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ABSTRACT. We compute the logarithmic utility of an insider when the financial
market is modelled by a stochastic delay equation. Although the market does
not allow free lunches and is complete, the insider can draw more from his
wealth than the regular trader. We also offer an alternative to the anticipating
delayed Black-Scholes formula, by proving stability of European call option
prices when the delay coefficients approach the nondelayed ones.

1. THE MODEL

We investigate a continuous time financial market model with economic agents
possessing different information levels (cf. [2]). The regular trader expects the
dynamics of the stock price to be given by a Black-Scholes diffusion process. On
the other hand, the insider knows that both the drift and the volatility of the stock
price process are influenced by certain events that happened before the trading
period started (cf. [5]). Our assumption is that the insider expects the stock price
to follow a stochastic delay diffusion process; the latter class was first introduced
in [4], but its use in mathematical finance is extremely new (see [1]).

Therefore, for the insider, the stock price is given by
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(1) Y, = (1), —r < 1 <0,

on a probability space (Q, F,P) with a filtration (F3)o<i<r satisfying the usual
conditions, and where r = max{a, b} for some a,b > 0.

The processes b; and oy are progressively measurable, b; and o7 are a.s. integrable
on [0,T], by > 0a.s. and oy # 0 a.s. for any ¢. The function f : R — (0, 00) is locally
Lipschitz with sublinear growth, and g : R — R* is continuous. W;,0 <t < T, is a
one-dimensional standard Brownian motion adapted to (F;)o<¢<r, and the initial
process ¢(t) is continuous in ¢ a.s. and Fp-measurable for all ¢.

Theorem 1.1. Under the above hypothesis, equation (1) has an a.s. continuous
adapted pathwise unique solution Y;,0 <t < T.
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1838 GEORGE STOICA
Proof. The required solution can be found by using forward induction steps of
length min{a, b}. More precisely, if 0 < ¢ < min{a, b}, then

Yy = ¢(0)E(My),

where £(M,) is the Doléans-Dade exponential of the semimartingale

M, = /0 bs f(Pp(s —a))ds + /0 osg(¢p(s — b))dWs.

In general, if kmin{a, b} <t < (k+ 1) min{a, b} for some k > 1, then
Y;f - Yk Inin{a,b}g(Mt)v

with
t

t
M, = / bsf((Ys—a)dS +/ Usg(Ys—b)dVVs
kmin{a,b} kmin{a,b}

(in the above formula Y;_, and Y;_; are known from the previous induction steps).

Using the above explicit formulas for Y;, we obtain in particular

Corollary 1.2. Ifin addition to the hypothesis in Theorem 1 we also have ¢(0) > 0
a.s., then Yy >0 a.s for all 0 <t <T.

2. LOGARITHMIC UTILITY AND WEALTH OF AN INSIDER

By Theorem 1.1 it follows that the predictable process,

Y: btf(Yt*a),OgtST,

o19(Ye-p)
is well defined by forward induction steps of length min{a,b} and (u})? is a.s.
integrable on [0, T']. Remark that g # 0 and, by continuity, g has constant sign on
its domain.
The following result is a Girsanov theorem for equation (1), and can be proved
in the same manner as in [I], Theorem 2.

Lemma 2.1. Under the hypothesis of Theorem 1.1, define a new probability QY
whose density with respect to P on Fy is given by

dQ” </t % L[y
——— =exp e AWy — —/ e )°ds .

W:W+/ufdt
0

Then

is a QY -semimartingale with a QY -Brownian motion W .

Remark 2.2. As the filtrations generated by {Y;,s < t} and {W,,s < t} coincide,
by the martingale representation property (see [I], Theorem 3) it follows that every
integrable contingent claim is attainable in model (1); hence the probability QY
in Lemma 2.1 is actually an equivalent martingale measure. In other words, the
financial market model (1) satisfies the no-arbitrage property and is complete (see
[3] for definitions); hence there are no free lunches for the insider.
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A STOCHASTIC DELAY FINANCIAL MODEL 1839
Among the predictable portfolio processes 7,0 < ¢t < T, in the sequel we distin-
guish the class of admissible portfolios, that is, for which
bimy and (oy7m¢)? are a.s. integrable on [0, 7).

For the insider trader, the value process V' of such a portfolio 7 is given by

dVi dYy

— =m—,0<t<T
(2) vyt

Vo = ¢(0).

We choose the logarithmic utility function to measure the utility a trader draws
from his wealth at the end of the trading interval. The expected maximal logarith-
mic utility of the insider is therefore given by

(3) max Egv (InVr),

where the max is taken in the class of all admissible portfolios 7 described before,
during the trading interval [0, 7], and Egv denotes expectation with respect to the
probability measure QY.

The main result of this section is as follows.

