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ABSTRACT. In this paper we give estimations of the pointwise scaling expo-
nents of self-similar functions on the n-dimensional Euclidean space R™. These
estimations are derived by using a technique based on wavelet analysis. Ex-
amples of such self-similar functions include indefinite integrals of self-similar
measures on R, and they also include widely oscillatory functions (e.g. the Tak-
agi function, the Weierstrass function and Lévy’s function). Pointwise scaling
exponents provide an objective description of an irregularity of a function at
a point. Our results are applied to compute the scaling exponents of several
oscillatory functions.

1. INTRODUCTION

Recently fractal sets and extremely irregular functions are playing an important
role in physics, in image or signal processing and in mathematics (e.g. see [f]).

A pointwise scaling exponent of an irregular function f(x) at a point xg is aimed
at providing an objective description of the irregularity of f(z) at zp. There are
several non-equivalent definitions of scaling exponents. In particular two scalings
of the Holder scaling exponent af(f,zo) and the weak scaling exponent [S(f,xzo)
have been investigated in Y. Meyer [7] whose works are based on the relation
between scaling exponents and estimating the size of wavelet transforms. The
weak scaling exponent 3(f, xg) is more sensitive to the oscillations of f(z) at .
If a(f,z0) = B(f,xo), then xq is called a cusp singularity for a function f(z). If
a(f,zo0) # B(f,z0), then z¢ is called an oscillating singularity for f(z). Oscillating
behavior of a function f(z) at a point z¢ is relevant to the two scaling exponents
of f(x) at xg. The pointwise Holder scaling exponent of self-similar functions has
been studied in relation to multifractal formalism in some particular cases in [IJ,
[2], [] and [5].

In this paper we give the estimations of the two pointwise scaling exponents of
a(F, zg) and B(F, xg) for self-similar functions F'(z) on R™ in a more general setting.
Examples of such self-similar functions include indefinite integrals of self-similar
measures on R, and they also include widely oscillatory functions (e.g. the Takagi
function, the Weierstrass function and Lévy’s function). Properties of self-similar
functions are closely related to those of self-similar measures on R™. Basic properties
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1036 KOICHI SAKA

of finite positive self-similar measures on R™ have been investigated systematically
by S. Strichartz [§], [9] and [I0] based on Fourier analysis.

In this paper, our results can be applied to compute the pointwise scaling expo-
nents of oscillating functions in the examples.

The plan of the next sections in our paper is as follows:

In the second section the several scaling exponents of a function are defined and
we derive their basic properties.

In the third section we give the definition of self-similar functions and we prove
the main theorem for scaling exponents of self-similar functions. In the proof of the
theorem, a method of wavelet analysis is used.

In the fourth section we give examples of self-similar functions and we compute
the scaling exponents of these examples by applying the theorem.

We use C to denote a positive constant different in each occasion. But it will
depend on the parameter appearing in each problem. The same notations C are
not necessarily the same on any two occurrences.

2. SCALING EXPONENTS

If S(R™) denotes the Schwartz space, then Sy(R™) is the closed subspace of S(R™)
defined by

/y%(y)dy =0, VaelZl,

where Z, is the set of all nonnegative integers. Let F' be a tempered distribution
and s a nonnegative real number. We write F' € T'*(x) if for every ¢ in Sp(R"™),
there exists a constant C' such that

|t’"/F(y)gp($)dy| <O, 0<t<l.

Lemma 1 (cf. [7, Theorem 3.4]). Let us consider an integer k larger than a
nonnegative number s and a function p € C*°(R™) with compact support such that

/yaw(y)dy =0, Vo <k

Then if F € T°(xg), there exist positive constants C, §g for any given Cy > 0 such

that
o [ ray < o

for any isometry R whenever |x — xg| < Cot and 0 <t < dp < 1.
A pointwise weak scaling exponent 3(f,z) for © € R™ is defined as

(1) B(f,x) =sup{s >0: f e I*(x)}.

