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ABSTRACT. For a Cl-smooth bump function b: R2 — R we show that the
gradient range Vb(R?) is the closure of its interior, provided that Vb admits a
modulus of continuity w = w(t) satisfying w(t)/v/t — 0 as t \, 0. The result is
a consequence of a more general result about gradient ranges of bump functions
b: R® — R of the same degree of smoothness. For such bump functions we
show that for open sets G C R", either the intersection Vb(R™)NG is empty or
its topological dimension is at least two. The proof relies on a new Morse-Sard
type result where the smoothness hypothesis is independent of the dimension
n of the space.

1. INTRODUCTION

A real-valued C! function b: R" — R is called a bump if its support, spt(b),
defined as the closure of the set {x € R™ : b(x) # 0}, is bounded and non-empty.
This work is part of an attempt to find characteristic properties, topological and
otherwise, of the gradient range Vb(R") of a C'-smooth bump b on R™. Only
the case n > 2 is interesting since for n = 1 it is easy to see that the gradient
ranges are precisely those bounded and closed intervals that contain 0 € R in their
interior. Here we address the particular question of whether the gradient range of
a C-smooth bump b: R™ — R is the closure of its interior (i.e., is regularly closed).
Previous works related to this question include [I], [2], [3], [5] and [6]. In particular,
we emphasize that for C2-smooth bumps b: R® — R (in any finite dimension n)
one can use Th. 1, Sect. 3 of [5] in connection with a straightforward argument
based on the Inverse Function Theorem to show that Vb(R™) is regularly closed.
It is however not clear how to relax the C2-smoothness condition imposed in [5]. In
the infinite-dimensional case the gradient range is far from being regularly closed.
Indeed, there exists a Cl-smooth bump b: 5 — R such that Vb(f2) has empty
interior (see [1]). In [6] it is shown that the gradient range of a C'-smooth bump b
on the plane is regularly closed and has a connected interior provided that either

(i) Vb is of bounded variation, or
(ii) Vb admits a modulus of continuity w = w(t) satisfying f;% = 0.
The corresponding n-dimensional results are weaker: the gradient range of a C!-
smooth bump on R™ satisfying either (i) or (ii) is at least (topologically) two-
dimensional at all of its points (see [6]). We refer to [2] and [6] for additional
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references and background. The main result of this paper establishes the regular
closedness of the gradient range for a class of bumps on the plane that is significantly
larger than those satisfying (ii) above. We proceed with precise statements of the
results.

Theorem. Let b: R?2 — R be a C'-smooth bump such that Vb has a modulus of
continuity w = w(t) satisfying w(t)/vt — 0 as t \, 0. Then the gradient range
Vb(R?) is regularly closed, i.e., equals the closure of its interior.

The theorem is easily deduced from the following proposition that concerns
bumps on R". In its statement we denote by dim M the topological dimension
of the set M.

Proposition 1. Let n > 2 and b: R® — R be a Ct-smooth bump such that Vb has
a modulus of continuity w = w(t) satisfying w(t)/Vt — 0 as t \, 0.

If G is an open set in R™ such that the intersection G N Vb(R™) is non-empty,
then dim(VH(R™) N G) > 2.

The theorem follows from the proposition, because a subset M of R? has topolog-
ical dimension two precisely when it contains a non-empty open subset (see Th. IV 3
of H]).

The proof of Proposition [l relies on the following Morse-Sard type result, in
which the smoothness assumption does not depend on the dimension n of the space.
A similar result that does not involve Minkowski content and Holder continuity can
be found in [6]. By U.(C) = {y : dist(y,C) < e} we denote the e-neighbourhood
of C. For s € [0,n], the s-dimensional lower Minkowski content of a set C C R"™ is
defined by

M (C) = 1i£n\i(1§1f (2e)*7"L™(U(C))

where L™ denotes the Lebesgue measure on R”.
A set C in R™ is called an irreducible separator if there are two points = and y
in R™ such that C separates x and y, but no proper subset R of C' separates them.

Proposition 2. Assume s € (0,1), f € CY(R") and Vf = 0 on a bounded irre-

ducible separator C. If Vf is s-Hélder and M?~1+5(C) =0, i.e.,
lim inf M =0,
N0 gt—s

then f is constant on C. The same is true if Vf admits a modulus of continuity
w with lim~ o w(e)/e¥ =0 and M?~1T5(C) < oo.

The organization of the paper is as follows. In Section 2 we set the notation,
and state as lemmata a collection of elementary auxiliary results. The proofs of
Propositions [ and 2] are presented in Section 3.

2. PRELIMINARIES

We use standard notation. In particular, | - || always denotes the euclidean norm
on R™ B(x,r) denotes the open ball with center  and radius r, and B[z, r] the
corresponding closed ball.

