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ABSTRACT. A generalization of the Connes-Thom isomorphism is given for
stable, homotopy invariant, and split exact functors on separable C*-algebras.
As examples of these functors, we concentrate on asymptotic and local cyclic
cohomology, and the result is applied to improve some formulas in asymptotic
and local cyclic cohomology of C*-algebras. As another application, it is shown
that these cyclic theories are rigid under Rieffel’s deformation quantizations.

INTRODUCTION

Motivation for this paper comes from two sources. The first is [R4] [A2], where
it was proved that K-theory is rigid under Rieffel’s deformation quantizations.
The second is Rosenberg’s works, [Roll [Ro2]. In [Roll], Rosenberg studied the
behavior of algebraic K-theory under formal deformation quantization. In [Ro2], he
discussed the relations between K-theory and various quantization theories, and he
suggested a similar study on Connes’ cyclic homology. As cyclic homology of formal
deformation quantization has been studied by Nest and Tsygan in [NT1}INT2], it is
natural to ask how cyclic (co)homology behaves under other quantization theories.
Because of the algebraic nature of Connes’ cyclic theory, we do not hope to get any
satisfactory answer to this question on C*-algebraic quantizations. Therefore, in
such situations, we have to use other cyclic theories that work like Connes’ cyclic
theory and are appropriate for dealing with topological algebras.

Bivariant local cyclic cohomology of admissible Fréchet algebras with compact
supports and bivariant asymptotic cyclic cohomology of admissible Fréchet alge-
bras are such theories; see [Pull Pu2l [Pu3]. On commutative C*-algebras, they
are comparable with the cohomology of the character spaces as locally compact
topological spaces. Moreover, they are stable and homotopy invariant bifunctors
which appropriate excisions hold in both their variables, and there are bivariant
Chern-Connes characters from K K-theory into them.

Among C*-algebraic quantization theories, Rieffel’s deformation quantizations,
[R1] R3], are the best theories for our purpose, because they are associated appro-
priately to crossed product C*-algebras (up to strong Morita equivalence), [R4][A2],
and the set of their examples contains several important noncommutative spaces.
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It is clear from [Rd4l[A2] that in order to repeat their proofs for other functors,
we need Morita invariance and the Connes-Thom isomorphism for them. So, we
provide these tools in section 1. Section 2 is devoted to the application of these
tools in local and specially asymptotic cyclic cohomology, and we state an unstable
excision for bivariant asymptotic cyclic cohomology. In section 3 we show that local
and asymptotic cyclic (co)homology groups of noncommutative and commutative
Heisenberg manifolds are isomorphic. As another example of strict deformation
quantization, we prove rigidity of local and asymptotic cyclic theories under defor-
mation quantization by actions of R".

In this paper, we restrict ourselves to separable C*-algebras and their dense
*-subalgebras. K denotes the C*-algebra of compact operators on an infinite-
dimensional separable Hilbert space. The functor S— is suspension, i.e., for any
C*-algebra A,SA = A® Cy(R). Let F be a functor on the category of C*-algebras.
F is called stable if for every C*-algebra A the natural embedding A — A ® K
induces a natural isomorphism F'(A) — F(A® K), F is called homotopy invariant
it F(f)=F(g): F(A) — F(B), whenever f,g € Hom(A, B) are homotopic and F'

is called split exact when for every split exact sequence 0 — A L. B2 ¢ =0 with
splitting *-homomorphism g : C' — B, the map F(f)®F(g) : F(A)®F(C) — F(B)

is an isomorphism.

1. CONNES-THOM ISOMORPHISM

We use some techniques of K K-theory to prove the Connes-Thom isomorphism.
Our approach is known as Cuntz’s picture of K K-theory, [C3]. We note that Bott
periodicity and the Pimsner-Voiculescu exact sequence were previously studied in
the same way as in [C2] and our proof for Theorem 1.2 is an application of the Fack
and Skandalis result, [ES].

A quasihomomorphism between two C*-algebras A and B is a diagram as follows:

A= EsJL B,

where F and J are C*-algebras, J < E, and «a, @, 4 are *-homomorphisms such that

(i) p is an inclusion,

(ii) F is the C*-algebras generated by a(A) and a(A),

(iii) J is the closed two-sided ideal generated by a(z) — a(x),x € Ain E,

(iv) the composition of o and the quotient map E — E/J is injective, thus, an
isomorphism.

