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ABSTRACT. Using M-ellipsoids we prove versions of the inverse Santalé in-
equality and the inverse Brunn-Minkowski inequality for a general class of
measures replacing the usual volume on R™. This class contains in particular
the Gaussian measure on R™.

In this note we consider versions of some geometric inequalities (of an isomorphic-
type) for a natural class of exponential log-concave measures, replacing the usual
volume in R™. These are versions of Milman’s inverse Brunn-Minkowski inequality
(IM)) and Bourgain-Milman’s inverse Santalé inequality ([BM]), which have played
an important role in the convex geometric analysis and the asymptotic theory of
normed spaces during the last fifteen years (cf. also [P]). Both these inequalities
can be viewed as a consequence of the existence, for any symmetric convex body in
R™, of a special ellipsoid, called nowadays an M-ellipsoid ([M]), which, in a sense,
reflects volumetric properties of the body. In this note we show that the same
ellipsoid also reflects, in an analogous way, properties of the body with respect to
a large class of exponential (log-concave) measures on R™. This class contains in
particular the Gaussian measure on R".

The Brunn-Minkowski inequality and other geometric inequalities have been de-
veloped and extended over the years, and we refer the reader e.g. to [G] for a recent
survey on this subject. We also mention papers [C] and especially [CEM], which
partially motivate the present note, and where, among other results, connections
between complex interpolation and the Brunn-Minkowski and Santalé inequalities
have been developed.

Let us recall basic notation. We consider R™ with the standard Euclidean struc-
ture and the Euclidean unit ball denoted by B%. The canonical Euclidean norm on
R™ is denoted by |- |, and the corresponding inner product by (-,-). An ellipsoid
D C R" is a linear image D = u(B%) for an invertible operator v on R".

By a symmetric convex body we mean a centrally symmetric convex compact
set with a non-empty interior. For a symmetric convex body K in R™ the polar
body K is defined by

KO .— {zx e R" | {z,y)| <1 foreveryy e K}.
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1214 HERMANN KOENIG AND NICOLE TOMCZAK-JAEGERMANN

The n-dimensional volume of a set K in R™ is denoted by |K|. For two sets
K,L C R™, we denote the Minkowski sum by K + L, i.e., the set of all z +y where
ze Kandye L.

We shall consider a number of properties of measures p on R™:

(i) there exists C7 such that for every symmetric convex set B C R™ and every
x € R™ we have (u(x + B))Y/™ < Cy (u(B))"/";
(ii) there exists Cs such that for every symmetric convex body K C R™ and
every A > 1 we have (u(AK))Y"™ < Co M(u(K))/™;
(ili) for some interval [aq,as] C [0,00) and some Cj3, the following inequality
holds, for every t € (0,1) and every A1, A2 € [a1, az],

i ((th+ (1= D) B < Cy (b0 BE)Y™ + (1= (e BE)")

Let us now recall the notion of an M-ellipsoid which is a starting point for our
investigations. It requires a standard notation. If K and L are two sets on R", by
N(K, L) we denote the covering number of K by L, i.e., the minimal number of
translations of L needed to cover K.

Definition 1. Let K C R™ be a symmetric convex body. An ellipsoid D C R™ is
an M-ellipsoid for K with constant C' if the covering numbers satisfy

(1) max { N (K, D), N(D,K),N(K° D°),N(D°, K°)} < exp(Cn).

This notion was introduced by Milman in [M] who proved that there is an ab-
solute constant Cy > 0 such that for every symmetric convex body K in R™ there
exists an M-ellipsoid for K with constant Cy. Throughout this paper we shall use
the notation Cy for such a constant in (I}). Another proof of the existence of an
M-ellipsoid can be found, e.g., in [P].

Our first result shows that, for a natural class of measures, any M -ellipsoid
satisfies estimates analogous to (7.2) in [P].

