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ABSTRACT. Let B be the unit ball in C™, let S be the unit sphere, and
let Sg(f) be the admissible area function. In this paper, we show that if
f € Lipa(S), then Sg(f) € Lipa(S) and there exists a constant C' such that
1S5(FLipa < CllfllLipe -

1. INTRODUCTION

Let B be the unit ball in C™, dv the normalized Lebesgue measure on B, do the
normalized surface measure on the boundary S of B.

For e Sand 0 < <2/ let Qs(§) ={nesS:d&n =1-(n)] <d} bea
nonisotropic ball of S.

We denote by f € Lip,(S) the nonisotropic Lipschitz space of order 0 < o < 1

GENO]
enes  d(&,n)”
We shall follow the convention of identifying the function f on the unit sphere
with invariant harmonic extensions into the unit ball defined via the Poisson for-
mula:

if

= || fllLip, < 00

f(2) = /S P(z.€)f(€)do(€),

where P(z,¢&) is the Poisson-Szego kernel

(1-z)"
P(Z,f) = |1 . <Z,€>|2n
For F € CY(B), let DF = (37F37F ,gTF,gTF) (k = 1,2,---,n) be the
real gradient of F' and VI = (g—j;, g_ng" e ,gTF) the complex gradient of F', z =

Let V denote the invariant gradient on B, that is,

V(z) = V(f o) 0),

Received by the editors September 17, 2003 and, in revised form, February 20, 2004.

2000 Mathematics Subject Classification. Primary 47B38, 32A37, 42B25.

Key words and phrases. Unit ball in C™, admissible area function, nonisotropic Lipschitz space.
The second author was supported in part by the Education Department of Zhejiang Province.

(©2004 American Mathematical Society
Reverts to public domain 28 years from publication

1777

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1778 JINSHOU GAO AND HOUYU JIA
where @, is the involution automorphism of B satisfying ¢.(0) = z,p.(z) = 0. It
has been shown in [I] that for a € B,
a—P,z—(1- |a|2)%Qaz
1—{(z,a)
where P,z = <|Za’|‘§>a, Pyz=0,Q,=1—- P, and

¢2(0) = =(1 = [al*)Ps = v/1 — [a>Qa.
Now, by a simple computation we get that
IVIEP =1V o)) = V()0 = L)V f(2)
= (1= [PV f(2)]2 + (1= [2)|Q:V f ()
= 1=V = (Vf(2),2)]%)
1=V = [RF(2)?)

where Rf is the radial derivative of f.
If u € C'(B), the admissible area function is defined on S by

Spu(§) = {/D © |Vl (1 = [2*)~ D du(z)} 2

Pa(2) =

(1.1)

where Dg(€) denotes the admissible approach region with 5 > 1:

Do(€) = {z€ B:[1— (2.8] < 20— P},

In [2] S. Y. Chang proved the boundedness of Sz on LP (1 < p < +00); P. Ahern
and J. Bruna [3] studied the characterization of Hardy-Sobolev spaces by Sg(f).

The aim of this paper is to study the behavior of Sg(f) where f € Lipo(S) (0 <
a<1).

Theorem 1.1. If f € Lipa(S) (0 < o < 1) and Sg(f) < +00 a.e.on S, then
Sgf € Lipa(S) and there exists a constant C such that

158N zipa < Cllf || Lipa-

Throughout this paper we shall use the letter C' to denote constants, and it may
change from line to line.

2. PRELIMINARIES
Lemma 2.1. Let z € B, £ € S. We have
L e o A (e £ )
1= (0P 1= (9P " |1—(z,)pF2 |
Proof. Notice firstly that P(z,&) = P(z,£) and
IDP(2,)| = [VP(z,)|.
To calculate [V P(z,€)| we will use formula (CI). We have

I e (o e
VP = <|1—<z,§>|2" PG 5)

[VP(z,€)] < n(
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ADMISSIBLE AREA FUNCTION 1779

and
U P(s o A=zt A=z -(z8)E 2) 5
PVREe) = (u—@@w P = (e )’
1— 2’2 n , 22§ 5
Q-VP(z,€) _ Ak )|Z(| |1£< >2§||2L+2 (€.2)2)
Hence

IVP(2,6)] < (1—|2]})|PVP(2,€)| + (1 - |2[)2]|Q:VP(2,6)|

() W S S e o
= n(ﬂ—@ﬁW”+H—®£WM1 u_@@wme>'

The following lemma is well known; see [4].

