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ABSTRACT. We study standing wave solutions in a Ginzburg-Landau equation
which consists of a cubic-quintic equation stabilized by global coupling

A? d;v) .
R?L

We classify the existence and stability of all possible standing wave solutions.

At:AA+uA+cA3—A5—k:A<

1. INTRODUCTION

The study of pattern formation in various fields of science leads to systems
with global coupling. Examples, some of which we will describe later, arise in fluid
mechanics as well as chemistry or biology. In this paper, we consider pattern forma-
tion in a Ginzburg-Landau equation, where a cubic-quintic equation is stabilized by
global coupling. This equation was suggested by Riecke in [13] and can be written
as follows:

(1.1) Ay = AA+ A+ c|APA - |A|4A—kA/ A2 dz,
Rn

where A is a complex-valued function defined on R™ x (0,00), k > 0 and ¢, u are
real numbers.

To exclude the effects of dispersion, we consider the Ginzburg-Landau equation
in its real-valued form. This means that we replace (I.I) by the following equation:

n

(1.2) At:AA+uA+cA3—A5—kA/ A2 dz,

where A is a real-valued function defined on R™ x (0, 00).

We note that the cubic-quintic equation arises by deriving the amplitude equa-
tions up to the fifth order. Very often it is not enough to expand just to the cubic
term, and the quintic term becomes important. We refer to the interesting remarks
in this direction given in Section 5 of [I0]. There the authors consider a partial
differential equation part of which is similar to the Swift-Hohenberg equation but
which is of fourth order and also has a quadratic, symmetry breaking term. Then
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1788 JUNCHENG WEI AND MATTHIAS WINTER

they show that it is important to include the quintic term into the amplitude equa-
tion to achieve good agreement of the profiles of localized patterns in the amplitude
equation with the envelopes of the solutions of the partial differential equation.

We now describe some related work.

The amplitude equations (I.I]) without the quintic term have been derived for
hydrodynamic models in [7], [2], and [15] and for thermosolutal convection, rotating
convection, and magnetoconvection, in [3] and [10]. The stability of various steady
states to these amplitude equations was analyzed in [16].

In [14] an amplitude equation called a minimal model is given which is derived
from the Navier-Stokes equations and consists of a cubic-quintic Ginzburg-Landau
equation similar to ([-I). To exclude the effects of dispersion, in [12] the real-valued
case is studied.

In this paper, we consider (I.2) and in particular study the effects of the quintic
term on the existence and stability as well as the profile of standing waves.

We first consider the steady-state solutions of (2) which satisfy

(1.3) AA+ pA+cA3 — A5 — kA A% dr = 0.
R’H,
A standing wave is a solution to (I3)) which satisfies A >0, A € H!(R"). Hence a
standing wave satisfies the partial differential equation
(1.4) AA—aA+cA®>—A° =0, A>0, AcH'YR"),
with the consistency condition
a=k A% dx — p.
R’H,
Note that if ¢ < 0, then there are no nontrivial solutions to (I)). So we may write
a = a?, where a > 0. Moreover, it is obvious by the maximum principle that ¢ must
be positive.
Now we rescale the equation ([C4). Set A(x) = BA(y), where y = ax and the
positive constants a and 3 will be chosen suitably below. Then ([4]) becomes

Ba’?AA — a?BA+ 3 A% — B5A° = 0.
We choose
3 2 B
(1.5) a=a, cf°=pa, 5:?,
a=qa= 0\/5, B=+cs.
This shows that A(y) = ws(y), where ws is a solution of the equation
{ Aws — ws + wi — dwi =0,

which implies that

(1.6)
Thus (C3)) is reduced to (CH) and the consistency condition

aQ:k/ A%dx — p,

ws(lyl) — 0 as |y| — +oo, ws(0) = maxyern ws(y).

which is equivalent to

(1.7) B(d) := 6% — fec! 5 " / wi(y)dy = —p,
R
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CUBIC-QUINTIC GINZBURG-LANDAU EQUATION 1789

where ws is given by (IL6). To summarize, a solution of (I fl) gives rise to a solution
of (L3) through the relation

(1.8) As(z) = Vedws(eVo).