Theorem 2. Let K C R™ be a symmetric convex body and let D C R™ be an
M -ellipsoid for K with constant Cy. Assume that p is a measure on R™ satisfying
conditions (i) and (ii). Then

p(K + D) p(K°+ DO\
@ (u(KﬂD) u(KOﬂD°)> =
where C' = (2 Cy Cy exp(Cp))*.

Proof. Since N(K + D,2D) < N(K, D) < exp(Con), then using properties (i) and
(ii) we get w(K + D) < N(K + D,2D)C7u(2D) < exp(Con)C7 Cy 2™ (D).

On the other hand, since N(D,2(K N D)) < N(D, K) < exp(Cyn), then using
(i) and (ii) again we get

w(D) < N(D,2(K ND))CT u(2(K N D)) <exp(Con)CT CF 2" u(K N D).
Putting these estimates together we get

(u(K +D)

1/n
< 4C2C2exp(2C)).
D)) <ac Grewic)

The estimate for polars follows the same way. O
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If K,B C R™ are two symmetric convex bodies with M-ellipsoids D, D; C R™,
respectively (with constant Cy), then for every measure p on R™ satisfying (i) and
(ii) we have

3) (C1Co )2 u(D)Y™ < p(K)Y™ < (CrCa )P (D)
and

(4) w(D N D)™ < (C1Cy )2 (K N B)Y™,
Furthermore, for every measurable set A C R™ we have

(5) UK + A/ < Cy e (D + A,

Conditions (B) and (&) follow respectively from Theorem 2 and the definition of
an M-ellipsoid. Condition (@) is shown by a well-known trick: first observe that for
any symmetric convex bodies L1, Lo C R™ and for any x € R™ there exists y € Lo
such that (z + L1) N Ly C y + 2(Ly N L2). This easily implies that one can cover
DN D, by N(D, K)N (D1, B) translates of 4(K N B) and () follows from properties
(i) and (ii).

Given a symmetric convex body K C R"”, by a position of K we mean any image
K = u(K), under u € SL,. We say that K C R" is in an M-position with constant
Cp if a certain homothetic image of By is an M-ellipsoid for K with constant Cy. It
is easy to see that in such a case, if A := (|K|/|B%|)*/", then AB is an M-ellipsoid
for K with constant C{, (where C{ depends on Cj only).

Theorem 3. Let K C R” be a symmetric convex body and let D C R™ be an M-

ellipsoid for K with constant Cy. Let p be a measure on R™ satisfying conditions
(i) and (ii). Then

o\ 1/n
(6) ¢ < (K, D; i) o= (%) <0,

where C' and ¢ > 0 depend on C1, Cy and Cy only. Moreover, if K is in an
M -position with constant Cy, then

g o (o (l ) = (M)

where ¢’ > 0 depends on Cy, Cy and Cy.

Inequality (@) corresponds to the inverse Santal$ inequality of Bourgain and
Milman, and to an isomorphic form of the Santal6é inequality, with respect to an
M-ellipsoid. It should be noted here that, contrary to the case of the volume, the
ratio of the products s(K, D;u) for a more general measure p is not necessarily
affinely invariant. The moreover part corresponds to the inverse Santalé inequality
(with respect to the Euclidean ball). In this case, taking a position of a body, as
well as the extra factor on the left-hand side, is necessary. First, considering K as
an ellipsoid D with two distinct sets of axes, either very short or very long, but
such that |D| = | B[, we see that () might be false for such K. Second, the factor
of the form min(A,1/)) in (@) is also necessary, in general. To see this, for any
bounded measure it is sufficient to take as K a very small multiple of the Euclidean
ball; then the polar will have a bounded measure, but the measure of K will be
close to 0.

Let us note that as an immediate consequence of (@) we get Santalé’s inequality
(with a universal constant) for a large class of measures.
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Corollary 4. Let pu be a measure on R™ satisfying conditions (i) and (ii), and such
that there exists Cy such that

1/n n n
(8) (D)D) " < Ca(u(B5))*/",
for any ellipsoid D C R™. Then, for an arbitrary symmetric conver body K C R",
we have
1/n n n
(9) () ()" < € (u(B)™,

where C' depends on C1, Coy and Cy only.