A non-decreasing, continuous function w: [0, 00) — [0, c0) with w(0) = 0 is called
a modulus of continuity of the vector field V': R” — R™ if

(2.1) V(z) = V(y)ll <w(z—yl)
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for all x, y € R™. In particular, a vector field V is s-Holder if it admits a modulus
of continuity of the form w(t) = ct® where ¢ is a constant.

We proceed with some auxiliary results of an elementary nature. The Lemmata
[ Bl [@, Bl and [6] are similar to results contained in [6]. We state them here for the
convenience of the reader.

Lemma 1. Let G C R"™ be bounded and open. Assume f: G — R s continuous,
differentiable on G, f =0 on 0 G and f is not identically zero on G. Then 0 € R™
is an interior point of V f(G).

Proof. Let m = max f(G) > 0. (In the opposite case f should be replaced by —f.)
Let y € B(0,m/diam G) and put g(x) = f(z) —y -z, 2 € G. By continuity and
compactness we can find zy € G, such that g(z¢) = maxg(G). It is not hard to
see from the assumptions that zg € G, so Vg(xg) = 0, or Vf(x9) = y. Hence

B(0,m/diamG) C Vf(G), and 0 € R" is an interior point. O

Lemma 2. Let b: R™ — R be a Ct-smooth bump. The gradient range Vb(R™) is a
locally connected continuum that contains 0 € R™ in its interior.

Proof. The support of b is contained in an open ball B, so 0 € int Vb(B) =
int Vb(R") by Lemma [l The closure B of the ball is a locally connected con-
tinuum, hence so is Vb(B) = Vb(R"™) (see §50.11, Th. 5 of [7]). O

A topological space X has (topological) dimension 0 at the point = € X, briefly
dim, X = 0, if z has arbitrarily small open neighborhoods with empty bound-
aries. In other words, given any open neighborhood U of x there exists an open
neighborhood V' C U, such that oV = 0.

The space X is O-dimensional, briefly dim X = 0, provided dim, X = 0 for all
xz € X. Tt is convenient to define the dimension of the empty set ) to be —1.

Higher topological dimension is then defined by induction: The space X has
dimension n € N at x, briefly dim, X = n, if it is false that dim, X < n — 1, but
x has arbitrarily small open neighborhoods with boundaries of dimension at most
n — 1. The space X is n-dimensional if max,cy dim, X = n.

We shall apply the above definition only to subsets of R™ (considered with the
topology inherited from R™).

Our reference on topological dimension is [4] to which we refer for a thorough
discussion.

Let X be a topological space and A, B and C subsets. We say that C' separates
A and B (in X) if it is possible to split X' \ C' into two disjoint relatively open sets
containing A and B, respectively. That is, if there exist open sets U and V in X,
such that if we let U/ = U\ C, V' =V \C, then X\C=U'UV',ACU', BCV’
and U' NV’ = 0. (When A = {a}, B = {b} and C separates A and B we also say
that C separates a and b, and that C is a separator between a and b.)

We say that A and B are irreducibly separated in X by C' (and that C is an
irreducible separator between A and B) if C' separates A and B in X, and any
proper subset R C C' does not. We shall use this concept only when A and B are
singletons. In this case it is not hard to show that an irreducible separator is always
a closed set (see §46.VIL, Th. 3 of [7]).

Lemma 3. Let X be a separable metric space, A and B closed and disjoint subsets
of X, and M a subset of X of dimension at most n € N. Then there exists a closed
set C separating A, B in X, and with the property that dim(M NC) <n — 1.
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Proof. This is Prop. B, Ch. III, §5 of [4]. O

Lemma 4. Let X be a locally connected metric space.

(1) If A is open and connected and B is a component of X \ A, then the set O B
is an irreducible separator between each pair of points a € A and b € B.

(2) Let C be a closed set, A and B two distinct components of X \ C, and let
a € Aandb e B. The set C is an irreducible separator between a and b if and only

if0A=C=0B.
Proof. (1) is Th. 2 and (2) is Th. 1 in §49.VI of [7]. O

Lemma 5. FEvery irreducible separator between two distinct points of R™ is closed
and connected.

Proof. This follows from §57.IIL.1 of [7] that can be applied by §57.1.9(i) of [7]. O

Lemma 6. Let f: R® — R be a C' function, and Q an open set in R™, such that
Vf =0 ondQ and such that 9Q is an irreducible separator between two points
x€Q andy € R"\ Q. Then f is constant on 9 if the vector field

| Vf inQ,
V{ 0  nR"\Q

is curl-free in the distributional sense on R™.

