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ABSTRACT. We improve a result of Preiss, Phelps and Namioka, showing that
every submonotone mapping in a Gateaux smooth Banach space is single-
valued on the complement of a o-cone porous subset. If a Banach space E has
a uniformly B-differentiable Lipschitz bump function (with respect to some
bornology (), then we show with a much simpler argument (localization of
d-minimum of a perturbed function) that every continuous convex function on
E is B-differentiable on the complement of a o-uniformly porous set.

1. INTRODUCTION

A result of Preiss-Phelps-Namioka [0] states that every monotone mapping T :
E — 28" where E is a Banach space with an equivalent Gateaux differentiable
norm, is single-valued on a residual subset Ry of intD(T'), where D(T) = {z €
E : T(z) # 0} (i.e. the complement of Ry is of first Baire category). In partic-
ular, F is weak Asplund, i.e. every continuous convex function defined on it is
Gateaux differentiable on a residual subset. N. Ribarska [I1] generalized this result
in the sense that she additionally showed that the dual space of F with the weak*
topology is fragmentable (see the definition below), from which the results in [9]
straightforwardly follow. We note that there are weak Asplund spaces whose duals
are not weak* fragmentable (see Kenderov et al. [7]).

Here we extend the above-mentioned result of Preiss-Phelps-Namioka in two
directions: the first one is that we work with submonotone mappings 7' (see the
definition below) instead of monotone mappings, and the second is that the set Rp
is not only residual, but is a complement of a o-cone porous set (and therefore is
o-porous). In the proof we use ideas from Zajicek’s paper [I3] and results of N.
Ribarska [10], [11].

Another result in the present paper states that in the case when the space pos-
sesses a uniformly (-differentiable Lipschitz bump function with respect to some
bornology 3, then every continuous convex function is (-differentiable on a subset
whose complement is o-uniformly porous. The proof of this result uses a simple
localization of a §-minimum of a lower semicontinuous bounded below function. In
the case when the bornology consists of all finite subsets, then the result concerns
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Gateaux differentiability and is known (see Zajicek [14], where a much more general
result is proved).

2. POROUS SETS

We recall the following definitions (see [I3]). Let P be a metric space, (E, ||.||) a
Banach space with a dual (E*, ||.||), M C P,z € P, and R > 0. Denote by B(z; R)
the open ball with center x and radius R and put

v(z, R, M) =sup{r >0:3z¢€ P: B(z;r) C B(z; R)\ M }.

The number p(z, M) = limsupg_,o, v(z, R, M)R™! is called a porosity constant
of M at x. If p(x,M) > 0, then M is called porous at x. M is called porous
if it is porous at every one of its points. We will call M wuniformly porous if
infrepm p(z, M) > 0. M is called o-porous (resp. o-uniformly porous) if it can
be presented as a union of countably many porous (resp. uniformly porous) sets.

Every o-porous set is of first Baire category and, in finite-dimensional spaces,
has a measure zero. But there are simple examples of sets of first category, which
have nonzero measure.

For v € F and ¢ > 0 define the cone

Aw,e)={r e E:x = +w,A>0,||w|| <cA} = U AB(v;c).
A>0
A subset M C FE is called cone porous at x € M if there exist R > 0,v € E, ||v]| =1
and ¢ € (0,1) such that
MnNB(z;R) N (z+ A(v,¢)) = 0.

M is called cone porous if it is cone porous at every one of its points. M is called
o-cone porous if it is a union of countably many cone porous sets.

It is easy to see that every o-cone porous set is o-porous.

In the proof of the next theorem we need the following.

Proposition 2.1 ([I3, Proposition 1]). Let E be a Banach space and let the set
M C E be not o-cone porous. Then there exists ) # N C M such that N is not
cone porous at any point of N.

3. FRAGMENTABLE SPACES

We will recall the following definition (see [10]).
A well-ordered family U = {Us : 0 < £ < &} of subsets of a topological space X
is called a relatively open partition of X if

(i) Uo=0;
(i) Ug is contained in X \ (U, Uy) and is relatively open in it for every
ga 0< E < §0;

(i) X = U§<§O Ue.