(A diagram as above with only the property a(x) — a(z) € J,for z € A is called
a prequasihomomorphism.) Now, letting A be a C*-algebra, by definition, QA is
the universal *-algebra generated by symbols x, ¢(z),x € A, satisfying the relation
q(zy) = zq(y) + q(x)y — q(x)q(y), and let gA be defined as the ideal generated by
q(z),z € A in QA. We equip QA with the largest C*-norm,

|z|loo = sup{||7(x)||; 7 is a *-representation}

and still write QA, gA for the completions of QA, ¢A with respect to this norm.
For two C*-algebras A and B, let [¢A, B ® K] be the set of homotopy classes of
*-homomorphisms from ¢A to B® K. On this set, addition is defined by [¢] + [¢)] =
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K-THEORY TOOLS FOR CYCLIC COHOMOLOGY 1187

[<S§ 3)] . By this addition it becomes an Abelian group equal to KK (A, B) (or
more exactly, KKy(A, B)); for details, see [CT],[C3].

We have two homomorphisms 2, 7 from A into QA defined by (x) = z, 7 =
x — q(z). The quasihomomorphism given by the diagram

A= QA gA

is the wniversal quasihomomorphism from A into qA. Let ¢ : gA — B be a *-

homomorphism. ¢ is naturally associated to the quasihomomorphism
A= QA/kerp > qA/ker @ 2, B,
s

where 7 : QA — QA/kerp and ¢ : gA/ker ¢ — B are, respectively, the quotient
map, and the inclusion map defined by ¢. (and vice versa, every quasihomomor-
phism from A to B gives rise to a homomorphism from ¢A to B; for details, see
Proposition 1.1 of [C3]).

The following result is the main tool in our study. It was stated for functors
from the category of C*-algebras to the category of Z-modules in [C3], and can be
restated for any commutative ring R, instead of Z.

Proposition 1.1 (Cuntz, [C3| 2.2.a]). Let F' be a stable, homotopy invariant,
split exact functor from the category of C*-algebras to that of R-modules. Fvery
¢ € KK(A, B) induces a morphism F(p) : F(A) — F(B) compatible with the
Kasparov product, i.e. F(¢p) = F(Y)F(p) for any ¢ € KK(B,C).

Proof. We sketch only the definition of F'(¢). Consider ¢ as a *-homomorphism
from ¢A to B. As we saw, this *-homomorphism is associated to the quasihomo-
morphism

AS QA/kerp > gA/kerp % B,

and this quasihomomorphism induces the desired morphism as F () = F(¢)(F ()
— F(n7)). According to the definition, it is obvious that F(¢)(r—) = r F(¢)(—)
for r € R. O

The above result shows that in order to obtain a desired morphism between F'(A)
and F(B) it is enough to find an appropriate element of K K (A, B). An element
of KK(A, B) inducing an isomorphism is called KK -equivalence. Equivalently,
x € KK(A,B) is a KK-equivalence if there is y € KK (B, A) such that xy =
1p,yx = 14. If there is a KK-equivalence in KK (A, B), A and B are called
K K -equivalent.

In [C2] Bott periodicity and the Pimsner-Voiculescu exact sequence were con-
structed for functors described in 1.1. Now the Connes-Thom isomorphism is ac-
cessible by applying the K K-equivalence t, € KK(Ax,R,SA) set forth in section
19.3 of [BI.

Theorem 1.2. Let F be a functor such as in 1.1, and let « be a (strongly) con-
tinuous action of R on a C*-algebra A. Then F(ty) is an isomorphism between
F(A x4 R) and F(SA).

Remark 1.3. Let o be an automorphism of a C*-algebra A. As was done in [C2],
the Pimsner-Voiculescu exact sequence can be constructed using a K K -equivalence
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in KK (A, T,), where T, is the Toeplitz algebra associated to the automorphism «.
This K K-equivalence allows us to replace K-groups of the Toeplitz algebra with K-
groups of A in the six-term exact sequence associated to the following short exact
sequence, known as the Toeplitz extension:

0—-K®A—-T, - Ax,Z— 0.