As we shall see in Proposition [l below, the class of exponential measures which
we consider here satisfies ().

Proof of Theorem [8l The upper estimate in (@) follows from
(u(K) u<K°>)” " (u(K +D) (K" + DO))” "
(D) (D) “ \WEND) p(K°NDO) ’
while the lower estimate follows from
1 1
(42 M(DO)) " (kD) p(K" + DO)) "
W(E) (K9 ) =\ u(K 0 D) p(K9 DY)

For the second part of the theorem, let D = ABF, A > 0, be an M-ellipsoid for
K with constant Cy. Then D° = 1/ABY. Moreover, A\ ~ (|K|/|Bg|)}/". Assume,
as we obviously may, that A < 1. Then by (ii) (applied to K = AB%) we get

(1/Co) (B < (B3 p(1/ABE)™
which combined with (@) gives (@). O

Recall the well-known fact (cf., e.g., [G], (10) and (21)), which follows from the
Prékopa-Leindler inequality, that measures p with log-concave densities are log-
concave, that is, for non-empty bounded measurable sets K, B C R™ and 0 < ¢t < 1,
they satisfy

(10) W(tK + (1 - t)B) > u(K)'u(B)"".

This is, of course, a general Brunn-Minkowski inequality for p. This then sug-
gests the natural question of whether some form of the inverse Brunn-Minkowski
inequality, as proved by Milman in [M], is valid for a more general class of measures
as well. An obvious necessary condition for this (formalized in condition (iii) at
the beginning of this paper) is that the measures should satisfy suitable inequali-
ties for multiples of the Euclidean ball. The next theorem shows that under this
assumption, an analogue of the inverse Brunn-Minkowski inequality indeed holds
for bodies in M-positions.

Theorem 5. Let K, B C R" be symmetric convex bodies in M -position. Let u
be a measure satisfying (i), (i) and (iii). Set A1 := (|K|/|BE)Y™ and Ny :=
(IBI/IBEDY™. If A1, Az € [ar, a9, then

A1) (K + (0= B)Y" < O (Hu(E)M" + (1 - Hu(B)),
where C' depends on Ci, Cs, C3 and Cy.
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Proof. If K, B are two bodies in M-positions, then using (B twice we get
(WtK + (1 —t)B)Y™ < C1e% p(tA\By + (1 —t)B)Y/"

< O p((th + (1 —t)X2) BE)"
< GRSy (B (1= O (B ™)
<

CC3C3e5% (tu(K)Y/™ + (1= yu(B)/") .

In the last line we used (B)) and the fact that A\; Bf and A2 BY are M-ellipsoids for
K and B, respectively, with constant C. ([

Arguments of a similar type can be used to prove some other geometric inequal-
ities (of an isomorphic type) for arbitrary symmetric convex bodies in R™, once a
measure satisfies analogous inequalities for ellipsoids. We shall illustrate this with
an example related to the so-called correlation problem. For a measure p satisfying
conditions (i) and (ii) we can prove (using () that if

(12) (K N B)Y™ > e (u(K)u(B)",

where ¢ > 0 is an absolute constant, whenever K, B C R" are ellipsoids, then
the same inequality holds for any two symmetric convex bodies K, B C R™, with
constant ¢/ > 0 depending on ¢. For the Gaussian measure the correlation inequality
(which is [[2) with ¢ = 1) was proved in [SSZ] for two ellipsoids and in [HI, if one
body is arbitrary and the other is an ellipsoid. This implies ([I2) for arbitrary
symmetric convex bodies with some absolute constant ¢/ > 0. Also note that in
[SSZ] the inequality (I2) for arbitrary symmetric convex bodies with the constant
¢ = 1/v/2 was proved by a different method.

