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ABSTRACT. In this article we describe a model for subnormal semigroups of
composition operators (with linear fractional symbol) acting on the Hardy
space H2. We also discuss cyclicity of such semigroups in the context of more
general results studied by J. H. Shapiro and P. S. Bourdon.

1. INTRODUCTION

Let A(A) denote the space of all analytic functions in the unit disk A with the
topology of uniform convergence on compact subsets of A, and let H be a linear
subspace of A(A). If ¢ is an analytic self-map of A such that f o belongs to
H for all f € H, then % induces a linear operator Cy : H — H defined as
Cy(f) == foe. Cy is called the composition operator with symbol 1.

As usual, we will denote by H? the Hilbert space

H*(A):i={f =) aiz' € A(A): ) |a;|* < oo},
=0 =0

where the vector operations are the pointwise ones, and the inner product is given

by
<Z a;z’, Z biz') = Z a;b;.
i=0 =0 =0

HZ will denote the orthogonal complement of the constant functions in H?; that is,

(o)
Hy :={f=> aiz' € H* :a9 =0} = {f € H?: f(0) = 0}.
i=0
Definition 1.1. Let H be a Hilbert space. An operator S € L(H) is said to
be subnormal if there is a Hilbert space K containing H and a normal operator
N € L(K) such that N|y = S. An operator T € L(H) is said to be hyponormal
it T*T > TT*.

In [I0] the author pointed out that as a consequence of a result of C. C. Cowen
(cf. M) if ¢ : A — A is a linear fractional map, and the composition operator
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1750 JOSE GIMENEZ

Cy : H> — H? is hyponormal, then C, is unitarily equivalent to a composition
operator with symbol ¢ of the form
z

1.1 Z)i=—
( ) ¢a( ) az + (a + 1)
We also showed in [10] that if ¢ is a symbol of the form (L)), then ¢ induces a
strongly continuous one-parameter semigroup of subnormal composition operators.
More precisely, we may define non-negative powers of ¢, by the formula

ze A, a>0.

¢()1,\ = ¢(1+a)>‘—17
and then put
(1'2) C(éu = C¢(1+a)/\—1'

Recall that if H is a Hilbert space, a function A; (¢ € [0,00)) from [0,00) to
the algebra of bounded operators on H is called a (one-parameter) semigroup of
operators if

(i) AtAs = Airs, Vi, s€]0,00), and

(ii) Ao = I (the identity operator on H).

We will denote such a semigroup by ({At}i>0,H). If it is clear from the context
that {A:}1>0 C L(H), then we will refer to the semigroup simply as {A:}s>0, or
by a label such as A = {A;};>0. The semigroup {A;}:>0 is said to be strongly
continuous if th_% A; = Ag (in the strong operator topology) Vs € [0, c0).

In fact, Theorem 2.5 in [I0] can be restated as follows.

Theorem 1.2. Let ® = {¢s}s>0 be a semigroup of linear fractional self-maps of
A, such that no ¢s has 0o as a fized point. The following statements are equivalent:

(i) Cy, is hyponormal for some s > 0.

(ii) Cs is a strongly continuous semigroup of subnormal composition operators.
Moreover, if (i) or (ii) hold, then there exists a sequence {\;}I_, of positive real
numbers such that

1
Cop = {CyNY  where ¥(z) := .
w = (C) W)=

The purpose of these notes is to exhibit a model, as a semigroup of multiplication

operators, of {Ca)b\a}’ as well as to describe certain cyclicity properties of it.

2. A MODEL FOR SUBNORMAL SEMIGROUPS OF OPERATORS
The following is a well-known result due to T. It6 [12].

Theorem 2.1. Every strongly continuous semigroup ({Ai}i>0,H) of subnormal
operators can be extended to a strongly continuous semigroup {Ni}i>o consisting
of normal operators acting on a Hilbert space K that contains H.

Definition 2.2. A normal extension ({N;}i>0,K) of ({Ai}i>0,H) is said to be
minimal if IC has no proper subspace that contains H and reduces each N;. Equiv-
alently, ({N¢}i>0,/K) is the mn.e. of ({A;}i>0,H) if

K=\/{N;¢§:te0,00),6€H}

Theorem 2.3 (T. It6). Any two minimal normal extensions (m.n.e.)  of
({At}i>0, H) are unitarily equivalent. If ({Nili>0,K) is a minimal normal ex-
tension of ({A¢}i>0,H), then ||Nillk = ||Ad||n, V¢ € [0, 00).
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Remark 2.4. Let {N;}+>0 be a strongly continuous semigroup of normal operators.
Since the Fuglede-Putnam Theorem implies that N; commutes with N for all
s,t € [0,00), the selfadjoint operators U; := N;N; also form a one-parameter
semigroup.