Therefore, in order to obtain the P-V exact sequence for a functor, only the condi-
tions assumed in 1.1 are necessary.

Since Pimsner’s and Voiculescu’s paper, [PV], has appeared, their work has found
several generalizations, [El KhS|[Pl[AEE]. In all of them A x,Z is replaced by a new
C*-algebra, e.g. Ax gZ, which generalizes the crossed product of the C*-algebra A
by Z, and we have a generalized Toeplitz extension of A by a generalized Toeplitz
algebra, e.g. Tg, which is K K-equivalent to A. The six-term exact sequences of
such extensions are considered as generalizations of the P-V exact sequence. One
can repeat our discussion for these generalizations.

Let o be an automorphism of a C*-algebra A. The mapping torus of « is

Mo ={f:[0,1] = A; f(1) = a(f(0))}.

Consider the action of Z on A defined by «. Its dual & is an action of the dual of
Z, T = Z, on A X, Z. Let m : R — R/Z be the quotient map. Then o' = dor is
an action of R on A X, Z, which is trivial on Z and A X, Z X4 R is isomorphic
to the mapping torus of & on A xo Z x4 T (see [B], Proposition 10.3.2). By Takai
duality, this means A X, Z x4/ R is isomorphic to the mapping torus of a ® Ad, on
A ® K, where p is the right regular representation of Z and K is thought of as the
C*-algebra of compact operators on ¢?(Z). Now, suppose «, 3 are two homotopic
automorphisms of A. Then o ® Ad, and § ® Ad, are homotopic too. Applying
Proposition 10.5.1 of [B] we deduce that A X4 Z X o R is isomorphic to A xgZ x g R.
Thus, as a generalization of Corollary 10.5.2 of [B], we have the following result:

Corollary 1.4. Let F be a functor as in 1.1 and let o, 8 be two homotopic auto-
morphisms of a C*-algebra A. Then F(A x4 Z) = F(A xgZ).

Morita invariance. It is well known that two strongly Morita equivalent o-unital
C*-algebras are stably isomorphic, [BGR]. Since every separable C*-algebra is
o-unital and because of our assumptions about functors, we have:

Remark 1.5. In our discussion, all functors have the strong Morita invariance prop-
erty on separable C*-algebras.

2. LOCAL AND ASYMPTOTIC CYCLIC COHOMOLOGY

Asymptotic and local cyclic cohomology are stable in both variables (see The-
orem 8.18 of [Pul] and Corollary 4.10 of [Pu2]). Also, composition products and
continuous homotopy theorems prove their homotopy invariances (see Theorems
6.5 and 6.15 of [Pul] and Theorems 3.5 and 3.18 of [Pu2]). But, there is a differ-
ence between local cyclic theory and asymptotic cyclic theory about split exactness.
First we study asymptotic cyclic cohomology.
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K-THEORY TOOLS FOR CYCLIC COHOMOLOGY 1189

2.1. Asymptotic cyclic cohomology. At the moment, we have only stable exci-
sions for asymptotic cyclic homology and cohomology, Theorem 9.9 of [Pul]; that
is, for a split short exact sequence of C*-algebras, 0 — I — A — B — 0, associated
six-term exact sequences give rise to four split short exact sequences as follows:
0— HC:(C,SI)— HC(C,SA) — HC(C,SB) — 0, =0,1,
0— HC(SB,C) - HC:(SA,C) — HCL(SI,C) — 0, =0, 1.
Therefore, for any C*-algebra C, the functor HCX(C,S—) and the cofunctor

HC%(S—,C) are split exact. In order to get unstable split exactness for asymptotic
cyclic theory, we need an unstable excision.