Theorem 2.3. If ) is the process defined in Lemma 2.1, then the solution to the
mazimization problem (3) is given by

%E@Y [/OT(uf)th}

Proof. Indeed, let 0 < t < T and denote by k the integer part of ¢/ min{a,b}; by
Theorem 1.1 and equation (2) we have

t

Vi=Vg min{a,b} €XP |:/ WSUSQ(YS—b)dWs
kmin{a,b}

t

1

+ / (wsbsf(Ysa) - —wfaig%@@) ds} :
kmin{a,b} 2

Take logarithms in the above formula and sum from k& = 0 to n, where n is the

integer part of T/ min{a, b}; by Lemma 2.1, the solution to problem (3) is deduced

from the maximization problem

max
™

n min{(k+1) min{a,b};T} 5 9 9
/ (stsf(YS—a) — 57059 (Ys—b)) ds.
k

k—0 v kmin{a,b}

The latter is nothing else than
T
max/ (ﬂsbsf(Ys_a) — —W?U?gQ(Yg_b)>d8,
T Jo

and whose solution is obtained for

— bsf(Ys—a).
T 02¢(Ye)

the conclusion now follows.

We saw earlier that free lunches are excluded in the financial market (1) and
every integrable claim has a unique price. However, Theorem 2.3 implies that the
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1840 GEORGE STOICA

insider can draw more from his wealth than the regular trader on a time period.
Indeed, the dynamics for the regular agent are given by

dXt = thtdt + O'tXtth, 0<t S T,
Xy is Fo-measurable;

in this case (see [0]), the expected maximal logarithmic utility of the regular trader

equals
1 T p?
“E —Ldt
2% [/0 ot }

where QX is the equivalent probability measure whose density with respect to P on

F; is given by
dQX Lo, 1 ["b?
— = —dW, — = —ds |.
dP eXp(/O o 2/0 o? s

We have the following result.

Corollary 2.4. If

dQY _ v? dQ¥
(uf)Q% > U—%% dt ® dP — a.e.,

then the insider draws more from his wealth than the regular trader on [0,T].

Proof. Use the explicit form of the maximal logarithmic utilities of the insider
and the regular agent, and replace the densities with integrals with respect to the
original probability P.

For instance, the hypothesis in Corollary 2.4 is satisfied if both f and g are
(piecewise) constant, and f > g a.e. on R.

3. STABILITY OF EUROPEAN CALL OPTIONS

An explicit formula for the European call option prices written on the delay
model (1) can be deduced as in [1], Theorem 4. However, it becomes rather tricky
to apply in practice, as the corresponding random Black-Scholes partial differential
equation is anticipating with respect to the filtration (Fy)o<i<r. Actually, the fair
price in a general delayed stochastic model depends not only on the stock price Y;
at the present time ¢, but also on the whole “past” segment Y, ¢t — min{a,b} < s <
T — min{a, b}.

Instead, in this section we prove stability of European call option prices of (1)
when the delay coefficients f and g become uniformly close to 1; more precisely,
the delay prices approach the classical Black-Scholes price.

Assume that the interest rate r is deterministic and denote by k the strike price
of the European call. The option price of the asset

exp(—rT)Eqv (Y7 — k) +

is consistent with our results on completeness and no arbitrage (see also [6]), and
the conditional expectation

Egy [exp(—r(T —t))(Yr — k) 4| F]

is the portfolio valuation process.
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Theorem 3.1. If Xo = ¢(0) and lim f(x) =lim g(x) = 1 uniformly in x € R, then
lim Eqy (Y7 — k)4 = Egx (X7 — k)4
and
lim Eqy [(Yr — k)4 |F] = Eqx (X1 — k)4 |F]
forany0 <t <T.

Proof. Using the explicit formulas for Y; and dividing [0, 7] into forward steps of
length min{a, b}, we obtain

(4) limEp( sup |Y}—Xt|> =0.
0<t<T

Then we have
dQX
Eqx|(Yr — k)+ — (X1 = k)+| < Box|Yr — Xr| = Ep{ |Yr — Xr[—05- );

the latter approaches 0 by (4) and the Cauchy-Schwarz inequality as dQ¥ /dP € L.
On the other hand, as dQY /dP — dQ* /dP uniformly, we have

dQY¥ dQXx
IEIP’<(YT —k)+ P > —Ep ((YT - k)er—IP — 0
that is,
]EQY (YT — k)+ - ]EQX (YT - k)+ — 0.
The conclusion now follows by writing
Eqv (Yr — k)4 — Egx (X7 — k) 4+
=Eov (Y1 — k)4 —Eox (Y7 — k)4 + Egx (Yr — k)4 — Egx (X7 — k)4

Convergence of portfolio valuation processes follows using the same method as
above.
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