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THE RATIO OF THE LENGTH OF THE UNIT CIRCLE
TO THE AREA OF THE UNIT DISC IN MINKOWSKI PLANES
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(Communicated by Jon G. Wolfson)

Abstract. In their paper “An Introduction to Finsler Geometry,” J. C. Al-
varez and C. Duran asked if there are other Minkowski planes besides the
Euclidean for which the ratio of the Minkowski length of the unit “circle” to
the Holmes-Thompson area of the unit disc equals 2. In this paper we show
that this ratio is greater than 2, and that the ratio 2 is achieved only for
Minkowski planes that are affine equivalent to the Euclidean plane. In other
words, the ratio is 2 only when the unit “circle” is an ellipse.

1. Introduction

In this paper we give a surprisingly simple proof that if B is the unit disc in a
two-dimensional Minkowski space (X , ‖·‖) and µ represents Minkowski measure of
the appropriate dimension as defined below, then

2 ≤ µB(∂B)
µB(B)

≤ π

with equality on the left if and only if B is an ellipse and equality on the right if
and only if B is a parallelogram.

In their paper [3], R. D. Holmes and A. C. Thompson investigated the ratio of

ω(B) =
εd−1

dεd

µ(∂B)
µ(B)

,

where εd = πd/2Γ(d/2 + 1)−1 and is the volume of a d-dimensional Euclidean unit
ball. They established certain bounds on ω which state that if B is a d-dimensional
Minkowski unit ball, then

1
2
≤ ω(B) ≤ d

2
with equality on the right if B is a cube or an “octahedron”. When d = 2, we
obtain

1
2
≤ ω(B) =

1
π

µ(∂B)
µ(B)

≤ 1.

Holmes and Thompson posed the question, “What is the lower bound for ω(B) in
Rd?” Our main result provides the answer to this question for the case d = 2.
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1232 ZOKHRAB MUSTAFAEV

We shall also prove a stronger result involving the inner and outer radii of the
unit circle.

We recommend the interesting book by Thompson “Minkowski Geometry” for
a thorough discussion on this topic.

2. Definitions

A Minkowski space is a pair (X , ‖.‖), where X is finite dimensional and ‖·‖ is
a norm. It is sometimes desirable to consider X as Rd equipped with an arbitrary
norm. The unit ball B = B [0, 1] in (X , ‖.‖) is the set

B := {x ∈ X : ‖x‖ ≤ 1} .

The unit sphere in (X , ‖.‖) is the boundary of the unit ball, which is denoted by
∂B. In a two-dimensional space, we will call the unit ball and the unit sphere,
respectively, the unit disc and the unit circle.

The function hK defined by

hK(f) := sup {f(x) : x ∈ K}
is called the support function of K.

We shall suppose that X also possesses the standard Euclidean structure and
that λ is the Lebesgue measure induced by that structure. We refer to this measure
as volume (area) and denote it as λ(.). The volume λ gives rise to a dual volume
λ∗ on the convex subsets of X∗.

We identify Rd and Rd∗ by using the standard basis. In that case, λ and λ∗

coincide in Rd.

Definition. Let X be a two-dimensional Minkowski space and B be the unit disc
in X . The Holmes-Thompson area for the convex body K in X is defined by the
equation

µB(K) =
λ(K)λ∗(B◦)

π
.

This definition coincides with the standard notion of area if the plane is Eu-
clidean.

Recall that if γ : [a, b] → R2 is a regular parametrized curve in the Minkowski
plane (R2, ‖·‖), then the Minkowski length of γ is defined to be

∫ b

a ‖γ′(t)‖ dt.
We shall denote the Minkowski length of a curve c, measured with respect to a

unit ball B, as µB(c).
Let (R2, ‖·‖) be a two-dimensional Minkowski space whose unit ball is B. We

define the convex body IB as the polar reciprocal of B, with respect to the Euclidean
unit circle, rotated through 90◦. It turns out that IB plays a central role for the
solution of the isoperimetric problem in the Minkowski plane. More precisely, the
convex bodies with the minimum Minkowski perimeter for a given enclosed area
are the translates of IB . The same applies, dually, for bodies of maximal area for
a given perimeter. For more details see ([6], pp. 119-121]). Among the homothetic
images of IB, we want to specify a unique one. We call this the isoperimetrix,
denoted by ÎB.

Definition. The isoperimetrix for the Holmes-Thompson area is defined by

ÎB =
π

λ∗(B◦)
IB .
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This normalization insures that µB(∂ÎB) = 2µB(ÎB) (see proof below). From this
point on, ÎB will stand for this definition.