If k < s < k+1 for a nonnegative integer k, then for z € R™, a function f € C*(x)
means that there exists a polynomial P, of degree less than or equal to k such that

(2) |f(y) = Pef(z —y)| < Clz —y|*

on a neighborhood of . For an open set Q in R™, f € C*(Q}) means that f is
bounded on 2 and (2) holds for all x € Q with a uniform constant C on 2. When
s is a nonnegative integer, we need some modification for the definition above. See
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SCALING EXPONENTS OF SELF-SIMILAR FUNCTIONS 1037

[, p. 6] for details. The pointwise Holder scaling exponent of a function f at a
point z is defined as

(3) a(f,2) =sup{s 2 0: f € C*(a)}.
We also define

(4) a(f,2) = sup{s >0 f € C*()}.
In particular when Q = R™, we write

(5) a(f) = alf,R").

Let By, (R™) and F}, (R™) be the Besov space and the Triebel-Lizorkin space re-
spectively for 0 < p,q < co. Then we define

apq(f) = Sup{s Z 0: f € B;q(Rn)}v

ap(f) = apoo(f)-
By the definition it follows that a(f) = ax(f) where a(f) is given in (5). By the
embedding theorem of function space theory (e.g. see [I1]), we have the following
proposition:
Proposition 1. (a) ap,(f) =sup{s >0: f € F; (R")}, for 0 <p <oo, 0<q<

0.
(b) ap(f) = apy(f) for 0 <p,n < cc.

(c) a(f) = ap(f) = % 2 aq(f) = 5 for 0 < g < p < oo.
Let for x € R™®, ¢t >0,
1

— fly) — P(y)[Pdy)*'?, 1<p < oo,
B@ 0] Sy /¥~ PO

(

k .
osc, f(x,t) = Inf
pf( t) degP<k

and

osc® f(z,t) = inf su — P(y)|,
ool (2,1) degngm_yl‘odlf'(:u) )]

where the infimum is taken over all polynomials P of degree less than or equal to
a nonnegative integer k and |B(x,t)| means the volume of the ball B(x,t).
We write f € T, () defined by (2) being replaced with

1

dt

/(t’sosc’;f(x,t))q?<oo 0<g<oo, s<k+1),
0

sup t_soscﬁf(x,t) < oo (¢=00),
0<t<1

where 1 < p < co. We define
apq(,ﬂ LE) = sup{s 2 0: f € T]fq(x)}
and
ap(f,x) = apeo(f, ).
By the definition it follows that a(f,z) = ac(f,z) where a(f, z) is given in (3).
In the easy routine of function space theory, we can see the following proposition:
Proposition 2 (cf. [7 p. 3]). (a) ape(f,2) = apn(f,z) for 0 < &n < oo and
1<p< .
(b) a(f) < a(f, ) < ap(f,x) < ag(f,2) < B(f,2) for 1 < g <p < oo
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3. SELF-SIMILAR FUNCTIONS

Definition. A function F on R” is said to be self-similar relative to a function g

on R if
d
(6) Z F(Sj'z) +g(x), x € R,
where A1, A, ..., \q are real or complex numbers with 0 < |A;| < 1,5 =1,2,...,d,
and S1,S5%,...,5 are contractive similarities with ratios w1, pa, .. ., g satisfying

0<pj <1,7=1,2,...,d. We remark that (6) implies a(F) < a(g).

From now on we will use the notation Sy = 55,5, ---5j,, Ay = Aj, Aj, -+ Ay,
W = iy fs + fgys || = 1 for amulti-index J = (j1, ja, - .., 51) € {1,2,...,d}!, and
Sy = Identity , A\; =1, py =1, |J| =0 for J =0. If a function F is self-similar
relative to g, then we have for any N,

(7) F(z) = Z Ag(S7ta) + Z A F(S7'2), » e R™
|J|<N |J|=N
We say that the open set condition holds if there exists a bounded open set € in
R™ such that
Si()cQ, i=1,2,...,d,
and
SN NS Q) =0 (i £)), ij=12....d (d>2).

We denote Qp = Q, ; = S;(Q) and Q; = S;(Q) for J = (j1,42,.-.,51). K =
n?ioU\J\:z Q; is called the invariant set with respect to similarities {S;}7_; .
Assume that the functions F' and g are bounded and zero outside 2. When the
open set condition holds, then (6) has a unique solution which is given by the series