A family U of sets of the topological space X is called a o-relatively open partition
of X if U =, U", where U™, n = 1,2,..., are relatively open partitions of X.
U separates the points of X if for every two different points x,y € X there exists n
such that x and y belong to different elements of the partition U™.

A topological space X is called fragmentable if there exists a metric p on it
such that every nonempty subset of X has nonempty relatively open subsets with
arbitrarily small p-diameter.
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A result of N. Ribarska [10] states that a topological space X is fragmentable if
and only if it possesses a o-relatively open partition which separates the points of
X. In the proof of Theorem B.1] we use this result as well as the formula for the
fragmentable metric, given in [10].

4. SUBMONOTONE MAPPINGS

Definition 4.1 (|5]). A mapping T : E — 2F7 is called submonotone at z¢ € F

provided
. T —T0,Y — Yo
lminf ST T0Y Y0 S o
T aol
YyET (2),y0 €T (z0)
for every e € E, ||e|]| = 1, where  —. xo denotes that & converges to z in direction

e (i.e. © — xo and To—ae — e).

We need the following characterization of submonotone mappings (see [5, The-
orem 3.1]). First denote

U(xo,e€,0) = {er:x#xo,Hx—on <6,

| <4}
_— <0
EEE

and recall that a mapping T : E — 2F is directionally locally bounded at o € E
if for every e € E, ||e|]| = 1, there exists § > 0 such that T'(U(xo,e,d)) is bounded.

Lemma 4.2 ([5, Theorem 3.1]). Let the mapping T : E — 2" be directionally
locally bounded at xog € E. Then T is submonotone at xq if and only if for every
e€ E, |le|| =1, and every € > 0 there exists 6 > 0 such that

inf(e, T'(z)) > sup(e, T'(xo)) — € for every x € U(xo,e¢,0).

5. MAIN RESULT

The next theorem contains the first main result in the paper.

Theorem 5.1. Let E be a Gateauz smooth Banach space and let T : E — 2F
be a locally bounded submonotone operator with an arbitrary domain D(T) = {x :
T(x) # 0}. Then there exists a o-cone porous set A C D(T) such that T is single-
valued at every point of D(T')\ A.

Proof. Here we combine ideas from the proof of [I3, Theorem 1] (where the state-
ment of the theorem is proved in the case when FE is an Asplund space and T is a
monotone operator) and ideas from [10], [L1].

Further in the proof we adopt the notations from the paper of N. Ribarska [11].
From the proof of Theorem 1.1 in [11] it follows that there exists a separating o-
relatively open partition U = (J;2_, U™ of the dual unit ball with the weak*-topology
(B*,w*) such that every element Ug of U = {UE" : 0 < € <&,} has a relatively
open partition U = {Ug, : 0 < n < n¢}, where Ug, is a slice of U \ U, . Ug,.
Uy =0 and U™ = {U : 0 <€ <& as UL 0 <6 <E,0<n<nfare
ordered lexicographically.
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From another result of N. Ribarska [10] it follows that (B*,w*) is fragmentable
and the metric which fragments it is

0 if x =y,
p(z,y) =

(min{n : U™ separates z and y})~!  otherwise

and p-diam(U{') < 1/n for every n € N.
Assume that the statement of the theorem is not valid: the set

A:={x € D(T) : T is not single-valued at z}

is not o-cone porous. Since

A= A,
n=1
where
(5.1) A, ={z € D(T) : p-diamT(z) > 1/n},

we can choose a positive integer n such that A,, is not o-cone porous. By Proposition
2.1 there exists a set ) # N C A, which is not cone porous at any of its points.
Choose ' € N. Since T is locally bounded, there exists r such that T'(B(z';r)) is
bounded. Putting H = N N B(z';r), we see that () # H is not cone porous at any
point of H and T'(H) is a bounded subset of X*, so there exists K > 0 such that
ly*|| < K for every y* € T(H).