Proposition 2.5. Let {N;}+>0 be a strongly continuous semigroup of normal op-
erators. Then the operators Ny, t > 0, have one and the same null subspace.

Proof. Tt suffices to show that if N, f =0, then N, f =0 for u > s, and Nz f =0.
The first of these assertions follows from the identity N, _sNg = N,,. The second
is a consequence of the relations

INfI]P = (NN fo f) = (Us ], f)
and
O

Definition 2.6. A semigroup of operators 7 = {Ts}s>¢ is said to be non-degener-
ate if the common null space N(7) of the operators T is {0}.

Proposition 2.7. If {N;},>0 is the minimal normal extension of a non-degenerate
subnormal semigroup {St}i>0, then {Ni¢}i>o itself is non-degenerate.

Proof. This follows from the definition of m.n.e., Theorem 23 and the fact that the
kernel of a normal operator reduces it. O

The following result also involves semigroups of normal operators (cf. [L7]). A
proof can be found in [14].

Theorem 2.8. Let {Ni}>0 be a non-degenerate, normalized (i.e., || N¢|| = 1, Vt >
0), strongly continuous semigroup of normal operators. Then {Ni}i=o has a unique
spectral representation of the form:

Ny :/ e " dE(z)
I+

where IIT := {z|Re(z) > 0} and E(z) is the spectral measure on II" of the
infinitesimal generator of the semigroup {N¢}iso.

Definition 2.9. A strongly continuous semigroup 7 = {T'(s)}s>0 C L(H) is said
to be cyclic if there is a vector xg € H such that \/{T(s)xzg : s > 0} = H. The
vector xg is said to be cyclic for 7. If there is family of vectors {zs}ss0 C H
such that T'(s)as = Ts4¢, Vs,t >0, and \/{zs:s >0} =H, then T is said to be
quasicyclic, and the family {xs}s>¢ is called a quasicyclic family for 7.

Using Theorem we can slightly modify the proof of a result by R. Frankfurt
([]) to establish our next result. We will need first the following definition.

Definition 2.10. Let It := {z|Re(z) > 0}. Define a map 7 from IIt to the
half-line {z > 0} by 7(z) := Re(z). If u is a given measure on IIt define a
measure v on {x > 0} by dv(z) = du(r~'(x)). The measure p is said to have
minimal exponential type if the Laplace-Stieltjes integral fooo e % dv(x) converges
for all s > 0. In this case we have that e=** € L?(u) Vs > 0. Denote by H?(u)
the L2(du)-closed linear span of these functions.
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Theorem 2.11. Let {T'(s)}s>0, be a quasicyclic subnormal semigroup of contrac-
tions on a Hilbert space H, with the property ||T(s)|| = e** for all s > 0, where
k =1In||T(1)||. Then there is a measure u defined on the right halfplane ITT and
having minimal exponential type such that the semigroup {T'(s)} is unitarily equiv-
alent to the semigroup of multiplication by e**=2) on H?(dp).

Proof. Let {N(s)}s>0 be the minimal normal semigroup extension of the (nor-
malized) semigroup {e™**T(s)}s>0, acting on some Hilbert space K O H. Let
{zs}s>0 be a quasicyclic family for T'(s)sso. Then the minimality of {N(s)}s>0
implies that it is non-degenerate, normalized (Theorem 23], and

K=\/{N@#)zs: st>0}

By Theorem [2:8, N(s) has a spectral representation of the form

(2.1) N(s) = /H e dE()

where E(z) is a spectral measure on IT*. For each s,t > 0, define a complex
measure ps; on IIT by

Qo (2) = (dE(2)a,, 20).

If s =t, we will write p;+ = p;. Then we have, for any s,t,u,v > 0,

(2.2) dﬂs—i—u,t-{-v — e(uz-‘rvf)dus,t(z).