Lemma 2.2. Let f € LY(S) and 0 < a < 1. Then the norm || f|| Lip,, is equivalent
to

1
sng/QU—fQWU
where fo = ﬁ fQ f(&)do(§).

Lemma 2.3. Let f € Lip,(S),y > > 0. Let Qo be a nonisotropic ball of radius 6 > 0
and center n*. If |1 — (n,n*)| < 16, then there exists a const(mt C depending only

on n,vy so that for any z € B that satisfies |1 — (z,n)| < we have

16’

Proof. For £ € S\ Qo and z € B that satisfies |1 — (z,n)| < &, [1 — (n,7")| < =,

we have
F©) = faol < = [ 1F(©) = £G)ldo ()
IQol Qo
S |QO| ada( )”f”Lipa
< Cl—(z §>| £l Lipe, -
Hence

|f(£)_fQ0| -
A ) = Jaol g e

\Qo |1 - <Z,€>|2n+'y

1
<Olleon [, T pgpate®

0

< OO f | Lip,-

To be convenient, we denote r(z) = (1 — |2|?) (2 € B).
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1780 JINSHOU GAO AND HOUYU JIA

Lemma 2.4. Let Qg be a nonisotropic ball of radius § > 0 and center n*, let R be
a nonisotropic ball of radius r(z) and center at n*, and let f € Lip,(S). Then

i ) > )

e, () <),

Proof. We only prove (2.), the proof of (2.2) being similar.
Since r(z) > &, we choose k such that 2¥6 < r(z) < 2815, Then

k <log, %, and

(2.1) [fr = fQol < C(1+|In]

(2.2) |fr = fol < C(1+|In]

() <2and

fn=tal = I [ (1O = fa)iate)
) /R F(€) — fouldo(€)
C(r(z)™" /Q (€)= fauldo(©).

IN

IN

As in the proof of Lemma 2.3 we have

/Q 1F(&) = faoldo(§) < Clk+2)|Qrral" ™ | fll Lipa

< Clk+2)2576" | fll Lipe -
Thus
\fr—faol < Ck+2)2"%6" (r(2) "I 1l Lipa

@) f i

~—

C2H(2 + [logy | LC

N

Qﬁ ‘

Since 14| 1n[r(z)]| is equivalent to 2+ | 10g2[ )]|, @) is proved, which completes
the proof of the lemma. O

Lemma 2.5. Let R’ be a nonisotropic ball of radius 4ar(z) and center at n*, and
let f € Lipa(S). Then

/. %do(@ < O ()" | f i,

Proof. Argue as in the proof of Lemma 2.3. O

Lemma 2.6. Let Qg be a nonisotropic ball of radius 6 and center at n*. If gr(z) >
16’ 11— (n,n")| < %7 11— (z,m)] < gr(z), we have
1/ (€) — fa,l (nt ( )
s IO g < n+y—a) 1 1 o
A e dete) < O )™ (0 2D s,

Proof.

£ = faul POl o(6)
/s|1—<z,§>|2"+vd (5)</s|1—<z,e>|2n+vd ©+Ifw—ta |, (e p
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ADMISSIBLE AREA FUNCTION 1781

By Lemma 2.4 and Lemma 2.5, we have

RO = Frl oy < oyt 7
/s |1 _ <27£>|2n+’yd (f) < C( ( )) ||f||szm
|fr = fol < C(r(2))*(1 + |ln[$]|)”f”upu'

We also have (see [T P17])

do(§) —(n
/s T Ggpe @

Hence
1f(§) — fqol
f i s

< C(r(2) " fllLip, + Clr(2)" " (14 Iln[gll)llfllupa

< Cr(2)) "I (1 + |1n[%]l)llfllmpa-

~—

3. THE PROOF OF THEOREM 1.1

Let hq(§) = (f(€) — fo)xs\o(§). To complete the proof of Theorem 1.1, we
need the following theorem.

