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ABSTRACT. The double Capelli polynomial of total degree 2t is

> {58070 (1) Yr (1) To ) Ur(2) Tt Ur(p)] 05 T € St}

It was proved by Giambruno-Sehgal and Chang that the double Capelli poly-
nomial of total degree 4n is a polynomial identity for My (F). (Here, F is a
field and M, (F) is the algebra of n x n matrices over F.) Using a strengthened
version of this result obtained by Domokos, we show that the double Capelli
polynomial of total degree 4n — 2 is a polynomial identity for any proper F-
subalgebra of My (F). Subsequently, we present a similar result for nonsplit
inequivalent extensions of full matrix algebras.

1. INTRODUCTION

The double Capelli polynomial of total degree 2t is

Z {(Sg OT)ZTo(1)Yr()To(2)Y7(2) " To(t)Yr ()| O T € St} .

In this paper we show that the double Capelli polynomial of degree 4n — 2 is a
polynomial identity for any proper subalgebra of M,,(F'). Subsequently, we present
a polynomial test for nonsplit inequivalent extensions of full matrix algebras.

To begin, let F' be a field, M, (F) the algebra of n x n matrices over F, and

F{X} = F{x1,x2,...} the free associative algebra over F in countably many
variables. Sometimes we will use other variables x, y, z, x;, y; for simplicity of
notation. A nonzero polynomial f(z1,...,2m,) € F{X} is a polynomial identity

for an F-algebra R if f(ri,...,rm) = 0 for all r1,...,7, € R. A T-ideal is an
ideal of F {X} that is closed under endomorphisms of F{X}. If fi,..., f; are
polynomial identities for R, so is every polynomial f in the T-ideal generated by
fi,---, ft- In this case we say that the identity f = 0 in R is a consequence of the
identities f; =0, for 1 <17 <.

The standard polynomial of degree ¢ is

5¢(w1,. .., 1) = Z (880)To(1)To(2) " * * To(t)s
ogESy
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where S; is the symmetric group on {1,...,t} and (sgo) is the sign of the permu-
tation o € S;. The standard polynomial s; is homogeneous of degree ¢, multilinear
and alternating.

The Amitsur-Levitzki theorem asserts that M, (F') satisfies any standard poly-
nomial of degree 2n or higher. Moreover, if M, (F') satisfies a polynomial of degree
2n, then the polynomial is a scalar multiple of sq,, (cf. [1]). The Capelli polynomials
are

C2t—1 (xlv e Tty Y1, 7yt71) = Z (Sga)xa(l)ylxa(Q)yQ o Lo(t—1)Yt—1To(t)

o€St
and
cot (T1, -, T, Y1, -+, Yt) = C20—1 (15 Tty Y1y - -5 Y1) Yt
These polynomials were introduced by Razmyslov in [9]. The polynomials ca;—1
and cg; are multilinear and alternating as a function of z1,...,z;. It is clear by a

dimension argument that cg,2 is a PI for any proper F-subalgebra of M, (F). On
the other hand, ¢y,2 is not a PI for M,,(F'). To see this, evaluate

Con2 (X1, .., Tp2, Y1, . .. Yn2) With
(1[,'1,%2, vy Ty Tt ly - ooy T2 -1, (En2) = (611; €125-.-,€1n, €21, -+, €En(n—1), enn) )
(yla s Yny-e e 7yn2—17yn2) = (611; ce e En2y -5 E(n—1)ny enl) )
where the e;; are the standard matrix units, y1 = €11, Yp2 = €n1, and y2,. .., Yp2_1
are the unique choices of matrix units such that the monomial with o = 1 is

nonzero. S0 Co,2 takes on the value e;; # 0. Based on this example, we introduce
the following definition:

Definition 1.1. We will say that a multilinear polynomial f(x1,...,2¢) € F{X}
is a polynomial test for an F-algebra R if it is not a polynomial identity for R but
it is an identity for every proper F-subalgebra of R.

Thus, the Capelli polynomial of total degree 2n? is a polynomial test for M, (F).
Moreover, central polynomials for M, (F') are polynomial tests for M, (F) (see [6]).
In [2], it is proved that the standard polynomial of degree 2n — 2 is a polynomial
test for the subalgebra of upper triangular matrices of M,,(F'). The double Capelli
polynomials are

h2t71(x1; e Tty YLy e 7yt71)
= Z (SgUT)J?au)yr(1)$a(2)yr(2) o Tot—1)Yr(t—1)To(t)
cES, TESL_1
and
th(xla sy Tty YLy e et JJt)
= Z (SgUT)%(l)yr(1)%(2)yr(z) Lo (t—1)Y7r(t—1) Lo (t) Y7 (t)-
o, TESt

Note that hg;—1 and hg; are multilinear and alternate in the z; and also in the y;.