Without loss of generality we may assume that K = 1, i.e. T(H) is a subset of
the closed unit ball B* of E*.

Let 1 = min{¢ : U NT(H) # 0} and let Sy := Ul ,NT(H). By construction (see
the proof of Theorem 1.1 in [11])), S is a slice (Lebesgue’s set) of T'(H) determined
by an element e, € E, |le4, || =1, and by a positive number a.,,:

Si={yeT(H): {ey,y) >sup{{ey,,2) —a,, :2€T(H)}}.

We have that p-diam of S7 is less than 1.

We choose x1 € H such that S1 NT(z1) # 0 and let y € S; NT(x1). Since
the mapping T is submonotone, by Lemma there exists d; > 0 such that
T(U(z1,ey,,01)) C Si. Since H is not cone porous at xi, the set H; := H N
U(x1,e4,,01) is nonempty and therefore T'(H;) C S; and p-diamT'(H;) < 1.

Let vz = min{¢ : UZ NT(Hy) # 0} and let Sy := U2, N T(H). By construction,
Sy is a slice (Lebesgue’s set) of T'(H) determined by an element e, € E, |le,, || = 1,
and by a positive number a.,:

So={y € T(H1): (ey,,y) > sup{{ey,,2) — e, : 2z € T(Hp)}}.

We have that p-diam of Ss is less than 1/2 and so on. In the n-th step we obtain
a slice S, such that p-diam of S,, is less than 1/n, and a set H,, C H for which
T(H,) C Sp, a contradiction with (E&I). O
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6. UNIFORM POROSITY AND DIFFERENTIABILITY

We shall recall that a function b : F — R, defined in an arbitrary Banach space
E, is called a bump function if there exists a bounded subset supp b C E, such that
b(xz) = 0 for every = ¢ supp b.

The following proposition, which gives a simple localization of the §-minimum
of a perturbed function, can be considered as a prototype of the Deville-Godefroy-
Zizler variational principle [3], concerning the density part of the latter. Indeed,
this density part follows easily by iteratively applying this localization with 4,
converging to zero. It turns out that such a simple d-localization is enough to
obtain results about generic differentiability (see [6]) and even more results about
differentiability on the complement of a o-uniformly porous set.

Proposition 6.1 ([6]). Let b be a bump function, such that supp b C B(0;1),
b(0) =1 and 0 < b(z) <1 for every x € E. Let f : E — RU {400} be a function,
bounded from below and such that D(f) = {z € E : f(z) < +oo} # 0. Let
e >0, A >0 be given. Suppose that yo € X satisfies the condition

f(yo) < inff+e.

Then for every 6 > 0 there exists a point xg € E, such that:

(a) f(zo) —5b(x0;y0) < f(z) —Eb(glj ;\yo) + 9 for every x € E;

€ supp b;

(b) Zo — Yo
(©)  llzo—yoll <A

Proof. Denote
h(z) = f(z) —ab(%).
Then
h(yo) = f(yo) —¢ < inf f.
Let
o1 = inf f —h(yo).
There exists a point xg € E such that

h(zo) < i%f h + min{é, 61 },

which proves (a).

Assume that 5% ¢ supp b. Then

d1 > h(zo) — h(yo) = f(wo) — inf f 401 = o1,

which is a contradiction. So (b) is fulfilled. It is clear that (c) follows immediately
from (b). O

We will recall the following notion of ‘bornology’. For motivation and applica-
tions of this notion see [1, [2].

The bornology 8 on E is a family of closed, bounded and symmetric (with respect
to 0) subsets of E, whose union is E, which is closed with respect to multiplication
with real numbers and has the property that the union of every two members of
f is contained in 3. We shall denote by Ej the dual space of E furnished with
the topology of the uniform convergence on the sets from §. The most important
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bornologies are those consisting of all (symmetric) bounded sets (Fréchet bornol-
ogy), of all weakly compact subsets (weak Hadamard bornology), of all compact
sets (Hadamard bornology), and of all finite sets (Gateaux bornology).