Indeed, let f be any continuous function with compact support in I7+. Then

/H I ) = [ TG )

f
I+

- f)AEZ)N ()" N (u)s, v1)

(2.3) — ([ 1eaBe) / e~ IE (), 2,)

I+ I+

= (z)ef(“””z) dE(2)xs, xt)
I+

- /H f(e)e D dpy
which implies (Z2)). In particular, for any s,t > 0,
dpsti(2) = e~ 2% dpy(2) (¢ = Re(2)).
Hence
dp(2) == €>dpy () (s > 0)

is a well-defined measure on IIT. Moreover, since each du, is finite, it follows
that du has minimal exponential type. Let Ho = sp{N(t)*xs}s >0, and define a
transformation U from Ho to L?(du) by

U(N(t)*l‘g) — ef(sertE)
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for any s,t > 0, and extend it by linearity to Hg. Thus, if s,¢,u,v > 0,
(N({t) zs, N(v) zu)x = (N)*N(0)xs, Tu)k

= [ e anee,m)
(24) = [ e

I+

_ <ef(sz+t3)’ ef(uz+v3)>L2(dH)’
which proves that U is isometric. Hence U extends to an isometric map from C
to L2(dp). In particular, since U(zs) = e~ %, Vs >0, U carries ‘H isometrically
onto H2(du). Tt is readily seen that U intertwines the semigroup {e=*T'(s)}s>o0,
and the semigroup of multiplication by e™*%, s > 0. The result now follows. ([

3. CYCLICITY

P. S. Bourdon and J. H. Shapiro have exhaustively studied and described the
cyclic behavior of linear fractional composition operators in their book Cyclic Phe-
nomena for Composition Operators [3]. Recall that an operator T' in a Hilbert
space H 1is said to be cyclic if there is a vector x € H whose orbit

Oorb(T,z) :={T"xz:n=0,1,...}

has dense linear span. T is called hypercyclic if there is y € H such that
Orb(T,y) =H.

As usual z (resp. y) is called a cyclic (resp. hypercyclic) vector for T.

In [3] the reader can find a proof of the following fact: an operator has ei-
ther no hypercyclic vector or a dense G5 set of them. As a consequence, Baire’s
theorem implies: Every countable collection of hypercyclic operators has a com-
mon hypercyclic vector. On the other hand, [2, Theorem 2.8] implies that for any
A >0, Cq);a|H§ is not cyclic (as a single operator), and that, in fact, the closed
linear span of any orbit of Cy, | gz has infinite codimension.

Now, cyclicity (resp. hypercyclicity) deals with the fact that the set obtained by
applying the integer powers of T' to a cyclic (resp. hypercyclic) vector, has dense
linear span (resp. is dense); however, in our case we have more powers of Cy, | H2
in which to rely, and this might turn out to produce a better cyclic behavior in a
certain sense.

Definition 3.1. A Hilbert space H of analytic functions defined on an open region
Q C C is called a functional Hilbert space if for each z € ) the linear functional
f— f(2) is continuous. In this case, the Riesz representation theorem implies that
for each z € Q there is a function K, € H, called a reproducing kernel, such that

f(z) = (f, Kz).

One important step in establishing the hyponormality of Cy, : H*> — H? is to
consider the restriction Clg, |,.. It is readily seen, on the other hand, that both
0

H? and HZ are functional Hilbert spaces, and since the set {z,22,...,} is an
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orthonormal basis for Hg, it follows (cf. [I]) that the reproducing kernels of Hg
are the functions

St _ wz
K(Z7’U}) = Kw(z) = nzz:lznwn = m, Z,W € A.
Notice that the kernels K,, are linear fractional self-maps of A. Moreover, the
symbols {¢2} are, in fact, scalar multiples of these kernels. Indeed,
z 1 (1) 1

3.1 o = = —— =——K_ _a.
(3.) 0u) = e = e T (e = e

On the other hand, it is well known (cf. [5]) that the adjoint of any composition
operator Cy : H — H, where H is a functional Hilbert space contained in A(A),
satisfies: CjKy = Ky (), for all w € A.

Notice that if us := @5, s > 0, then C’;a’us = u¢4s. The following proposition
shows that the set {us}s>0 actually spans HZ.

Proposition 3.2. Let T(s) := ;JHS’ s > 0. For all t > 0, the function
ug := ¢! is a cyclic vector for the semigroup {T(s)}.