= Z)\Jg(S;lx), x € R".
J

Then we can see easily that a(F,z) > a(g) for each z ¢ K.
Let

(8) a(z) =liminf inf log ||

r €K,
N—oo Ky(x)>J loguy’

where Ky (z) ={J : B(x,ug) N Qs #0, |J| = N} and B(z,r) is a ball centered at
x with a radius 7.
Lemma 2. Let i be any real number with 0 < p <1 and x € K. We put
Ki () ={J: Blx,p¥)n Qs #0, pN* <py < pM}.
Then we have
log [As]

a(z) = liminf inf .
N—oo K4 (z)3J log s

Proof. In an easy routine we can prove the lemma. We will omit the details (cf.
[a). O
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SCALING EXPONENTS OF SELF-SIMILAR FUNCTIONS 1039

When z € N2, U|J|:l ), there exists a unique sequence J(z) = (j1,J2,.-.)
such that = € Qj, ;) where Ji(z) = (j1,72,...,51) for I = 1,2,... and Jo(x) = 0.
Let

?

. og Ay @)
=1 f—— =7
) b() Nooo log An ()

for z € N2, U512 Q7 where Ay (z) = dist(z, 0 ()) is the distance from z to
the boundary of Q2 (4.

Theorem. Let F' be a self-similar bounded function relative to a bounded function
g on R™, for which the open set condition holds. Assume that F(x) = g(x) =0 for
all x & Q.

(a) Then we have
o(F, z) > min(a(g), a(z)), = € K,
where a(F,x), a(g) and a(x) are given in (3), (5) and (8) respectively.
(b) Suppose that g € C*(9;),i = 1,2,...,d (i.e. piecewise smooth), and that
inf,cq B(F,z) < co. Then we have
a(zo) > B(F,xzp), 0 € K,
where B(F, xq) is given in (1).

< 00. Then we have

AN(J))

(¢) Suppose that x € (=, Ujsj= Qs with supy
N+1(x)

a(F,) > min(a(g, %), b))

where a(g, ;) and b(z) are given in (4) and (9) respectively.

Proof. (a) We fix any element z € K. We may assume min(a(g),a(x)) > 0. We
choose a positive number s such that

min(a(g),a(z)) > s > 0.

We claim that F' € C*(z). We may assume that there is a nonnegative integer
k such that Kk +1 > s > k and we can choose a positive number s’ such that
k+1>s >sandge C?(R").
From Lemma 2 there is a positive integer Ny such that
YN Z NO; |AJ| S /'I/?Ia J e K]lt](x%

where 1 is any fixed number with 0 < p < 1. Let Tyg(z — y) be the k-th Taylor
polynomial of g at = and let PF'(z — y) be a polynomial such that

PF(z—y) =Y M\Ts1,9(S5 e = S;'y).
J

Let N be an integer such that N > Ny and consider any y € R™ with

pNH <z —y| < p?,
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Then we have

F(y) — PF(z —y)

N-1 -
= ) Mle(Sity) - Ts;lmg(Sjlx =S+ >0 > Aa(Sy )

=0 JEB[ I=N JeB;

—ZZAJT 9(S; e = Sty) =T+ 11+ 111,
I=N JeB,

where By = {J : p!t! < py < ul}.
The first sum is split into two parts:

_ N—1
Z Z Iy + 1.
1=0 I=Np

From the fact that g € C' (R") the sum I is estimated in

No—1 No—1
ol <C Y Y llST e =S5yl <C D0 > Paluy™ e —yl°
=0 JeB =0 Jeb

<Clo—y|* <Clo—yl*

We write Bi(y) = {J : p!™t < py < pl, y € Qs}. We can see easily that the
cardinality of B;(y) is bounded independently of y and I. Then the sum I; is
bounded by

N-—1
iLi<e > Y ISy e - Syl

I=No JeB;(z)UB(y)

N—-1
<y > -yl

=Ny JEB;(z)UB;(y)

- S
CZ Z Kty |z -y

I=No JeB;(z)UB(y)

N-1
SOy X ey

I=No JEB(x)UB,(y)

<COp N g — g < Cla -yt

IN

We estimate the sum I7 by

1 < Z > llg(Sy M)l Z >

I=N JeB(y) I=N B,(y)>J
< CZ Z uJ<CZulS<CuN5<C|x—y|S
I=N JeB(y)
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The sum 17 is bounded in

o0
rr < o> ST ST w e — yllel )

=N JeB(z) |a|<k
00
DID DD DN AN
la|<kl=N JeB(z)

C Z pNGE=leD | —yllel < opNs < Clz — y)°.
la| <k

IN

IN

Hence we obtain
|F(y) — PF(z —y)| < |lo| + || + [II| + [I1I]| < Clz — y|*.