Theorem 3.1. Let f € Lipy(§), let Q be a nonisotropic ball of radius 6 and center
atn*, and let 1—16Q ={eS:|1-({n9)] < 1%}, Suppose that there is ann' € %6
so that Sz(hqg)(n') < co. Then there exists a constant C, depending only on n and
5. such that 35(hq)(n) < o0 and. |S5(hq)(n) — Sa(he) ()| < CO™ sy, Jor al
UASETS

Proof. Let D (n) = Dg(n) N {’BTQ(Z) < 1%} and D;(U) = Dg(n) N {WT(Z) > 116}'
We have

Sp(he)(n) = { : Iﬁ/sP(z7§)hQ(é)da(f)|27“(Z)’("“)dl/(2)}%

Dg(n

([ ¥ [5 Pz, £)ho(€)do (&) 2r(z) " Ddu(2)}

Dy (n)

% / Pz, €)ho(€)do (&) Pr(z) - D du(2) 1
(3.1) pim s

—{ ([ I9PG©)lno(©ldo(©)Prz) V()
Dg(n) 48

+{ (/SWP(Z,E)IIhQ(E)Ida(f))Qr(Z)_(”“’dV(Z)}%

DF (n)
=1 + Is.
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1782 JINSHOU GAO AND HOUYU JIA

By Lemma 2.1, we have

(L—]zP)" | Q=P (=)t
n{/D /S\Q 1= o L= (mgp 11— <z,g>|2n+%)

<[7(€) ~ faldo()*r(z)" ()}

If z € Dj(n), by Lemma 2.3, we get

</S\Q |1—<z,§>|2n|f() feld (5)) < Cr(2))*0 1120

(1—|z?)*t i 42 s—2(n+l—a) || £]|2
/S ST ap O~ faldo(©) ) e 112,

(1—z? )n+2 i 2n+1 s—2(n+1—a) 2
/S\Q WU( ) — fqlda(§) < C(r(2)™" 4 2N fll Lip.. -
It follows that

[1 < C [(r(z))Qn(s—Q(n—a) + (T(Z))2n+2(5_2(n+1_a)
Dy (n)

N

1

H(r(2) 220 ()R £, du(z) )
_ —2(n—a) r(z n—1 vz —2(n+1—a) r(z n+1 vz
o(s /Dﬁ—@(“) di(z) + 5 [ e

Dy (n)

72 [ @) (:))
Dg (n)

< (5 [ @) 1

Dg (n)

Arguing as in [2] P116], we get

/ dv(z) < 5"
Dg (n)

Hence
(3.2) I <O fll Lipe.-

Next, we estimate Is:

= VNPz o 27’27(” 1) v(z
I {/g(n)(/s| (2, 9)hq(&)ldo(§))"r(2) du( )}
VP(z do 2p(2) "D gy (2

~ ; o 27“ P —(n+1) (2 .
L LITPE e an(@ ) i)}

1
2

[N

N
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For the first term above, we have

(L oo s TP 0RQ@o(© ) i)

SOl (P olha@lan©) e Van) )

[N

= Sﬁ(hQ)( ).
For the second term above, we have
UL oo CLIPE0l0©1e©) (o) Davto
4 (mM\Dg(n