Theorem 2.1. For a given admissible Fréchet algebra C, any extension of admis-
sible Fréchet algebras

0=T5AS B0

f
with a bounded linear section s : B — A induces the following siz-term exact
sequences:
HCO(C,I) — HCY(C,A) L= HCY(C,B)
10 10
HCL(C,I) <= HCL(C,A) — HCLC,B)
and

HCY(I,C) — HCYA,C) <— mCY(B,C)
e 10
HC\(B,C) % HCYA,C) — HCMLI,O).
Proof. We refer to [Pull] for notation. The map f : A — B induces the map
fe: Xe(QRA) — X.(QRB)

on X-complexes, which is surjective due to the fact that s is a bounded linear
section. We denote its kernel by (X, (QRA), X.(Q2RB)), the relative X-complex of
the pair (A4, B). Then the short sequence

0 — (X.(QRA), X.(QRB)) — X.(QRA) — X.(QRB) — 0

is exact. So, to prove excision it is enough to replace (X.(QRA), X.(QRB)) by its
subcomplex X, (Q2QRI). This was done for general extensions of Ind-Fréchet algebras
with supports in [Pu3|. Indeed, we know that the inclusion

(2.1) X, (RI) = (X.(RA), X,(RB))

has a homotopy inverse. In order to extend the above result to the differential
graded setting we use Theorem 4.14 of [Pul] and break the discussion into two
cases.

Since the kernel of the natural map

Hompe(X«(QRC), X (QR-) @ V.) = Hom}o(X.(QRC), X.(R—)®V.)
is null homotopic, (2.1) implies that the chain map
Xa(C. 1) = X (C, (4, B))

is a natural quasi-isomorphism, and consequently excision holds in the second vari-
able.
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Since the kernel of the map
Hompo (X« (QR-), X (QRC)) — Hom™ (X.(R-), X.(RC))

is null homotopic, (2.1) induces a natural quasi-isomorphism as follows:
(2.2)
Hompo((X.QRA), (X.ORB)), X« (QRC)) — Homp((XQRI), X, (QRC)).

After taking the inductive limit over (2.2) and using the fact that for given admis-
sible Fréchet algebras E, F', the map

lim lim Hompe(X.(QRE(k ny), X+ (QRF( ar))) — X5(E, F)
K L

induces a natural transformation on cohomolgy groups, we conclude that (2.2)
induces the following quasi-isomorphism chain map, which implies excision in the
first variable:
Xo((A,B),C) — X (I,0).
O

Corollary 2.2. Let A, B be two separable C*-algebras and a be a (strongly) con-
tinuous action of R on A. Then

(1) HC:(A,B) 2 HC Y (SA,B) =2 HC**1(A, SB),

(2) HC:(A,B) =2 HC:(SA,SB),

(3) HCX(A x4 R,B) = HC*t(A, B),

(4) HCX(B,A x4 R) =2 HC*(B, A).

Proof. The six-term exact sequences obtained in the previous theorem show that
the bivariant asymptotic cyclic cohomology is split exact in both variables, so we can
use Theorem 1.2. Now for a given C*-algebra D suppose asp € HCL(S2D, SD)
and Bsp € HCL(SD, S?D) are, respectively, Dirac and Bott elements defined in
Definition 9.3 of [Pul]. Also let i be the dual action of the trivial action of R on
D. Then

HC:(A,B) > HC (S(A x; R), B)
~ HC!(S?A, B)
~ HC*T(SA, B),
where isomorphisms respectively come from Takai duality, Theorem 1.2 and com-

position by Bga. Similarly, the second isomorphism of (1) is proved by using asp
on the second variable. From (1), (2) is obvious. For (3) we observe that

HC:(Ax,R,B) = HC:™ (S(A x4 R), B)
~ HC:T(S?A, B)
~ [HC: (A, B),
and similarly for (4). O

Theorem 2.1 and the universal property of K K-theory among stable, homotopy
invariant, and split exact functors, [H|, implies the existence of an unstable Chern-
Connes character for C*-algebras.
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Corollary 2.3. For given C*- algebras A, B, there exists a natural transformation
ch: KK*(A,B) — HCX(A, B),

which is compatible with Kasparov’s product of KK -theory and the composition
product of asymptotic cyclic cohomology.

For the precise meaning of compatibility of products, and to extend the above
Chern-Connes character to a larger category of algebras, one can see Theorem 6.3
and Remark 6.5 of [Pu3]. As a consequence of Corollary 2.2, we have the following
corollary.