This completes part (a) of the theorem.

(b) We start from F € I'*(zg) and we will claim that s < a(zg). Let us choose
k as a large enough integer that will be determined later with k& > s and let us
consider a function ¢ satisfying the conditions in Lemma 1 and fooo |¢a(t§)|2% #0
for € # 0.

Then we have from Lemma 1 for Cy = 1 + diam £,

[ pay < o

for any orthogonal R whenever 0 < ¢t < §p and |z — zg| < Cpt. We may assume

that 0 € Q and F ¢ I'*(0). Hence v; = S;0 € Q; for any J. We can choose a large

integer N such that 0 < py < dg, |J| = N. For this integer N, we fix any element

JO = (39,49,...,3%) € Kn(xo). Since |xg —v;| < Cops for all J € Kn(zo) and we

R;ol (y —vyo)
Ko

can write S;O y= for some orthogonal R jo, it follows that

(10) it [ oSt )| < Cu.
Hence we have from (7),
u}JL/sO(S;oly)F(y)dy: /@(y)F(SJoy)dy
— Y / o(S7 S py)dy+ S Ay / (y) (S5 S oy)dy

\J\<N |J|=N

(11)

Z Ao / 9(S S m9)dy + Ao / (4)F(y)dy

where J§ =0 and J? = (59,...,57), 1 <1< N. We may assume that supp ¢ C Q.
We have from g € COO(Ql) fori=1,2,...,d,

| /Q P(y)g(Sa Soy)dy| = | /Q P(W)(9(S55 Sy0y) = Tg(S 0 S0y — 859 5500))dy]

< C/I@(y)IISZolsJoy—SiolSJOOIkdySC(ujg+1 ~~uj9v)k/|s0(y)lly|kdy,
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for 0 <1 < N where Tg is the (k — 1)-th Taylor polynomial of g at S;OI S700. From
l
above, we have

N-1
Z /\JO/ SJO Sroy)dy| < C/ o) |ly|*dy Z |)‘JO|(sz+1 : Mj?v)k
=0
Aol (maxiui)N = m1n1|)‘|
< Cuk / Fd .| 2
<Cujo [ leW)lyl y(mm”/\”)z\/ M]}o ; (max; p; )k

< Clrpol / 0wl dy

for an integer k such that min; |\;| > max; uf .
From [7, Theorem 3.5] we may assume that C [ |¢(y)|ly|*dy < % in the right-

hand side of the above and | [ ¢(y)F(y)dy| = 1 because of the fact that F ¢ T%(0).
Thus we obtain from (11),
it [ oS W)y
> Dol [ e F@l - Z Ay [ ow(S3 S

1
(12) Aol = 2Aal 2 Sl
(10) and (12) imply that a(zg) > s. This yields part (b) of the theorem.

The proof of part (c) of the theorem is the same as the proof of part (a). We use
the same notation in the proof of part (a). We fix any element z in (), U= -
Let J(z) = (j1,j2,...) be a sequence such that x € Q) for all [ > 0 where
Ji(x) = (j1,J42,--.,71) and Jo(xz) = 0. We may choose a positive number s such
that

v

miin(oz(g,Qi),b(x)) >s5>0.

We will claim that F' € C*(x). We may assume that Kk +1 > s > k with a
nonnegative integer k and we choose a positive number s’ such that k+1 > s’ > s
and g € C* (€;),i=1,2,...,d. From the definition of b(x) in (9), there is a positive
integer Ny such that

Ain(@)| < An(2)*, YN > No.

We consider any y € R" such that Axy1(z) < |z —y| < Ay(z). Hence y € Q2

We put
F(y)—PF(z—y) = Y Ay Ty-1,9(S7 ' = S5 1y))
|J|<N
+Z)\]F Jy Z)\JT—l g(S £L'—SJ y)
|J|=N |J|>N
= I+ I1T+111.