In Section 2, we will show that problem (I.0]) has a unique ground-state solution
if and only if § € (0, 16)
The main result of this paper is the following theorem.

Theorem 1. (a) (Existence). Problem has a standing wave steady-state
solution if and only if
1.9 > — max d),
(19) p = max 50)
where $(9) is defined in (). If (L3) holds, then the steady-state solution As of
(L2) is given by (LX), (L), where ws is the unique solution of (LH).

(b) (Stability). Let As be given in (a). Then the stability of As is determined
by (0). More precisely, if g (0) > 0, As is linearly unstable. If il (0) =0, As is
neutrally stable. If 3 (6) < 0, As is linearly stable.

In the one-dimensional case, we can solve (7)) explicitly. The result is stated
in Section 4. Thus we give a complete answer to the existence and stability of
standing wave solutions in R'.

The organization of this paper is as follows: In Section 2, we study the pa-
rameterized ground state equation (I.6). In Section 3, we consider the stability of
standing wave solutions. In Section 4, we deal with the one-dimensional case.

2. PARAMETERIZED GROUND STATES

In this section, we study the parameterized ground state equation (LG]).

Observe that when § = 0, ws exists and is unique if and only if n < 3. (Existence
follows by a shooting method; see [§] and [II]. Radial symmetry is proved in [6]
and uniqueness in [9].) On the other hand, if 6 > 0, we will show that ws exists for
all n. To this end, we let

(2.1) g(v) = —v 4+ v — 0.

Note that for each § < i, there are exactly two positive roots to g(v) = 0 given by

1—+v1—-46 14++vV1—-46

(2.2) £(6) = <) = %

Let
t2(8)
(2.3) c(0) = /0 g(s)ds.

Then it is easy to see that for § < <, ¢(6) > 0 and for § >
We then have

2,¢(8) <0.

Lemma 2. For each 6 € (0, %) the function g(v) satisfies the following conditions:

(91) g € C}(R,R), ¢(0)=0, g(0)=0.

(92) There exist b, ¢ > 0 such that b < ¢ and g(b) = g(c) = 0, g(v) > 0 in
(—o0,0) U ( ¢), and g(v) < 0 in (0,b) U (¢, +00).

gé’) Jy g(v)dv > 0.
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1790 JUNCHENG WEI AND MATTHIAS WINTER
(94) Let 6 > b be the smallest positive number such that G(u) = 0, where
u
G(u) = / g(s)ds.
0

Let p > b be the smallest number such that Z(—fz is nonincreasing for u € (p,c).
Then either

(i) 0 > p, or

(11) 0 < p with K4(u) nonincreasing in (6, p), Kq(u) > K4(0) for u € (b,0), and
Ky(u) < Kqy(p) for u € (0,b) U (p,c), where

Proof. The proof of this lemma is elementary, but we present it for the sake of
completeness. The conditions (gl) — (g3) are easy to verify. (Here b = t1(d),c =
t2(0).) We only consider (g4). We first compute p. By definition, there exists a
ug > b such that

(2.4) 9(uo) = g (uo)(uo — p)
and
(2.5) (9(u) = g (u)(u = p)) lu=uo = 0.
(Z3) implies that ¢ (ug) = 0, which gives uy = 3-. Now from (ZZ) we get
p=1up— ;((1;00)). A straightforward calculation gives p = |/ 155 =505 1f p < 0, we
are done. (This is the case when 4 is close to %) Suppose that § < p. We need to
calculate 5 . ) .
—u + 3u’ — bdu 2u® — 4u
Ky(u) = 3 =14+ —F—
—u + ud — dud —1+u?—du

It is easy to compute that

d 4(—u + 46u3 — dud)

— (K = .

du (Kg(u) (—1 4 u? — du?)?
Since § < ., it is easy to see that L (K,(u)) < 0 for u € (b,c). This implies that
Kg4(u) is nonincreasing in (0, ¢). Moreover,

Ky(u) < K4(0) =1, for u € (0,b).

