[ F()S(a) = SEF
- < -« >]—', (P)
+3{F()s(), TEAZEER ) .
(1—aB F(2)S(a) — S(2)F () G(z) (B) = S(2)G(B)
S 2 < -0 ’ Z - ﬂ >]—',,.(P)

holds for all elements F' and GG in the space and for all complex a and (3, where
(1.2) F(w) = (F(2), L(w, 2)) 7, (p)-

We call F — F, F € F-(P), the finite Hilbert transformation associated with the
polynomial S.

The following explicit formula is given in [4] for the finite Hilbert transformation
associated with a polynomial S.

Lemma 1. Let S be a polynomial associated with a nontrivial space F,.(P). Then

we have
B o
B [S(a)]? a+a; 1 S(0) S*(0) = S(0) S*(0)
Die) = ZB(O‘); Koy ) a—a; " 250 [P(O) B(0) " P(0) B(0 }
and
& S(a;)  A(a)S(aj) — S(a)A(a;
et a3 oot St
5(0) S(0) S*(0)  S(0) S*(0)  D(0)
- Sler gy + 4@ |20} B0y * P} 50) ~ 5@
where o, j =1,---, R, are the zeros of B(«a) that are not zeros of P(c).

Reproducing kernel Hilbert spaces of polynomials are related to Hilbert’s in-
equality. Hilbert demonstrated that

|Z ’LL?“U:9| < 2772 |U7ﬂ|2

r;és

for any set of complex u,, and later Schur [6] replaced the 27 by the best pos-
sible constant 7; for related results see Hellinger and Toeplitz [2]. Suppose that
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A NOTE ON THE WEIGHTED HILBERT’S INEQUALITY 1167

A1, -, Ar are distinct real numbers. If 7, = mingx,.|A, — As|, Montgomery and
Vaughan [5] showed that

_ R
Uy Usg 3 9 1
|Z>\T_>\S|§§Trzlu""| Tr -
T#S r=1

A. Selberg [unpublished] has shown that 37/2 can be replaced by 3.2. But, it is
believed that the weighted Hilbert inequality

_ R

UprUg _

(13) S <Y
T S r=1

r#S
holds for any set of complex wu,.
Let x1,--- , xR be distinct real numbers modulo 1. Denote
(1.4) Or = minsz,1<s<rllTr — 25|l

where ||z|| is the distance from z to the nearest integer. The inequality (1.3) is
equivalent to

R
|Zurﬂs esem(zy — s)| < 2(5;1|ur|2
r=1

r#s
for any set of complex wu,..
Let a1, -+ ,ar be any distinct complex numbers on the unit circle, and let

R
(1.5) B(z) =c]](z—an)

where the constant c is given by

Then we have B
B*(z) = 2®B(1/%) = B(2).
Let A be a polynomial defined by

. R _
1A(z) _ 1+ a,z
1.6 = —
(16) B(z) Zp_‘_;prl—c_urz
for a real number p, where
Oy
P AB P

forr=1,--- , R. Then we have
A*(2) = 21 A(1/2) = A(2).
Let
(1.7) P(z) = A(z) — iB(z),
where B and A are defined by (1.5) and (1.6). Since p is real and p, > 0, r =
1,2,--- | R, we have
[P(2)] > |P*(2)]

for |z| < 1, where

P*(z) = 2" P(1/%).
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Therefore, a space Fr(P) exists. Assume that S is a polynomial associated with
the space Fr(P). Let

_ 15 (a))|* a+ay S(0) 5*(0)  S(0) S*(0)
(18) Do) =iB() 2 370, T a—a, B | 265 50} * 70} 50}
and
C(a) :%Z KSOE%O)W) A(a)S(aoé?a—_Sia)A(aj)
(1.9) i=1 7 !