The main examples we consider are exponential measures defined as follows. Let
1 : RY — R be a C%-function such that ¢’ > 0 and 1" > 0. Let ;1 be a measure on
R™ defined by

(13) () = [ exp(=u(la)) de.
for every Borel set K C R™. Then we have the following.

Proposition 6. Any measure u defined by (I3)) satisfies conditions (i) and (ii). If
so denotes the unique value such that soi)’(so) = n— 1, then p satisfies (iii) on the
intervals [0, so] and [sg,00). Finally, u satisfies @) with Cy = 1.

Proof. Condition (i) with C; = 1 follows directly from the log-concavity of p (use
(@@ for K =z + B and L = —x + B; cf. also [G]).

Let K C R™ be a symmetric convex body and let || - | denote the norm corre-
sponding to K. Then by integrating in polar coordinates we get

1/l
(14) H(K) =[S, [3 ( / Pleb ) dr) do(z),

where o is a normalized Haar measure on S, _1.
For t > 0, let

(15) F(t) = ( /0 PSS dr)l/n.
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First note that for any A > 1 and every z € S,,_1 we have

A=l /|||
vl = [ e = [Tt g
0 0

1/l
< A"/ s eV ds = A F(1/ |2 |)",
0

where the inequality follows from the fact that 1 is an increasing function. Inte-
grating over S,,_; and using ([4) we immediately get (ii).
We pass now to the second part of the proposition. Let ¢(r) := e~ Tt is
interesting to note that s is the point where the function ¢(t) attains its maximum.
First we shall show that f is concave. We have

1 1
n — 1 t n t ;71
a0 === ([omar) " owr+ ([ o) o
We claim that this is < 0 for all £. Since

d0= (" -vo) <o it za-L

then f”(t) <0 holds for all ¢ such that ¢¢'(¢t) > n — 1. Assume next that t¢'(t) <
n—1. Then ¢'(¢) > 0. Since

(tne—w))’ — e g () ),

-2

then we have

n/ot o(r)ydr = tre¥(®) +/0t r’ (r)p(r) dr

IN

t
e i (e) [ ot
0

since, by the assumption, ¢1(t) is increasing in ¢ (¢” > 0). We find

(16) n/o o(r)dr < %Wt”eﬂp(t) = %Mtﬂt)'
Moreover,
a7 2(1) < T (- 1 (1))

nt
However, f”(t) < 0 if and only if n (fot o(r) dr) ¢'(t) < (n—1)p(t)%. By (I6) and
(@I,

¢ , n n—1 ,
o[ emrar) e < R0 = 1 ()l

n — ty’ nt
= (n—1)p(t)*
holds, i.e., f”(t) < 0 is true for all t > 0, so f is concave.

We shall show that there is ¢ > 0 such that for all A, A2 € [0, s¢] and for all
A1, A2 € [sp,00) one has

(18) (B + (= 0x)BH™ < e (B + (1= Hu(aB)/") |

forall 0 <t <1.
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By (I4) and the definition of the function f above, for A > 0 we have

pABE)Y™ = [Su-1] ().
By the concavity of f, f'(t) < f(0), for t > 0. Moreover,

1

t w1 t e
f’(O)ZP_I}I(I)% </0 go(r)dr) :}ilrg)? (/0 r"ldr) :1/n1/"§1.

We will show that for some ¢ > 0 depending only on 1, f(sg) > ¢sg. Then by
concavity, for 0 < ¢t < 1, we have

ctso < tf(so) < f(tso) < f'(0)tso < tso.
Hence for A1, A2 € [0, so] and t € [0, 1],
M+ (1 =t)A) <th + (1=t < e HEf(M) + (1= 1) f(N2))

implies (I8) in the interval [0, so].
To estimate f(sg) from below we note that

S0 1/n S0 1/n
f(s0) = (/ o(r) d?") > e vlso)/n (/ et dr> > V0 m sy /ntim
0 0

and that — since 1’ is increasing — then

(s0) = ¥(0) + /O W) dr < (0) + s0¥!(s0) < (0) + (n - 1).