But ) )
2p°(1 = 26p%)
K =14+ ——->5>1
g(p) +_1+p2_5p4 >
Hence K, (u) < K4(p) for uw € (0,b) U (p, ¢). This shows that (g4) holds. O

In the following lemma we state some important properties of ws.

Lemma 3. If§ € (0, 1—?’6), then problem (LB) has a unique solution wg that has the

following properties.
(i) ws € C*°(R™).
(i1) ws > 0 is radially symmetric, and w;(r) <0 forr=ly| #0.
(i1i) The first eigenvalue of the linear operator

(2.6) Ls = A — 1+ 3w} —56w; : H*(R") — L*(R™),
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CUBIC-QUINTIC GINZBURG-LANDAU EQUATION 1791

denoted by A\ = A1 (Ls), is positive and simple; the corresponding eigenfunction ®q
can be made positive and radially symmetric.

(iv) The second eigenvalue of Ls is 0, and the dimension is n. Namely, Ao(Ls) =
0 and

Ows Ows

2.7 Kernel (A — 1+ 3w? — 56wi) = s an{—,..., }

(2.7) ( s 5) D A n

(v) The operator Ls : H2(R™) to L2(R™) is invertible, where H2(R") = H?(R")
N{u=u(r)} and L2(R") = L*>(R™) N {u = u(r)}, r = |y|.

Proof. The existence follows from a standard shooting method. (See []], [I1].) The
radial symmetry follows from [6]. By Lemma 2, for § € (0, ), g(v) = —v+v®—§0°
satisfies conditions (g1)-(g4). Lemma B follows from Proposition 1.3 of [I]. (For
uniqueness, see [5] and [IT].)

The following lemma gives information about the dependence of ws on d and
provides some key identities.

Lemma 4. (1) ws is C* in 4.

(2) As § — 2 ws(y) — ta(Z) in C2(R™), where ty is defined in ([2.2).

(3) If n < 3, then, as § — 0, ws — wy in CE,(R™), where wy is the unique
solution of (L) with § = 0.

(3) The following identities hold:

(2.8) Lsws = 2w} — 46w,
dw5
(2.10) Ls (y - Vws) = 2 (ws — wj + dwj),
1 dw,; 1
(2.11) Ls <§w5+5ﬁ+§y~V’w5> = wWs.

Proof. (1) follows from the uniqueness of ws given in Lemma Bl
To prove (2), we note that ws < t2(d) and hence, as § — 1‘3—6,111,5 approaches in
CZ.(R™) a solution of the equation

3
Au—u+u3—ﬁu520, u=u(ly|]), yeR",

which admits only constant solutions. That constant must be () since ws(0) —
t2(s%). This proves (2).
The proof of (3) is similar: As § — 0, ws — wp in C?

we(R™), where wg is a
solution of the problem
(2.12) Awg — wo +wi =0, wo = wo(ly]), wy(|y) <0, y € R™

When n < 3, then by [9] there exists a unique solution to ([ZI2).
The first two identities (Z8) and (ZJ) follow from direct computations and
the third one (ZI0) follows from Pohozaev’s identity. (ZIT)) follows from (Z.J) —

an ) O

Now we consider the consistency condition

(2.13) B(6) = 6¢* — ke 7ot 2 / widy = —p.

n
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1792 JUNCHENG WEI AND MATTHIAS WINTER

We then have

Lemma 5. Ifn =1, then for any p > 0, problem 2I3) admits a solution.

If n = 2, then problem ZI3) admits a solution for any p > uo, where g =
ket [, wh.