S(0) 5*(0) , 5(0) §*(0)  D(0)
- S(a)=—= + Ala) [P(O) B(0) + P(0) B(0) B(O)]

where B, A and P are given in (1.5)—(1.7), respectively. Put
25(w)S(2) — 2[A(2) D(w) — B(2)C(w)]

1.1 L =
(110) (w,2) L
and
D(a)C(w) — C(a)D(w)
1.11 =2 .
(1.11) Q(w, ) o
For any set of complex numbers u1,- -+ ,ug, if

R "o
(1.12) F(z)=B(x)) ur/Bllar)

= z—ar
then F' belongs to the space Fr(P) and satisfies F(a,.) = u, for r =1,2,--+ | R.

Question. Let uy,--- ,ur be any set of compler numbers, and let x1,--- , xR be
distinct real numbers modulo 1. Do there exist distinct complex numbers ay,--- , g
on the unit circle and a polynomial S(z) of degree R, which is not a linear combi-
nation of A(z) and B(z), such that

(F(2), L(wr, 2)) Fr(pP) = Z Uscsem(x, — Ts)

sr,s=1
and
Q(wr,wr) < %
forr=1,--- R, where 6, is given in (1.4), where wy,--- ,wr are zeros of C(z),

and where B, A, P,D,C,L,Q, F are given in (1.5)—(1.12), respectively?
Theorem. If the question has an affirmative answer, then we have

|Zuru csem(x |<Z5 2

r#s

for all complex numbers uy,--- ,up.

The author wants to thank the referee for his valuable suggestions for improving
the presentation of the original manuscript.
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2. PRELIMINARY RESULTS

Lemma 2 ([3] Theorem 2]). Let P be given in (1.7). Then the identity

R
115 py = D 1F ()P (0, 05) 7"

j=1
holds for every element F in Fr(P).

Proof. Let K (w, z) be the reproducing kernel function for the space Fg(P). Then
we can write

B(2)A(w) — A(2)B(w)

K =2
(w,2) i(1—wz)
by (1.1) and (1.7). Since aq,---,ar are distinct complex numbers on the unit
circle, we have
(2.1) K(ar,as) =0
for r # s,
(2.2) K(ay,a,) = 2ia,. B' (o) A(a),
and
T B(z

(2.3) K(ap,z) = —2iA(a,) 7 —(d)rz'
We have

B(z) B(z) K(ap, ay)
(24) 1—az' 1—arz REESE

- r2/ Fa(p) r

by the definition of the reproducing kernel function K (w, z) for the space Fr(P).
Since

F(or)* K(or, az)
F 2 2 — | T (] T
1PN = 2. 5o, )P AAtar )P
R
= " |F(on)]PK (o, ) !
r=1
for every element F' in Fr(P). O

Remark. The above proof of Lemma 2 was suggested by the referee.

Lemma 3 ([3, Theorem 3]). Let P be given in (1.7), and let C and D be given in
(1.9) and (1.8). Then we have

IEE) N 7r@) < 1E ) #rep)

for every element F in Fr(P), where F is the finite Hilbert transformation of F
associated with a polynomial S and Q(z) = D(z) +iC(z).
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Proof. By the proof of Theorem 3 in [3], we have
Qw,w) = (L(w,z), L(w, Z)>-7:R(P)'

It then follows from Lemma 2 that

R
Qlewyw) = Z |L(w, )P K (e, 05)

We know that ) ]
L(w, ) = 220)5(05) = D) Alay)

1-— ’lZ)aj
forj=1,---,R. If Q(w,w) =0 for all w, then L(w, ;) =0 for all j. This implies
that S(z) = nD(z) for a nonzero constant 1, and hence we have
(o 19() — Alg)

L(w, o) = 2D(w)1j_—wajj
for all complex w and for j =1,--- , R. Since D(w) # 0, we have 75(a;;) = A(e; )
for j = 1,---,R. Tt follows that S(z) = %A(z) + pB(z) for a constant y. This
contradicts the choice of S(z), which is not a linear combination of A(z) and B(z).
Therefore, we have Q(w,w) # 0. If C and D were linearly dependent, then by
(1.11) we would have Q(w,w) = 0 for all w. This derives a contradiction, and

therefore C' and D are linearly independent. By Theorem 3 of [3], a space Fr(Q)
exists. The stated inequality then follows from Theorem 3 of [3]. O