Formanek pointed out that h4y,—2 is not a polynomial identity for M, (F) and
asked for the least integer m such that h,, is a polynomial identity for M, (F).
Chang [3] has proved that the double Capelli polynomial hg: is a consequence of
the standard polynomial s;. A different proof that hy, = 0 is a polynomial identity
for M, (F'), that uses a variation of Rosset’s proof of the Amitsur-Levitzki theorem
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[10], was given by Giambruno-Sehgal in [7]. An elegant one-line proof of Domokos
is given in [4], Example 2.2, p. 917.

In [5], Domokos obtained a generalization of Chang’s theorem. Since it is im-
portant in these notes, the precise statement of Domokos’s theorem is included

below.

Let z1,...,%4,Y1,---,Ym be noncommuting variables over F', and let w1, ..., w,
be monomials in y1, ...,y such that wy,...,w, is a reordering of y1, ..., ym,. For
a subset II C S; and a monomial partition {wq,...,w,} of the set of variables Y’
we put

fH(xlv e Tdy Y1, 7ym|w17 s 7wu) =

Z(Sg #)%(1) © Tr(dy) Wp(1) Tr(di+1) " Tr(dy+d2) Wp(2)
© Wow) Trr(dy+-+dut1) T Tr(dite+duyr)
where the summation runs over all m € I, p € S, d; > 1 fori=1,...,u+ 1 such
that dy + -+ dy+1 = d and sg p is £1 according to the parity of the permutation
of the “underlying” variables x1,...,%4,¥y1,--.,Ym in the corresponding term.
Theorem 1.2 ([5]). The polynomial fs,(T1,...,Td,Y1s-- s Ym|Wi, ..., Wy) i con-

tained in the T-ideal generated by the standard polynomial sq.

Corollary 1.3 ([5]). We have the strengthened version of the result of [3] and [7]
we mentioned above:

Z (S8OT)To(1)Yr(1) " Yr(2n—1)To(2n) = 0
0€S2n,TE€ES2n -1
is a polynomial identity for M, (F); moreover, it is a consequence of the standard
identity son, = 0.

To see that hyp—o is not a polynomial identity for M, (F’), consider the substi-
tution (double staircase)

T1 = €11,Y1 = €12,T2 = €22, Y2 = €23,...,Tn = Cnn,
Yn = Cnny Tn+l = en(n—l); Yn+1 = e(n—l)(n—l)a ooy T2p—1 = €21, Yan—1 = €11

where the e;; are the standard matrix units. The only nonzero monomials in
han—2(x;,y;) are the 2n — 1 even cyclic permutations of z1y; ... Z2p_1Y2n—1, and
they all have positive sign. Thus

han—2(Z1,. ., T2n—1,Y1, .- -, Yon—1) = 2I —en1.

We finish this section with two useful properties of the double Capelli polyno-
mials.

Proposition 1.4. (a) hgtr is a linear combination, with coefficients being 1
or —1 of evaluations of hq h,.
(b) The polynomial hy is a consequence of the identity hs for any t > s.

Proof. To prove (a) we show an explicit formula, where for simplicity we consider
the following statement: hg(g4,)—2 is a linear combination with coefficients being
1 or —1 of evaluations of hog—1 hor—1. Let ¢ = ¢ 4+ r — 1. We partition the set of
permutations S; by defining the equivalence relation oy ~4 o9 if the images of the
interval [1,¢] under o7 and o9 are the same set. Similarly, we partition the set of
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permutations S; by defining the equivalence relation 71 ~,. 7 if the images of the
interval [1,q — 1] under 71 and 72 are the same set. Then we have

th(xla"'vxtvyla"'vyt) =

Z (SgUT) h2q71 (xa(l)v e To(q)s Yr(1)s - - - 7y7'(q—1))

GESt/~q
TESt/~r
hQT—l(yT(1)7 Y xa(qul)a s 71‘0'(15))'
The assertion in (b) follows immediately from (a). O

2. A POLYNOMIAL TEST FOR THE FULL MATRIX ALGEBRA

The main goal of this section is to prove that h4,_s is a polynomial test for
M., (F). Before proceeding to the proof of this theorem we need some preliminaries
and notation (cf. [8]). Let £, m be positive integers such that £ + m = n, and set

_ [ My(F) My (F)
E(Z,m) (F) - |: 0 Mm(F) )
an F-subalgebra of M, (F).