Proof. Fix t € [0,00). Suppose that g € HZ is orthogonal to \/{T(s)u; : s > 0};

then
0 = <ga T(S)ut>
= <ga us+t>
-1
= —<g7K 1 a(s t)—1
A -1 @K _amenn)
-1 1
= —1).
Grae -1 Graes Y
Therefore, the analytic function g vanishes along the curve {m -1,5s>0} C
A, which means g = 0. O

Remark 3.3. In general, for a strongly continuous semigroup {7T'(s)}s>0, there are
constants w € R and M > 1 such that [|T(s)|| < Me®* (cf. [13], Proposition 1.5.5).
The semigroup {C§ |pz}s>0, however, satisfies

1G5, Ll = (14 @)y = e ot
cf. [10, Theorem 2.14].
As a consequence of the preceding discussion we have

Theorem 3.4. The semigroup {T(s)}s>o0 is unitarily equivalent to the semigroup
of multiplication by esITMWI=2) on H2(1), wherep is a measure defined on ITT,
having minimal exponential type.

Now we establish a general result on quasicyclicity of the adjoint of a semigroup
of composition operators.

Theorem 3.5. Let ® := {¢(s)}s>0 be a semigroup of analytic self-maps of A,
such that ¢(s) has no fixed points in A, for s # 0. Then the adjoint, {C’;(S)}Do -
L(H?), of the semigroup of composition operators induced by ®, is quasicyclic.
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Moreover, for any non (eventually) constant convergent sequence {sp} C [0,00),
there are infinitely many vectors f € H? such that

(3.2) \VACs ) f: k> 0} = H?.
Proof. Pick any w € A, and let z, := Ky5)w) (= C’;(S)Kw). Then
Co®s = Co Co) Kuo
=C} K,
= Kp(t+5)(w)
= Tt+s-

The hypothesis on & guarantees that the relation
s — ¢(s)(w)

defines a simple smooth curve contained in A; indeed, suppose t > s and that
d(t)(w) = ¢(s)(w). Then ¢(s) o ¢(t — s)(w) = ¢(s)(w), which implies (since @(t)
is univalent) that ¢(t—s)(w) = w and therefore (since ¢(t—s) has no fixed points
in A) that ¢t = s. Thus if g € H?, then

(9,25) =0 Vs & (9,05HKuw)=0 Vs

(3.4) & gé(s)w) =0 Vs

& g=0,
by the uniqueness principle for analytic functions. This argument shows that
{C:;(S)}DO is quasicyclic. The last assertion can be proved similarly (by putting
f=Ky). O

Remarks 3.6.

e Actually, Proposition [3.2] can be deduced from Theorem B.5] due to the fact
that Cy,[pz = sM.Cg, Mz, where 04(2) = sz +s—1 with s = H—La’ and M,
and M. denote the operators of multiplication by z on H? and by % on HZ,
respectiizely; see [4].

Thus, the semigroup {C$a’| H2}A>0 is unitarily equivalent to a semigroup of the
form {stC;(t)}t>0, where {o(t)} is a semigroup of analytic self-maps of A such
as the one described in Theorem

Note also that if {S;} is a quasicyclic subnormal semigroup, k is a positive
constant, and we define

T, :=k'S; (t>0),
then {T};}+>0 is also a quasicyclic subnormal semigroup.
e Applying Theorem [33] to the semigroup {¢,}, equation (BZ) turns into

(3.5) \VA{(Cs )™ f : k> 0} = H?,
which resembles cyclicity.

In [9] R. Frankfurt points out the fact that if the measure u, given in Theo-
rem [217] is finite, then U*(1) is a cyclic vector for {T'(s)}s>0. He also gives an
example that the converse, in general, is not true. In the present situation, however,
we have

Corollary 3.7. The measure p, corresponding to {e’SkC;a|Hg}520 by Theo-
rem 111, is a probability measure.
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Proof. Tt is readily seen that if w = 0 in the proof of Theorem BH, then for all

A >0,
1

1—(s*=1)(s*—1)

<x>\7xlt>H§ =
Hence
/ dp = (L, D) m2(ap) = (To,To)gz = 1.
I+
O

I would like to thank Professor Rail Curto for his valuable suggestions. I am
also indebted to the referee of the previous versions of this paper who made several
recommendations to improve the exposition.
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