Lemma 4. Let D, C and F be given in (1.8), (1.9) and (1.12). Assume that S is
a polynomial associated with the space fR(P) with P being given in (1.7). Then

w;)S () — D(wy)A(ay)
L) =2 1 j
'LU 25 1—djwr
forr=1,--- R, where wy,--- ,wg are the zeros of C(z).

Proof. By (1.2), (1.10) and Lemma 2 we have

wr,aj
jK

(aj,a5)
Since
J— 6""
B )P
we have
K(ap, ap) =06,
forr=1,---, R, and hence we have
R
F(w,) 25] Yu; L(wy, o)
j=1
Since ~ ~
E(wr,aj) _ 25’(11%)5(0@) iD(wv")A(O‘J)’
1—ajw,
the stated identity follows. O
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A NOTE ON THE WEIGHTED HILBERT’S INEQUALITY 1171

Lemma 5. Let S be a polynomial of degree R. Then we can write

R
S(a) =2y 5j15(aj)A(aj)z€(Zi - %3(0).

Proof. Since both sides of the stated identity are polynomials of degree R, and since
they are equal at z =0, a1, - , ag, they must be the same polynomial. O

Lemma 6. Let C be given in (1.9). Then all zeros of C(z) are simple and lie on
the unit circle.

Proof. Let Q(z) = D(z) +iC(z). Since |Q*(2)| < |Q(z)| for |z] < 1, zeros of
D(z) and C(z) must lie on the unit circle. In fact, if C(5) = 0, then Q*(5) =
D*(8)—iC*(8) = D(B)—iC(B) = D(B) = Q(B). By the inequality [Q*(z)| < |Q(2)]
for all |z] < 1, we have |8] > 1. Suppose that |G| > 1. Then we must have
Q(B, 3) = 0 because, otherwise, we would have

_ @I -1 B _

0<Q(6;6)* 1_|ﬁ|2 *O

where Q(w, z) is given in (1.11). Since

Q(ﬁa 6) = <Q(ﬂ7 Z)v Q(ﬂv Z)>.7:R(Q)a

the identity Q(0,3) = 0 implies that Q(8,2) = 0 for all z. It follows from the
identity

_ —2C(2)D(B)

that D(8) = 0, and hence Q(5) = 0. Since Q*(5) = Q(8), we have Q*(5) = 0.
Since Q*(3) = BRQ(1/5), we have Q(1/3) = 0. Since 1/|3| < 1, it follows from
the inequality |Q*(z)| < |Q(z)| for all |z| < 1 that Q(1/8) # 0. This derives a
contradiction, and therefore we must have |3| = 1. Similarly, we can show that all
zeros of D(z) lie on the unit circle. Let wy,- - ,wg be the zeros of C(z).

We first show that those zeros of C(z) that are not zeros of Q(z) are simple.
Since Fr(Q) is a nontrivial space, we have Q(w,,w,) > 0 for those w,’s that are
not zeros of Q(z). Otherwise, if Q(w,,w,) = 0 for such a w,, then the identity

Q(wm wr) = <Q(w7“a Z)a Q(wTa Z)>]"R(Q)

implies that Q(w,, z) = 0 for all complex z. Since

Q(2)Qwy) — Q" (2)w Q(wr)

Qwy, 2) = 1— w2z

if Q(w,) # 0, then the identity Q(w,, z) = 0 implies Q*(z) = £Q(z) for constant ¢
of absolute value one. It follows that

2)0(w) — Q*(2)Q* (w

Q) — Q) =@ ()Q"(w)