Proof. Suppose that V is curl-free: Vi — V; = 0 holds in the distributional sense
on R” for each pair of indices 4, j = 1, ... ,n. Using mollification and a standard
result we find a C! function g: R™ — R such that V = Vg. Now let A; and Ay be
the components of R™ \ 9 containing = and y, respectively. From Lemma @l (2)
it follows that O A; = 9Q = J Ay. Obviously, A; C Q and Ay C R™\ Q. Because
A1 is open and connected and Vf = Vg there, we can assume that ¢ = f on A;.
Next, Vg = 0 on R™ \ Q, so in particular, Vg = 0 on Ag. Since Az is open and
connected, g must be constant on Ay = A, U9JQ. But f=gon A = A UIQ, so
f is constant on 92 too. O

3. THE PROOFS

Proof of Proposition[Il Suppose the assertion of the proposition is false. Then we
can clearly find a closed ball By = B[y, R| centred at a point yo of K = Vb(R")
such that dim M < 1, where M = K NBy. In view of Lemma[2 and since n > 1 we
must have 0 ¢ Blyo, R]. Let 0 < r < s < R, and consider the closed and disjoint
sets A = Blyo,r] and B = R™ \ B(yo, s). By virtue of Lemma B, we can find a
closed set C' = C, ; that separates A and B in R™ and such that dim(C N M) < 0.
Accordingly, there exist open sets U = U, 5, V = V, 5, such that R"\ C =U UV,
ACU,BCVandUNV =0. Since U C C, we have found an open set U, s
in R™ such that Blyo,r] C U,s C B(yo, s) and dim(M NOU, ) = 0. The latter
implies that M N U, s is a totally disconnected set.

Select xg € R™ so that Vb(zg) = yo, and define for 0 < r < s < R, the sets
Ay, A, s and Ay as the (connected) components of the open sets (Vb)~1(B(yo, 7)),
(Vb)~Y(U,s) and (Vb)~1(B(yo,s)) that contain g, respectively. Then A,, A, s
and A, are open connected sets, A, € A, C A; and Vb(OA,) C 9B(yo,r),
Vb(OA,s) € MNOU., Since 0 ¢ M and Vb € M on A, it follows that
A, C spt(b), the support of b, and hence in particular that the sets are bounded.
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We assert that for each r € (0, R) and each sequence {r;} with r; " r,

oo
(3.1) A =J A,
j=1
and
oo
(3.2) Ar=J A -
j=1

hold. To see this, let * € A, and note that since A, is arcwise connected there
is a curve v C A, that connects x and xo. Now if we take j so large that r; >
r — dist(Vb(v),dB(yo,7))/2, then v does not intersect (Vb)~1(dB(yo,7;)). Since
A, is the component of (V)™ (B(yo,7;)) that contains xo, it follows that v C A,
and thus in particular, z € A,,, establishing (3.1)). Then, follows from the
inclusions A, C A, s C A,

Let 0 < r < s < R. Since A, and A, s are bounded, the complements R" \ A,
and R"™ \m both have precisely one unbounded component. Let A, and A,
denote these, respectively. Next, let €2, and §2,. ; denote the components of R" \A,
and R"™ \ A, s that contain zg, respectively. It follows from Lemma M that 0,
and 0§, s are irreducible separators (between certain pairs of points). By Lemma
Bl they are therefore also connected. Furthermore, we record the following facts:
Q, CQ, s C Qs C cospt(b), the convex hull of the support of b, A, € Q,, A, s C
Q. sand 0Q, COA, 00,5 COA, 5. (For example, 9Q, C JA, follows by applying
twice the general result stating that for a closed subset B of R™ the boundary of
every component of R” \ B is contained in J B.)

Now recall that Vb € MNOU, s on 0 A, ;. Consequently, Vb maps the connected
space 01, s continuously into the totally disconnected space M N OU, and is
therefore constant: Vb = y, s on 0Q, ;. Next we deduce that Vb is also constant
on each of the boundaries 9, s € (0, R), by observing that for each x € 9,

(3.3) li}n dist(z,09Q,.5) = 0.

The routine verification of (33) is left to the interested reader.

Let us summarize what has been achieved so far. To each r € (0, R) there is
assigned an open connected set ). contained in cospt(b), 9, is an irreducible
separator (between certain pairs of points), and Vb = y, on 9€,., where y, €
M N 9B(yo,r). Furthermore, 2, C Qg when r < s. Moreover, since y, # ys,
90, NON, =0 and hence Q, C Q, when r < s.

Assume that for some r € (0, R) the function = — b(z) — y, - = is constant, say
equal to ¢, on the boundary 9€),.. Put f(z) =b(z) —y, - — c and G = Q,.. Since
xo € G and Vf(zo) = yo — yr # 0, it follows that f is not identically zero on G,
and therefore, in view of Lemma[I], that 0 € R™ is an interior point of V f(G). But
this implies that y, is an interior point of Vb(€2,.), and hence in particular also an
interior point of Vb(R™), leading to the contradiction that n = dim,, Vb(R") < 2.