_ |Z|2)n+1 (1 _ |Z|2)n+%

(1—[z)" (1
: n{ /D;(m\DB(n') (/S\Q(|1 — (2,8 " 1= (2,2 * 11— (z,€)2n+3

<IF(€) = foldo(9)*r ()}

Using Lemma 2.6, it follows that

N

</5\Q%m> faldo(©)" < COE+ P
/ w“r(g)_f do(&)? < C(r(z))Q"(lJrIhl[MH)QHfHQ'

s\Q 11— (2,21 ¢ - g o
[ e golaste)? < o+ mC 2,

\Q |1 - <Za€>|2n+1

Hence

[N

{/ (M\Djs (') (/ |§P(zvg)||hQ(§)|d0(§))2r(z)—(n+1)dy(z)}

=

: C{ /D+< N\ D ( >(1 " |m[%@]DQT(Z)*(”H*QQ)||f|\%z-p(,dl/(z)} '
n BN

Notice that |D+( Y\ D) N{r(z) =} < Cé for all 0 < ¢ <1 (see [5, P128])
and 2220 > L5, So we have [D} (1) \ Dg(n') N {r(z) = ¢'}| < C8(r(2))"~*. Thus

it follows that
r(z (nt1—2a 3
{/ (14 2202 2 ()}
Dy (m\Dg(n’)
! r(2)
SC’/ 1+ [ In[—==2])26r(2)%2dr(2)|| f]| Lip..
55) %( | In[—5=]] ) Il zip
+o0 9
<o [ et 2 s,
83
< C8%| fllLipa-
Using (B3)-(33H), we have
(3.6) Ir < Sp(hq) (') + C3%| fllip.-
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1784 JINSHOU GAO AND HOUYU JIA

Combining (B1) with (B2)), (36, it follows that
Sa(hq)(n) < Sa(he)(n') + C3%(|f Lip..-
Thus Sg(hg)(n) is finite. Reversing the roles of n and 7', we obtain

195(hq)(n) — Sp(he) ()] < CO%||f|| Lip.-
This completes the proof of Theorem 3.1. (]
The proof of Theorem 1.1. Write f as
f(&) = fo + (f(&) = fo)xa(§) + (F(§) — fo)xs\(§)
= fQ(&) + 90(&) + hq(8).

Since fq is a constant, Sg(fo) = 0. Thus Sz(fg) is in Lip, with the Lip, norm
equal to 0. Therefore

(3.7)

Sp(f) < Splgq) + Sp(hq),
Sp(hq) < Splgq) + Sa(f)-

By the boundedness of Sg(f) on LP? (1 < p < o0) and the Cauchy-Schwarz
inequality, we have

/ 1S5(9q)ldo(€) < 1QIH( / 1S5 (g0)Pdo(€)
Q Q

<C|QI'%

It also follows from (BX) that Sg(gg) is finite almost everywhere. Therefore
Sg(hg) < +00 at almost every point such that Sg(f) < 4o0.

Now, we prove [|Ss(f)||Lipa < Clf|Lipa-

To show the boundedness of Sg on Lip,, by Lemma 2.2 and the triangle inequal-
ity, it suffices to show that for every f € Lip,(S5), there is a constant A = A(Q, f)
such that

(3.8)

(3.9)

fllLipa-

1
T L 18550 = Ndo(©) < Ol .-

Let Q" C S be any nonisotrophic ball, and @ = 16Q’ (that is Q' = %Q)
Since Sg(hg)(n) < +oo at almost every point, we choose a point 7’ € 11—6Q so that
Ss(hg)(n') is finite. Then, by (3.9)) and Theorem 3.1,

G L 1986 = Ssth)o ao(e
= GE [, 155000+ ha)©) = S3(h)(©) + Salha)(€) ~ S5(ha) do(©)

1 / 1 ,
== [ [59s(g £da£+7g/5h €) — Sa(h do (¢
e L 193060)@1a0(©) + e [ 156(20)©) - Si(ha)olao )
< C|fllipa-
Since Q' is arbitrary, the proof is completed. O

Remark 3.2. The referee asked whether the following proposition is true or not:
Saf € Lipa(S) = f € Lipa(S)??

The authors cannot give a positive proof right now.
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