If n = 3, then problem (ZI3) admits two solutions for u > fig, where jig =
— MaXse (g, 3 B(9).
Proof. Note that by Lemma 4 for all n , 3(6) — —ocoasd — %. On the other hand,

we have as § — 0,(6) — 0if n =1, B(6) — —ke™! Jpn wd if n =2, B(§) — —oo if
n = 3. Lemma 5 now follows from the mean-value theorem. O

Remark 2.1. If n = 1, we have a complete answer to ([ZI3). See Section 4 below.

3. STABILITY ANALYSIS: PROOF OoF THEOREM [

In this section, we give necessary and sufficient conditions for the linear stability
(or instability) of standing wave solutions.
We let

A, t) = As(z) + eeM (),

where Aj is given in (a) of Theorem [l Substituting the above into (L.2)) and
collecting the e-terms, we obtain the following nonlocal eigenvalue problem:

A¢p —a’p +3cA3p —5A%p — 2kAs | Aspdr = Ao
Rn

(using the notation in and after ([.4)). Substituting As(z) = Vcdws(cVox),y =
cV/éx into the above equation, we obtain

(3.1) AD — & + 3wid — 56wid — v (wtg/ (ws®) dy) =\,
where
(3:2) D(y) = d(x), y=cVox, ~=2ke V53,

Recall that (3:I) can be rewritten as

Ls® —~ (w,;/ (ws® dy)) = \O.

Note that A = 0 is an eigenvalue of ([B-I) and the corresponding eigenfunction space
is Kernel(Ly).

By arguments similar to [4], if A # 0, we know that ® € H2(R"), i.e., the
eigenfunctions (except for the kernel) are radially symmetric.

We first have

Lemma 6. A\ = 0 is an eigenvalue of (B.1)) with a corresponding radially symmetric
eigenfunction if and only if

(33) ’)’/ w(;Lé_lw,; dy = ].,

where L' exists in H2(R™) by Lemma 3.
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Proof. Suppose A = 0. Then we have

0=LsP—~ (/ wg@dy) w,
which implies that

(3.4) b=~ (/ wsP dy) Ly tws.

Multiplying (34) by ws and integrating, we obtain (B3)) since [ pn Ws®dy # 0
(as otherwise Ls;® = 0 and hence & = 0 by Lemma 3).

On the other hand, suppose that (33]) holds true. Then for A an eigenfunction,
D satisfies
S ws® dy

w
Jn ws(Ly Mws) dy

and, applying the operator Lgl, it is easy to see that this is equivalent to

® = L; ws.

Ls® — s =10

The following is the main result of this section.

Lemma 7. All eigenvalues of (3)) are real and
(a) z'f’yfRn w(;Lglw(; dy > 1, then for all eigenvalues of we have A < 0;
(b) z'f'yfRn w(gLa_lw(; dy = 1, then for all eigenvalues of [BI) we have A < 0 and
zero is an eigenvalue of (BI) with eigenfunction La_lw(;;
(c) z'f’yfR,,L w(;Lglw(; dy < 1, then there exists an eigenvalue Mg > 0 of (B).

From Lemma[7] we see that ~ f . w(;Lé_lw(; dy = 1 is the borderline case between
stability and instability of (3.1I).

Proof. Tt is easy to see that ([BJ) is self-adjoint and hence all eigenvalues are real.
Let A > 0 be an eigenvalue of B1]). We first claim that A # A;, where Ay is the
first eigenvalue of Ls given by Lemma 3. In fact, if A = A1, then we have

7/ w@dy/ w5y dy = 0,
n Rﬂ,

where ®; is the principal eigenfunction of Ls. By Lemma 3, ®; > 0. This implies

/ ws® dy =0,

and thus

Ls® =)\,
which implies that ® = ®;. This is impossible since ®; > 0 (and thus f pn WsP1 dy >
0)

So A # A;. By Lemma 3, (Ls — )~ ! exists for 0 < A # A;. Multiplying by
ws and integrating, it follows that Ag > 0 is an eigenvalue of ([B.]) if and only if it
satisfies the following algebraic equation:

(3.5) 1= [ [ = 20)ws)usldy =0,
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1794 JUNCHENG WEI AND MATTHIAS WINTER
(Here we have used the fact that f gn Ws® dy =0 would imply that ¢ = 0.) Let
() = 1— 7/ (L — )~ ws)ws]dy, ¢>0, ¢4\,

Then p(0) =1 — 7 [, (ws Ly "ws) dy and

’

P (0=~ [ (s~ 1) Pwsusldy <.