The proof is therefore complete if we show that « — b(z) — y, -  is constant on
09, for some r € (0, R). We shall do this by use of PropositionBlafter we compute,
for suitable r, the (n — 1/2)-dimensional Minkowski content of 92,

Define h(r) = L"(2,), » € (0,R). Then h is a non-decreasing function and
h(r) < L™(Qr) < oo for r € (0,R). The function h is therefore in particular
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differentiable almost everywhere; hence we may select ro € (0, R) and an €9 > 0 so
small that with m = 2h/(r9) + 1 < 0o we have
(3.4) h(ro+¢€) —h(ro —e) <me for e € (0,¢ep).

Fix € > 0 with w(e) < 19/2. Let & € U (00, ), i.e. there exists ' € 9Q,, so that
lx — 2’| < e. Since Vb(z') = y,., € IB(yo,70) and |Vb(z') — Vb(z")|| < w(e) for
all " € B(2/,¢), we must have

Vb(B(2',€)) C B(yry, 2(€)) C Blyo, 70 + 2w(€)) \ Blyo, ro — 2w(e)].

Hence B(2',¢) does not intersect the boundaries 0Qy120(c), Org—20(c), and be-
cause ' € Iy C Qpoioue) \ Qrg—20(e) and B(2',€) is connected, it follows that
B(2',€) € Qrg42u(e) \ Lro—20(c)- Consequently,

ue (an) g Qr0+2w(6) \ Qr072w(6)

when £ > 0 and w(e) < r9/2. Now for € > 0 so small that w(e) < min{rg,e0}/2 we
get in view of (34) that L™ (U.(0Q,)) < 2mw(e), and therefore

2mw(e)

=0.
V2e

nt (09,) < liminf
N0

Finally, we may use PropositionRlwith s = 1/2 to conclude that g(z) = b(z) —yp, - x
is constant on the irreducible separator 0. O

Proof of Proposition 2l By the assumption, C' is an irreducible separator between
two points z and y. Let 2 and A be the components of R\ C' containing the points
x and y, respectively. At least one of them is bounded and we may assume that it
is Q. By Lemmal (2), 0Q = C = 0 A.

Let d(z) = dist(z,0Q) = inf{]|]z — y|| : y € 90} denote the distance from z to
the boundary 0f2. There exists a function §:  — R that is C* on 2 and has the
properties d(z)/co < §(z) < cod(z), |VS(z)|| < 1 and |9%6(z)| < cjojd(z) 71! for
all z € © and any multi-index a, where ¢4 € [1,00) are constants. We refer to [§],
Th. 2, p. 171, for an explicit construction of such a regularized distance §.

For each t > 0, define the auxiliary set Q®) = {2 € Q: §(z) > t}. In view of
the (classical) Morse-Sard theorem, £1(§({z € Q : V§(z) = 0})) = 0, so V§ # 0
on QM for almost all t. Tt follows that Q*) has a C' boundary with exterior unit
normal N = —V¢§/||Vé| for almost all ¢.

Obviously, 90® C Uyt (0). By use of the coarea formula we estimate

g
1 2co
Cu9) 2 [ iea)a,
necy Jo
whereby it follows that we can select ¢t = t(¢) € (0, 55-), such that QW has a C*
boundary and
2ncoer L™ (U(0))

(3.5) HHo0W) < - .

We now consider the vector field

V:{ Vf inQ,

0 else.
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Let ¢ € C°(R™) denote a smooth and compactly supported test function and
compute for distinct 4, j from {1,...,n}:

(Vi-VI, ) = /(f,jw,i — fip,j)
Q

By the dominated convergence theorem, [ (f 0, — fie;) = [o(fiei— fiej)
as t \, 0. For those t for which Q(*) has a C' boundary we get, using a standard
mollifier {p;} and integration by parts,

/ (fipg — fip:) = lim div(e(ps * fi)e; — ©(ps * f.5)ei)
Q) sN\O J o)

= lim (p(ps * f.)N? = p(ps * f.;)N?)
s\0 90

=/ o(fiN7 — f;N*),
a0®

where N = (N',...,N") denotes the exterior unit normal to dQ®. This is in
particular true if we take ¢ = t(¢). For this choice of ¢ we estimate the last term
using (B) (denoting ¢ = 2ncpey):

S max |90| w(2t)Hn71(a Q(t)) S max |QD| C W(E),C ;us(a Q))7

\ | Gapa=tie)
Qt)

where w denotes the (nondecreasing) modulus of continuity of V f. By the assump-
tion (either one of the two versions), the right-hand side R(¢) has liminf.\ o R(¢) =
0, so we have shown that (V’ — Vi, ) = 0. Tt follows that V is curl-free on R,
and hence by virtue of Lemma [6, that f is constant on the irreducible separator
0. The proof is finished. O
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