For a given function f: E — R U {+oo} we say that f is J-differentiable at x
and has B-derivative V7 f(x) if f(z) is finite and

f(z+th) — f(z)
t

as t — 0 uniformly on h € H for every H € 8. If f is a bump function and, in
addition, the convergence in (G.I) is uniform also with respect to z € E, then f is
called uniformly (-differentiable.

In what follows we need the following proposition, whose proof is analogous to
that of [8, Proposition 1.23].

(6.1) — (V7 f(z),h) =0

Proposition 6.2. A continuous convex function f : E — R is (-differentiable at
x if and only if for every e > 0 and every H € (3 there exists t > 0 such that

f(z+th)+ f(z —th) — 2f(z)
t

Theorem 6.3. Assume that the Banach space E has a uniformly (3-differentiable
Lipschitz bump function b. Then any convex continuous function f defined on an
open subset U of E is B-differentiable on the complement of a o-uniformly porous
subset of U.

< ¢ for every h € H.

Proof. Without loss of generality we may assume that E(O) # 0. Define a new bump

function b : E — R as b(z) := 7(b(px)), where 1 = SUP e quppp |81l and 7 : R — R is

a nonnegative continuously differentiable bump function such that 0 € suppr and

7(b(0)) = max,cr 7(t) = 1. Tt is easy to see, using the Lipschitz assumption on b,

that b is uniformly (§-differentiable and satisfies the assumptions of Proposition
Consider the set

Xpm = {x €U :VH € By Jte (0,1/m):

flz+th)+ f(z —th) —2f(x)
t

<% wne H},
n
where
Bum={He8:-b(z+ %h) ~b(z - %h) +2b(z) < % vhe Hvs e E}.

Since f is convex and continuous, it is locally Lipschitz. A set is o-uniformly
porous if it is locally o-uniformly porous [I3] (i.e. if it is o-uniformly porous in a
neighborhood of any of its points). So, without loss of generality we may assume
that f is Lipschitz on U with a Lipschitz constant 1.

We shall prove that E\ X, ,, is uniformly porous. Assume the contrary. Then,
by definition, for o € (0,1/(2mn)) we have

(6.2) JzoeU:3R € (0,a): B(y;aR)N(E\ Xym) #0 Yy € B(xo;rR(1 — «)).
From the Lipschitz property of f we have
f(zo) — f(z) < ||z —x0|]| <R Vzx € B(xo; R).
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From Proposition applied for the function —f with e = R = 2\ and § =
R/(2mn), there exists y € B(xo; R/2) such that

6.3)  —f(y)—eb (y _Axo) < —f(z) —eb (x _A“’O) +6 Vz € B(zo; R).
By (62) there exists z € B(y;aR) N (E \ X,,m), so by definition of X, ,,, there
exists H € By, ,, such that for t = R/2m there is h € H for which we can write

8 _ f(z+1th)+ f(z —th) —2f(2)

<
n - t
éf@+ﬂw+f%—¢m—ﬂf@%+yn

I
~

e (y+th—xo e, (y—th—ux e, (y—xo 4 0
< _ZplZ - TPy _ Tyl 70 -z _ e
b( 5 ) tb< 3 +2tb \ +n+2t

Y — To 1 Y — To 1 Y — To 4 4dm
o[-0 (1520 L) -0 (152 - ) v (E52) 4 24 2
2 4 2 8

<S+-—4Z=-,
n n n n

which is a contradiction. Therefore the set E \ Xy, , is uniformly porous.
Since b is (-differentiable, we have Ufnozl By,.m = [ for every n > 1, therefore by
Proposition[6.2] f is S-differentiable on (., _; Xym- O

n,m=1

Remark 6.4. In the case of Gateaux bornology, the above theorem is a particular
case of a more general result of L. Zajicek [14], concerning functions with directional
derivatives. In this case the assumption that the space admits a uniformly Gateaux
differentiable Lipschitz bump function is equivalent to the assumptions that the
space admits an equivalent uniformly Gateaux differentiable norm (see [12]).
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