On the other hand,
p(t) — —o0 as t— A, t < Aq,
p(t) — 400 as t — Ay, t > Aq,
p(t) — 1 as t — +oo.

Thus p(t) > 0 for t > Ay and p(t) has a (unique) zero in (0, A1) if and only if
p(0) > 0, which is equivalent to 1 — v [, (ws Lz "ws) dy > 0.
This proves the lemma. (I

Let us now compute v [p, w(;L(S_lw(;. We have by (21I1) of Lemma 4,

n 1 d 1
’7/ waL(s_lwa = 2ke~ ("t 53 / ws <—w5 + f ke + -y V’w5> dy

2 do 2

n 2—n dw,

- —(n+1)5—% i aws
2kc 0 / ( 1 ws + dws % ) dy.

It is now easy to see that 1 —~ fR” w(;Lé_lw(; dy = 0 if and only if % =0.
We arrive at the following corollary.

Corollary 8. Let § be a solution of the consistency condition ([213). Then
(a) if g (0) > 0, problem (3] is unstable. Namely, there exists an eigenvalue

)
A >0 to (BD).
(b) if il (6) < 0, problem BI) is stable. Namely, for all nonzero eigenvalues A

to (31), we have A < 0.

(¢) if B(8) = 0, problem BI) is neutrally stable. Namely, there exists an
eigenvalue A = 0 to BI) with multiplicity 1 for radially symmetric eigenfunctions
(and multiplicity n + 1 for all eigenfunctions). All other eigenvalues are negative.

Theorem M now follows from Corollary 8.

4. THE ONE-DIMENSIONAL CASE

In this section, we give a complete study of the consistency condition in the one-
dimensional case, thanks to the following explicit formula of ws, which was derived
in Section 5 of [10]:

(4.1) ws(y) = vb ,  where b= 2

(%—l—cosh%y) V11— 1—3‘5

Elementary computations show that

, - 4b b [b2+f
(4.2) /Rwé(y)dy/zz(b—2)+4cosh2ydyflog‘b/Q—f ’
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where f >0, f? = % — 1. Set b = 2coshf. Then f = sinh# and hence

(4.3) / w3 (y) dy = 46 coth 6.
R
So ([213) becomes
(4.4) B() := B(8) = % tanh?(0)c? — V3k# = —p,

which is a purely algebraic equation and can be solved explicitly.
This implies

Lemma 9. Suppose that n = 1.
(a) I lf—f > 1, then for each fixed i > 0, there exists a unique solution § such

that 3(8) = 0. There is no solution if u < 0. Moreover, we have 3 (§) < 0.
(b) If 162_219 =1, then for each fized p > 0, there exists a unique solution § such

that 3(8) = 0. There is no solution if u < 0. Moreover, we have 3 (§) = 0 for

w= arccosh( %) — \/Tg ~ 0.225.

(c) If 0 < 122 < 1, there are exactly two solutions to 3 (6) = 0, which are
denoted as 0 < Op, < Opr. Let By = B(0m), Br = p(dpr). Then B(6) = 0 has a
solution if and only if p > —max(Ba,0).

If By > 0, then for each —Bp < p < 0, there are exactly two solutions to
B(0) = 0, denoted by 61 < d2 and we have ﬁ/(él) > 0, ﬁ/(ég) < 0. For each
0 < p < —fBm, there are exactly three solutions to B(§) = 0, called §1 < d3 < I3,
and we have 3 (61) <0, il (62) > 0, g (03) < 0. If u > —fm, then there is exactly
one solution to B(8) = 0 with 3 () < 0.

The case By < 0 can be discussed similarly.
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