Corollary 2.4. (1) Let X, Y be two finite CW -complezes. Then

HC:(C(X),0()) = nIJ-;I'ng* @H” X,0) @Hm Y,C))
(mod 2) ™= 0
where H*(X,C) denotes singular cohomology of X with coefficients in C.
(2) Let X be a locally compact metrisable topological space (or equivalently, C'(X)

is a separable C*-algebra). Then

HC2(C(X)) = HO;(C.C(X)) = (P HIP"(X,0),
where HX(X,C) denotes sheaf cohomology with compact supports and coefficients
in C.

Proof. See Theorems 11.2 and 11.7 of [Pul]. O

2.2. Local cyclic cohomology. All of the aforementioned results on asymptotic
cyclic cohomology can be proved (even easier) for local cyclic cohomology too.
Therefore, we bring only some remarks here.

Remarks 2.5. (a) Since we have a natural transformation compatible with com-
position products from bivariant asymptotic cyclic cohomology to bivariant local
cyclic cohomology, all asymptotic cyclic equivalences such as ag_ and Bg_, induce
similar local cyclic equivalences; see 11.9.b of [Pul] and 3.23 of [Pu2].

(b) Already there is an unstable excision for local cyclic (co)homology; see The-
orem 5.12 of [Pu3]. Therefore, results 2.1 to 2.4 are true for local cyclic theory
too.

Since local cyclic cohomology behaves reasonably under inductive limits, Corol-
lary 2.4 is adapted as follows for local cyclic theory:

Corollary 2.6. Let A, B be separable, commutative C*-algebras with corresponding

locally compact spaces X, Y. Then

HCj(A,B) = Hom ( @H" X,0C), @Hm Y,C))
(mod 2) ™= 0

Remarks 2.7. (a) Let C be the class of C*-algebras described in Theorem 10.7 of
[Pul]. For any A, B in C one obtains the following isomorphisms:

ch: KK*(A, B) @3 C — HC}.(A, B),
ch: KK*(A,B) @, C — HC*(A, B).
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By Proposition 6.2 of [C2], all commutative separable C*-algebras belong to C.
(b) As an example we have:

HC?(C(T™)) = HCL(C(T™) =C* , x=0,1,
HC!(C(T") 2 HCy(C(T™) = C* ', %=0,1
see [R2].

As another tool from K-theory, Meyer proved the Universal Coefficient Theorem
for bivariant local cyclic cohomology in [M].

3. STRICT DEFORMATION QUANTIZATION

Motivated by formal deformation quantization, Rieffel in [R1] introduced a C*-
algebraic framework for deformation quantization known as strict deformation
quantization. Suppose A is a C*-algebra with a dense *-subalgebra A equipped
with a Poisson bracket {,}. Then a strict deformation quantization of A in the
direction of {,} consists of an open interval I containing 0, and a family of pre-
C*-algebra structures {(xp,* 1,|| ||n)}rer on A which for & = 0 coincides with the
pre-C*-structure inherited from A such that if we denote by Ay the completion of
A under the C*-structure (Xp,* || ||z), then the family {Ap}rer with constant
sections from I into A constitutes a continuous field of C*-algebras and for every
a,b € A we have

. (axpb—abd)

LT

The first examples of this definition are noncommutative tori and noncommutative
Heisenberg manifolds. Deformation quantization of C*-algebras by actions of finite-
dimensional real vector spaces, formulated in [R3], provides other examples for strict
deformation quantization. In these constructions, the actions of Z and R play
important roles. As a consequence, the quantized algebras naturally are associated
to appropriate crossed product C*-algebras by actions of Z and R. Thus, the
Connes-Thom isomorphism and the Pimsner-Voiculescu exact sequence can be used
to compare the K-theory of the quantized C*-algebra with that of the original C*-
algebra, [R4l [A2]. Now, these tools have been generalized for stable, split exact,
and homotopy invariant functors. So, we can repeat Rieffel’s and Abadie’s works
to obtain the same results for these functors, in particular for local and asymptotic
cyclic (co)homology.

—{a, b} =0.