(i) Associated to E(y,,,)(F) are canonical F-algebra homomorphisms
et B my(F) — My(F) and 7 Eg ) (F) — My, (F).
Furthermore, identify M,(F) and M,,(F) with

My(F) 0| |0 0
0 0’10 M,(F)|’
respectively.

(ii) Associated to a subalgebra A of E(y ,,)(F') are homomorphic image subal-
gebras Ay and A, in My(F) and M,,(F') respectively.

(iii) Set

0 M,
T(Zm)(F) = |:O Oxm:| )

the Jacobson radical of Eg ) (F).

(iv) Recall that every F-algebra automorphism 7 of M,,(F) is inner (i.e., there
exists an invertible @ in M, (F) such that 7(a) = QaQ~! for all a €
M, (F)). We will say that two F-subalgebras A, A" of M,,(F) are equivalent
provided there exists an automorphism 7 of M, (F') such that 7(A4) = A'.

Lemma 2.1. Let A be a subalgebra of Eg ) (F) such that A, satisfies hq and Ay,
satisfies h,.. Then A satisfies h(gyy)-

Proof. The hypothesis that A, satisfies h, implies that the evaluation of hy, on A
consists of matrices of the form
0 =x
(o 2)

Similarly, the hypothesis that A,, satisfies h, implies that the evaluation of s, on
A consists of matrices of the form
* ok
i
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Thus A satisfies hq hy. Since hqq, is a linear combination of evaluations of hy k.,
A satisfies hgir. O

Theorem 2.2. hy,_o is an identity for any proper subalgebra of M, (F).

Proof. Let A be a proper subalgebra of M, (F'). If A is simple, then it is a finite-
dimensional central simple algebra over its center k. Let K denote the algebraic
closure of k; then A ® K is a simple K-algebra in a natural way (cf. [11],§1.8),
with dimg (A ®p K) = dimg(A). Also, A ®; K = M(K) for some t < n. Since
A is a proper subalgebra of M, (F), it follows that ¢ < n. Hence, by the Amitsur-
Levitzki theorem, A ®j K satisfies so,,_2. Since hy,_5 lies in the T-ideal generated
by s2,,—2, we have that hy,_5(A) = 0. If A is not simple, it can be embedded as an
F-algebra in E ) (F) for some suitable positive integers £ and m (with £+m = n).
Since hgg—1 and hypy,—1 are identities for My(F') and M,,(F’) respectively, we apply
Lemma [ZT] to obtain that h4,_o is an identity for A. O

3. A POLYNOMIAL TEST FOR E(y )

In this section we show that the double Capelli polynomial hy4, 3 is a polynomial
test for the subalgebra E ,,) of M, (F') for any positive integers £, m such that
{+m =n.

Proposition 3.1. hy,—3 is an identity for every proper subalgebra of Eg ).

Proof. We consider all possible proper subalgebras of E( ,,)(F). First let us con-
sider a subalgebra A of E( ,,) such that Ay is a proper subalgebra of M(F"). Then
hae_o is an identity for A, as established in Theorem 2.2, and hy4,,_1 is an identity
for M,,(F). Thus, by Lemma [21] h4,—3 is an identity for

5 )

and consequently an identity for A. Similarly, h4,—3 is an identity for every subal-
gebra of E(y ) such that A, is a proper subalgebra of M,,(F). Clearly, hy,_4 is
an identity for the semisimple case

{M%F) M,,? (F)} '

It only remains to consider the case when the projections A — Ay, and A — A,, are
equivalent representations of A, which means that given A there is a fixed matrix
T such that TAT~' = A,,. It easily follows that in this case A is equivalent to
the F-subalgebra of the form

{[g Z] ta,c e Mg(F)}.

In [2], Proposition 2.5, it is proved that the standard polynomial sq, is an identity
for this algebra; hence, ho,_1 is an identity for A. ([

Remark 3.2. The polynomial hy4, 3 is not an identity for F( ). For instance, if
n =3 and A = E(; ), we have

hgy (611, €11, €12, €22, €22, €23, €33, €33, 632) = 2e1a.
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Remark 3.3. The above ideas can be generalized to prove that the double Capelli
polynomial hy,_;—1 is a polynomial test for the block upper triangular matrix

algebra
M‘gl (F) %
Mb (F)
0 My, (F)
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