Note that µB(ÎB) = π, since λ∗(B◦) = λ(IB).
When d = 2 we can define the mixed volume of two convex bodies K1 and K2

as
V (K1, K2) = 2−1

∫
∂K1

hK2(fx)ds(x) = 2−1

∫
∂K2

hK1(fx)ds(x)

(see [6], p. 59, when d = 2), where fx is a Euclidean unit vector in X∗. Using this
formula we can write the Minkowski length of the boundary of K in terms of the
mixed volume:

Proposition. If K is a convex body in X, then

µB(∂K) =
∫

∂K

hIB (fx)ds(x) = 2V (K, IB).

If ∂K does not have a smooth boundary, then the set of points for which ∂K is
not differentiable is at most countable, and this set will not affect the values of the
integrals. Therefore, these formulas are true for all convex bodies K.

Proposition. If ÎB is the isoperimetrix defined as above in a Minkowski plane
(X, B), then

µB(∂ÎB) = 2µB(ÎB),

i.e., the Minkowski length of ÎB is 2 times the Minkowski area of ÎB .

Proof. Using the definition of ÎB and µB(∂IB) = 2λ(IB), we obtain

µB(∂ÎB) =
π

λ∗(B◦)
µB(IB) = 2

π

λ∗(B◦)
λ(IB)

= 2
λ∗(B◦)λ(ÎB)

π
= 2µB(ÎB).

Definition. If K is a convex body in X , the inner radius of K, r(K) is defined by

r(K) := max{α : ∃x ∈ X with αÎB ⊆ K + x},
and the outer radius of K, R(K) is defined by

R(K) := min{α : ∃x ∈ X with αÎB ⊇ K + x}.

3. Needed theorems

Theorem 1 (Blaschke-Santaló (see [6], p. 54)). If K is a d-dimensional symmetric
convex body, then

λ(K)λ∗(K◦) ≤ ε2
d,

where εd is the volume of a d-dimensional Euclidean unit ball. Moreover, equality
occurs if and only if K is an ellipsoid.

Theorem 2 (Mahler-Reisner (see [4] or [6], p. 54)). If K is a d-dimensional zonoid
with nonempty interior, then

4d

d!
≤ λ(K)λ∗(K◦).

Moreover, equality occurs if and only if K is a parallelotope. In the case when
d = 2, all symmetric convex bodies are zonoids.
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Theorem 3 (Minkowski inequality for mixed volumes (see [5], p. 317 or [6], p. 57)).
If K1 and K2 are d-dimensional convex bodies, then

V d(K1 [d − 1] , K2) ≥ λ(K1)d−1λ(K2).

Equality holds if and only if K1 and K2 are homothetic.

Theorem 4 (Go�la̧b (see [6], pp. 113–114)). If B is the unit ball in a two-dimen-
sional Minkowski space, then 6 ≤ µB(∂B) ≤ 8 with equality on the left if and only
if B is an affine regular hexagon and equality on the right if and only if B is a
parallelogram.

Theorem 5 (see [2], p. 108). If K1 and K2 are Minkowski plane convex bodies,
and K2 is inscribed in K1, then the mixed areas of K1 and K2 is greater than or
equal to the arithmetic mean of the areas of K1 and K2.

4. Main results

By the Blaschke-Santaló and the Mahler-Reisner inequalities (Theorems 1 and
2) we have

8 ≤ λ(B)λ∗(B◦) ≤ π2.

That is,
8
π
≤ µB(B) ≤ π.

Since
6 ≤ µB(∂B) ≤ 8,

we obtain
6
π
≤ µB(∂B)

µB(B)
≤ π.

The upper extreme value is achieved if B is a parallelogram, which follows from the
Blaschke-Santaló and Go�la̧b Theorems. Obviously, this ratio cannot achieve the
lower extreme value, since if µB(∂B)

µB(B) = 6
π , then we would have µB(∂B) = 6, which

means B is a regular hexagon and µB(B) = π, which means B is an ellipse.
Therefore,

6
π

<
µB(∂B)
µB(B)

≤ π.