1—wz

0

for all complex w and z. This contradicts that Fr(Q) is a nontrivial space, and
therefore we must have Q(w,) = 0. This again contradicts that w, is not a zero of
Q(z). Hence we have Q(w,,w,) > 0. Since Q(w,,w,) > 0, it follows from (1.11)
that C’(w,) # 0, and hence w, is a simple zero of Q(z).
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We claim that zeros of A(z) are simple. Let zg be any zero of A(z). Then

|z0| = 1. We must have K (zg, z9) > 0. Otherwise, it follows from the identity
K(ZO, ZO) = <K(207 Z)v K(Zo, Z)>.7:R(P)
that K(zg,z) =0 for all z. Since
P(z)P(20) — P*(2)% P(20)
1—2pz
if P(z9) # 0, then the identity K (zp,z) =0 implies P*(z) = eP(z) for a constant e
of absolute value one. It follows that
P(2)P(w) — P*(z) P*(w)
1—-wz

K(zp,2) =

0

K(w,z) =

for all complex w and z. This contradicts that Fr(P) is a nontrivial space. There-
fore we must have P(zp) = 0, and hence B(z9) = 0. This means that zg = «;, for
some index jo. But, we know that A(a;,) # 0. This derives a contradiction. Thus
we have K (zg, z0) > 0. By using the expression
B(2)A(w) — A(2) B(w)
i(1 —w2) ’

we find that A’(zg) # 0. Hence, zeros of A(z) are simple.

Next, we show that those zeros of C(z) that are zeros of Q(z) are simple. Suppose

that w, is such a zero of C(z) of multiplicity at least two. Let 6 be any real number.
By the proof of Theorem 3 in [3], the identity

e £IDC) +CE + e (D) —ICE] g 122 |S(p)
e[A(z) —iB(z)] — e [A(z) +iB(2)] V=757 | P(p))
holds for all complex z, where ¢; = |P(p;)|?/ K (p;, pj) and where the sum runs over
Pj

all complex p; satisfying e P(p;) = e~ P*(p;) # 0. Choose § = 7/2. Then the
above identity becomes

K(w,z)=2

R _
-y 1-zz |S(py)P?

— |1 = p;z* K(pj, p;)
for all complex z, where the sum runs over all zeros p; of A(z). It follows from this
identity that A(z) and C(z) have no common zeros. We rewrite the identity as

1 iC(z) = 1 [S(p)P
Re = — .
=22 Alz) 2 1= 55212 K(pj. p;)

Let z = w,. Since A(z) has R distinct zeros, and since S(z) is not a constant
multiple of A(z), we have

1 iC(z) & 1 15(p))2
lim Re = — > 0.
w1 227 A(2) 2 11— pjw.? K (pj, pj)

On the other hand, since w;, is a zero of C(z) of multiplicity at least two and since
A(w,) # 0, we have
1 iC(z)
li R
e T 22 AR)
This derives a contradiction. Therefore, those zeros of C(z) that are zeros of Q(z)
are also simple. This completes the proof of the lemma. ([

=0.
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3. PROOF OF THEOREM
Proof of Theorem. Let F be given in (1.12). Since

Or
Pr= 4B (e’

we have
K(ap, o) =6,
forr=1,2,---, R. By Lemma 2 we have
R
(3.1) 1y = 3 07 2
r=1

By Cauchy’s inequality we have

(3.2) |Zurﬂscsc7r(:cr Zé Yug)?) Z Z 1 csem(z, —xs)|?).

r#s r=1 s#r,s=1
If the question has an affirmative answer, then we should have

R R R N
Z(M Z s csem(z, —x4)2 = 22(5,«|F(w,«)|2
r=1 s;ér s=1 r=1

(3.3) n

|F wr) =012 —1p,, |2
<ZQWW = 1F ey < ¥y = 320,

by Lemma 2, Lemma 3, and (3.1). It follows from ( 2) and (3.3) that

Zuruscsmr r— Zs) |<Z§ 1|ur|2

r#s
for any set of complex numbers wuy,us, - ,ur. This completes the proof of the
theorem. 0
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