We split the sum I into two parts:

I= Y + > =Ih+5.

|J|[<No No<|J|<N
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Since Aj(x) < (diam Q) g, (z) for [ > 0, these sums are bounded in

No—1
o] < C Y Pawlugiple—yl” <Cla—y|” <Clz—yl°,
1=0
N—1 N—1
Ll < CY . Puwlegiyle =yl <C Y7 M) uyile -yl
1=No =N,
N—1 ) )
e lZ 1o e =yl < Oy e =yl
=0
< CAn(2) "z -y < Cle -y,
1] < Pyl F(S71 0w < CAN(2)* < CAx(@)* < Clo— g,
11 < O Il Y wgh e -yl
=N || <k
< O PuwlAi@) e — g
|a|<kI=N
< Y Y Ml eyl <0 Y Ny Tl -yl
la|<kI=N lal<k
< 3 An(@y e —ylol < Cla -yl
la|<k
These estimations yield the proof of part (c) of the theorem. O

4. EXAMPLES

z+5—1

We consider the similarities Sz = , j=1,2,onR. Then the open set

condition holds for the open interval 2 = (0,1). In the case when z is a nondyadic
point in Q@ = (0, 1), (i.e. z € (2 U, 5= L), we have that

al@) = inf v

where Jy(x) is given in part (c) of the proof in the theorem, and for a nondyadic

A
point x in = (0, 1) with supy ANi(f))
N+1(T

Let g be a bounded function on R such that g € C>(Q;),j = 1,2, and g =0
outside 2. Consider a self-similar function F' given by

< o0, we have a(z) = b(x).

(13) F(z) = Zx\jF(Sj_lx) +g(z), z €R,

j=1

with 0 < |Aj| <1, j=1,2, and F(z) = 0 outside Q = (0,1). From the theorem,
if inf,eq B(F,x) < co we have

(14) a(z) > B(F,x) > a(F,z) > min(a(g), a(z)), = € K =[0,1],
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A
and for a nondyadic point z in Q = (0,1) with supy ANA
N+

< 00,
1(2)
(15) a(F,z) = B(F,x) = a(x) = b(x).

(a) Let p be the Bernoulli measure which is a probability measure supported on
[0,1] such that p(l;) = A\p(l) and p(l2) = Aop(I) when I is a dyadic interval, Iy
is the left half of I and I5 is the right half of I with A\; > 0, As > 0, A; # Ay and
A1+ A2 = 1. Let Fy(z) = pf0,z) be the continuous function whose distributional
derivative is p with Fp(z) =0 (2 <0) and Fo(x) =1 (z > 1). Then we have

B(Fy,z) = a(Fo,z) = a(z), € K =10,1]
(see [1, Proposition 1.9 and Proposition 1.10]). Let F(z) = Fyo(z) — 2 (0 <z < 1),
and F(z) =0 (otherwise). Then F is a self-similar function such that
F(z) = MF(S7'2) + M F (8 2) + (o), Vo €R,
where g(z) = (2A\1—1)z (0 <z < 1), g(z) = 2\ —-1)(1-2) (3 <z < 1), g(z) =0
(otherwise). Then from (14) we can see that
a(F z) =pB(F,z), z€K=10,1].

In particular we have a(x) = a(F,z) = B(F, x) for each x € Q = (0, 1).

(b) We consider the Takagi function such that
(16) F(z) = Z Mlg(S7 ), Vo € R,

J
where 0 < A < 1 and g is a bounded function such that g(z) = =z (0 < z <

1), g9(z) =1—2 (3 <z < 1), g(r) = 0 (otherwise). Then F is a self-similar

function such that

F(z) =Y AF(S;'z) +g(x), VzeR.

Jj=1

~oga T’ Then from (14), if a < 1, a = a(F,z) = B(F, x) for each z € K.

(c) We consider the Weierstrass function F(z) = 32 Alg(2'z) with 0 < A < 1
and g(z) =sin27zx (xr € R). Then F is a self-similar function such that

2
F(z) =Y (27'NF(S;'z) +g(x), VzeR.
j=1
The proof of the theorem can also be applied to this self-similar function case. Then
we have

a=a(F,z)=p(F,z), VxR,

where the constant a = is given in part (b) above.

log A

log2—1

(d) We consider Lévy’s function F'(z) in (16) being replaced by g(z) = z—3 (0 <

x < 1), g(z) =0 (otherwise) and X = 27!, In [3, Proposition 4] it follows that

a(F,xz) = b(z) for each nondyadic point = in @ = (0,1). Moreover we can see by

(15) that 1 = b(z) = a(F,z) = B(F,z) for a nondyadic point = in 2 = (0, 1) with
Ay (z)

5 < .
sup n An (@) 00
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