Now if we regard IB as B◦ rotated, then λ(IB) = λ∗(B◦). From the Blaschke-
Santaló Inequality (Theorem 1) we know that λ(B)λ∗(B◦) ≤ π2. Then λ(B)λ∗(B◦)

π2 ≤
1, and multiplying both sides again by λ(B)λ∗(B◦), we obtain

µ2
B(B) =

λ2(B)λ∗2
(B◦)

π2
≤ λ(B)λ∗(B◦)

= λ(B)λ(IB ) ≤ V 2(B, IB) = (
1
2
µB(∂B))2,

where the last inequality is derived from the Minkowski inequality for mixed vol-
umes (Theorem 3) when d = 2. The first equality holds if and only if B is an ellipse
because of the Blaschke-Santaló Theorem. Then the second equality will hold, since
B and IB are homothetic. Thus, we have

µB(B) ≤ 1
2
µB(∂B).

We summarize this discussion in the following theorem.
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Theorem 6. If B is the unit disc in a two-dimensional Minkowski space (X, ‖·‖),
then

2 ≤ µB(∂B)
µB(B)

≤ π

with equality on the left if and only if B is an ellipse and equality on the right if
and only if B is a parallelogram.

We can obtain a more precise result using the inner or outer radius of the unit
disc in a two-dimensional Minkowski space.

Lemma. If r(B) is the inner radius of the unit disc of B, then

r(B) ≤ 1

with equality if and only if B is an ellipse.

Proof. Since r(B)ÎB is inscribed in B, we have λ(r(B)ÎB ) ≤ λ(B). That is,

r(B)2
π2

λ2(B◦)
λ(IB) ≤ λ(B).

Thus, we obtain
r2(B)π2 ≤ λ(B)λ(B◦).

By the Blashke-Santaló Theorem, this inequality can only be true if r(B) ≤ 1.
When r(B) = 1 this inequality is valid only if B is an ellipse. �

Lemma. If R(B) is the outer radius of the unit disc of B, then

R(B) ≥ 3
π

with equality if and only if B is a regular hexagon.

Proof. Since B ⊆ RIB we have

µ(∂RÎB) ≥ µ(∂B) ≥ 6.

Thus,
RµB(∂ÎB) ≥ 6.

The result follows from the fact that µB(∂ÎB) = 2π. �

Obviously if equality holds, then B is a regular hexagon. If B is a regular
hexagon, then B and ÎB are homothetic . Thus, B = RÎB and we obtain R = 3

π . �

Remark. From R(B) = 1, it does not follow that B is an ellipse.

Theorem 7. If r(B) and R(B) are the inner and outer radii of the unit disc of B,
respectively, then

i)
µB(∂B)
µB(B)

≥ r +
1
r
,

ii)
µB(∂B)
µB(B)

≥ R +
1
R

with equality if and only if B is an ellipse.

Proof. We will prove the first inequality. Proof of the second inequality is the
same. �
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Taking K2 = rÎB and K1 = B in Theorem 8, we have

2V (B, rÎB) ≥ λ(B) + λ(rÎB).

That is,

2r
π

λ(B◦)
V (B, IB) ≥ λ(B) + r2 π2

λ2(B◦)
λ(IB).

Multiplying both sides by λ(B◦)
π , and using the fact that λ(B◦) = λ(IB), we obtain

rµB(∂B) ≥ µB(B) + r2π.

Thus, we have
µB(∂B)
µB(B)

≥ 1
r

+ r
π

µB(B)
.

Recalling that π
µB(B) ≥ 1 by the Blashke-Santaló Theorem, we obtain the first

inequality. The Blashke-Santaló Theorem also tells us that the equality sign holds
if and only if B is an ellipse.

Note that if Rr ≤ 1, then r + 1
r ≥ R + 1

R , and if Rr ≥ 1, then r + 1
r ≤ R + 1

R .

Corollary. If r(B) and R(B) are inner and outer radii of the unit disk B, respec-
tively, then

i)
π −

√
π2 − 4
2

≤ r(B) ≤ 1,

ii)
3
π
≤ R(B) ≤ π +

√
π2 − 4
2

,

iii) R(B) − r(B) ≤ 4
√

2
π

.

Proof. Since µB(∂B)
µB(B) ≤ π the first and second inequalities can be deduced easily

from Theorem 7 and the previous lemmas. �

The last inequality can be obtained from Bonnesen’s Inequality, which states

π2(R(B) − r(B))2 ≤ µB(∂B)2 − 4πµB(B).

Now we need to use the Go�la̧b and Mahler-Reisner Theorems on the right side of
this inequality to obtain inequality iii).

The right side of the first and the left side of the second inequalities are sharp.
It is also desirable to find the sharp boundaries for the remaining inequalities.
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