3.1. Noncommutative Heisenberg manifolds. For each positive integer ¢, the
Heisenberg manifold M, is defined by the quotient G/D., where G is the Heisenberg

group,

1
G= 0 ;x,y, 2z €R
0

o
— 8 W

and D, is the subgroup of G with z,y,cz € Z. Every nonzero Poisson bracket on
M. is determined by two real numbers p, v, where u? + v? # 0. According to [A2],
deformation quantization of M, in the direction of the nonzero Poisson bracket
(u,v), which is invariant under the action of G by left translation, is denoted by
{Dﬁ’f}ﬁeR, where 7 is the parameter of deformation. We know from [R1l, [A2] that
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for h # 0, the algebra wah is the generalized fixed-point algebra of Co(R x T) X yn Z
under the action p, where

Nz, y) = (x + 2khu,y + 2khv), k€ Z,
and if e(z) = exp(2mix), then
(pr®) (2, y,p) = e(ckp(y — hpv))®(x + k,y,p), k€L
It follows from Theorem 2.11 of [A2] that the algebra D/“;Vh is strongly Morita

equivalent to another fixed-point algebra obtained by the action 'y’\ﬁ of Z on
Co(R x T) X, Z, where

O'k(.l?,y): (l‘—k,y), kEZ7
and
(3" @) (2, y, k) = e — ckply — hp)) @ (x — 2php,y — 2phv, k), p € Z.

Now, Corollary 1.4 and the homotopy i — A" show that local and asymptotic cyclic
(co)hom- ology groups of D%/ are independent of the parameter . On the other

ng

h c,1 . .
hand, for any real number h, D¢’ and Dﬁu, hy are isomorphic. So, one can drop the

C,
I
parameter 1 from the notation and simply write Dy, , instead of D;: hy- Also, for

any pair of integers k, [, Dﬁf and D;fk L4 are isomorphic; see Proposition 1 of [Al].

Thus, the assumption & # 0 can be ignored. This shows that every stable, homotopy
invariant, and split exact (co)functor F' is rigid under deformation quantization of
Heisenberg manifolds. As a consequence, we have

Theorem 3.1. For any real numbers u, v, h and integer c, even and odd asymptotic
and local cyclic homology and cohomology groups of the Heisenberg manifold D/“;Vh
are isomorphic to C3.

Proof. Tt is enough to consider only the commutative case, which is an easy appli-
cation of Remark 2.7(a) and Theorem 3.4 of [A2]. O

3.2. Deformation quantization of C'*-algebras by actions of R”. Let a be
a strongly continuous action of R™ on the C*-algebra A, and let A* be the dense
*-subalgebra of its smooth vectors. Also, let J be a skew-symmetric matrix on R™.
On A° the deformed product X ; is defined by

axyb= //OéJu(a>OéU(b)€(’U, ‘v), a,be A™,

where e(t) = exp(2mit). Also, a C*-norm || ||; and an involution *; compatible
with the product x; are defined on A* (for details, see [R3]). The completion of
this pre-C*-structure is denoted by A; and is called the quantization of A by the
action of « in the direction of J. Let A be separable. Then it is o-unital, and
consequently A is o-unital too; see [R3]. It was shown in [R4] that A; is strong
Morita equivalent to a stable crossed product of A as follows:

A; 2 Ax,R" @ Co(R™) @ K,

where m is the dimension of the kernel of J. The right side of the above equivalence
is separable, so A is separable too. Thus we have

Theorem 3.2. Local and asymptotic cyclic homology and cohomology of the C*-
algebra A are rigid under deformation quantization by actions of R™.
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Proof. We consider only asymptotic cyclic homology, others being similar. From
the above discussion, Remark 1.5 and Corollary 2.2 we have

HCI(Ay) = HCY, . (A).

Since J is a skew-symmetric matrix, m is odd if and only if n is odd, so always
m +n is even. O

Remarks 3.3. (a) As an example, we consider the n-dimensional noncommutative
torus Tj. Even and odd local and asymptotic cyclic homology and cohomology

groups of T are isomorphic to €2 see 10.2 of [R3] and Remark 2.7 (b).

(b) Theorems 7.5 of [Pul] and 3.19 of [Pu2] show that the inclusion A — A in-
duces isomorphisms between asymptotic and local cyclic homology and cohomology
groups.

(c) Let o also denote the action induced by o on A ;. The subalgebra of smooth
elements of this action is A* too; see Theorem 7.1 of [R3]. By part (b), one obtains
that the asymptotic and local cyclic (co)homologies of smooth algebras are rigid
under deformation quantization too.
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