Thus ¢ may be taken as ¢ = exp(—1 —¢(0))/2.

Now, for A € [sp,00), the function f is concave but essentially not changing
much, while f(sg) > e¢sg and f(o0) < dsg, for some constant d depending only on
v. From this the desired inequality is immediate if A1, A2 € (sp,00). To estimate

o 1/n
f(o00) from above we show that (st o(r) dr) < dj, for some absolute constant
di. Then it follows that

(o) = (O ) o)
(M’(O) /0 Uty d{’) "

1/n
= (n_le_w(o)sg + d?) < dssg + di < dsg,

f(o0)

IN

as required.
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To identify d; and complete the proof, take the nth power and divide by ¢(so)
to get

IN
N
o
3
7 N
| =
~_
3
|
—
@
i
o)
|
=
—~
5
o
S—
—~
=
|
o
=)
S—
S—
QU
=

- [ (Sioso)n_lexm—w'(so)s) ds

([ ) v

o0 n—1
< 2"_150—1—2"_1/ (%) exp (=’ (s0)s) ds.

50

Substituting u = 1/ (sg)s and using that sgi)’(sg) = n — 1, the latter expression is
equal to

[e’e] n—1
2" sy 42771 /4! (s0) / <n Q_L 1) e "“du
S0

< 2 sg 4277 ! (sp)(n — 1)1/ (n — 1)L

(We estimated the integral in the last step by the integral from 0 to c0.)
Therefore

</Oo #(r) d?") T (s0+1/%/(50))""" (s0)/" < d,

for some absolute constant dy, since sg = O(n). This completes the proof of the
case of the interval [sg, 00).

The last statement follows from the recent result by Cordero, Fradelizi and Mau-
rey [CEM]| where, among other results, connections between complex interpolation
and the Brunn-Minkowski and Santald inequalities have been developed. For the
reader’s convenience we briefly describe it here. They call a function ¢ : R™ — R
unconditional if ¢(z1,...,zn) = ©(|z1|,..., |zal), for (z1,...,2,) € R™. A set
K C R"™ is unconditional if its characteristic function is unconditional (in other
words, the standard unit vector basis is a l-unconditional basis in (R", K)). In
Proposition 7 of [CEM] they consider an unconditional function ¢ : R” — R such
that (r1,...,7m) — @(e™,...,e"™) is convex and the measure g on R™ is defined
by n(K) = [, exp(—ap(x)) dzx for every Borel set K C R™. Then they prove that
for any two unconditional bodies L1, Lo C R™ and every 6 € [0, 1] one has

(19) p(Ly ™ LY) > p(K) (L)’
(Here we use the notation
LI7LY = {w e R" | 3w € L1,y € La, |wy| = |z;]"0)y;|% for j =1,...,n}
analogous to the familiar Calderon’s complex interpolation formula for function
spaces.)
Now notice that a measure p defined by ([3)) satisfies the above hypothesis and

is rotation invariant. Let D C R™ be an ellipsoid; and without loss of general-
ity assume, as we may, that its semi-axes are in the directions of the standard
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unit vector basis, that is, D is unconditional. Finally recall a familiar fact that
D'/2(D%)1/2 = BY (recently used in [C] in the complex case). Using this fact and
([9) the same way as in [C], Corollary 3.3, we get (B) with Cy = 1. O

At the end of this note let us consider the following well-known example: for a
fixed symmetric convex body L C R", let

KN L]

for every Borel set K C R™.

Then every measure pp, is log-concave, and hence it satisfies condition (i). Condi-
tion (ii) is trivial, however (iii) is not necessarily satisfied. Namely, given an interval
[a1, as] with a1 < as we may always find L (namely L = eB¥ for an appropriately
chosen € > 0) such that uz does not satisfy (iii) on [ay, az].
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