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ABSTRACT. Suppose that V' and B are vector spaces over Q, R or C and
@0, 80, - -+, @m, Bm are scalar such that o;8, — apf; # 0 whenever 0 < j <
k < m. We prove that if f, : V — B for 0 < k < m and

m
(%) Z felarz+PBry) =0 forall z,y €V,
k=0
then each fj is a “generalized” polynomial map of “degree” at most m — 1.
In case V = R"™ and B = C we show that if some f} is bounded on a set of
positive inner Lebesgue measure, then it is a genuine polynomial function.
Our main aim is to establish the stability of (%) (in the sense of Ulam) in
case B is a Banach space.
We also solve a distributional analogue of () and prove a mean value
theorem concerning harmonic functions in two real variables.

BLANKET ASSUMPTIONS

Throughout this paper F' = Q, Ror C, V and B are vector spaces over F, m € N,

and ao, B0, - - - , Om, Bm are given members of F. Our aim is to study the functional
equation
m
(%) > fulowz + fry) =0 forallz,y €V,
k=0

where the functions fi : V' — B may be thought of as the unknowns. The stability
of (%) (in the sense of Ulam) is of principal interest.

BACKGROUND RESULTS

A function a : V' — B is said to be additive provided a(z 4+ y) = a(z) + a(y) for
all x,y € V; in this case it is easily seen that a(rz) = ra(z) for all z € V and all
r e Q.

If k€ Nand a : V¥ — B, then we say that a is k-additive provided it is
additive in each variable; we say that a is symmetric provided a(z1,xa,...,2x) =
a(y1,y2,-..,yx) whenever x1,xa,...,2; € V and (y1,¥2,...,¥yx) iS a permutation
of (131,.132, cen ,J)k).
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1658 JOHN A. BAKER

If k€ Nand a: V¥ — B is symmetric and k-additive, let a*(z) = a(z,z,..., )
for x € V and note that a*(rz) = r*a(z) whenever x € V and r € Q. Such a
function a* will be called a monomial function of degree k (assuming a* # 0).

A function p: V — B is called a generalized polynomial (GP) function of degree
m € N provided there exist ag € B and symmetric k-additive functions ay, : V¥ — B
(for 1 < k <'m) such that

m

p(x) = a0+ ZGZ(J?) for all x € V,
k=1

and a;, # 0. In this case
m
p(rz) = ag + ZrkaZ(m) forx € V and r € Q.
k=1

Let BY denote the vector space (over F) consisting of all maps from V into B.
For h € V define the linear “difference” operator % on BY by

%f(x) = f(x+h)— f(x) for f€ BY and z € V.

Notice that these difference operators commute (hAhA = hAhA for all hy,hy € V) and
1n2 211

if h € V and n € N, then %”—the n-th iterate of %—satisﬁes

n

%"f(x) = kz::o(—l)"*’c <Z>f(x +kh) for fe€ BY and x,h € V.

The following two theorems were proved by Mazur and Orlicz [I2] and [13], and
in greater generality by Djokovié [5].
Theorem A. Ifn €N and f:V — B, then the following are equivalent.
(i) %”f(a:) =0 forallz,h € V.
(i) hAhAlf(x) =0 for all z,hy,...,h, € V.
(iii) f is a GP function of degree at most n — 1.

The functional equation (i) was (perhaps first) studied by Fréchet [7]. The
(Ulam) stability of (i) and (ii) was established by Hyers [9] and by Albert and
Baker [I]. From Theorem 3 and Lemma 1(b) thereof we have

Theorem B. Suppose that 2 < n € N, § > 0, B is a Banach space, f :V — B
and

||hAhAf(x)|| <4 forallx,hy,...,hy, €V.

Then there exists a GP function p : V. — B of degree at most n — 1 such that
|l f(z) — p(x)|| <26 for all x € V.

In [15], Whitney proved that if V' =R (or even (0,400)), f: V =R, § >0,
|%”f(x)| <o forallz,heV

and f is bounded on some interval, then there is a real polynomial function p, of
degree at most n — 1, and a constant k,, > 0 such that |f(z) — p(z)| < k¢ for all
zeV
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MAIN RESULTS

Now let’s address the stability of (x). Suppose that m € N, ay,5; € F for
0 < k <m, B is a Banach space, fo, f1,...,fm:V — B, § >0 and

(1) 1Y frlawz + Bry)| <6 for all a,y € V.
k=0

We assume that o 8 — o 3; # 0 whenever 0 < j < k < m, i.e. (ag,Bo), (a1, 61),
.o+, (m, Bm) are pairwise linearly independent in F2. To see why this is a natural
assumption, suppose on the contrary (for example) that (qm, Bm) = ¥(@m—1, Bm-1)
for some y € F. Then fr—1(m—124Bm—1y)+ fm(amx+0my) = g(am—12+Bm-1Y)
forallz,y € V where g(z) = fm—1(2)+ fm(72) for z € V and thus (T) can be written
as an inequality involving m, rather than m + 1, functions.

Suppose m =1 so that () becomes

[ folaoz + Boy) + filawz + Jiy)| <0, z,yeV.
Given u,v € V, since apf1 — o189 # 0 there exist unique x,y € V such that
u = agx + Goy and v = ayx + B1y. Hence
I fo(w) + fi(v)|| <6 forall u,v e V.

If ¢o = —f1(0) and ¢; = —fo(0) we have ||co + c1]| < 6, || fo(u) — o] < 6 and
[ fi(v) —c1]] < 6 for all u,v € V. Henceforth we therefore assume that m > 2.

Theorem 1. Suppose that B is a real (or complex) Banach space, fr, : V — B for
0<k<m, § >0 and (f) holds. Then for each k =0,1,...,m,

||hA hAfk(x)H <2™%  forall x,hy,..., Ay €V,

m

and there exists a GP function py : V — R and ¢, € B such that
I|(fe(z) —cx) — pe(@)|| < 2™ for all z € V.

Moreover

m

Zpk(ozkx +Bry) =0 forallz,y e V.

k=0
Proof. For 0 < j < k < m let djr = a;fr — axB; so that d;, # 0if j < k and
dir = 0.

For 0 <k <m and z,y,h; €V,
ag(z + Brmhi) + Br(y — amhi) = axz + Bry + demha

so that
1Y frlaws + Bry + drmba) | = 1D fulan(@ + Bnha) + Be(y — amha)|| < 6.
k=0 k=0

Using this inequality and (1) we find that

I {frlawz + Bry + drmba) — fulowz + Bry)} |
k=0
<UD fulawm + Brj + drmha) | + 1D fulone + Bry)|| < 26
k=0 k=0
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1660 JOHN A. BAKER

and thus, since dmm =0,

() | Z A felagz + Bry)|| <26 for all x,y,hy € V.

dimha

Repeating the argument that led from () to (1)1 we find that

dimhi

m—2
(H)2 12 0 2 o, Tl + Bry)l < 48

for all x,y, hi,ho € V.
Applying this reasoning m — 2 more times, we are inclined to admit that

I A o A folawz + Boy)|| <2m8 for all z,y, ha, ... hy € V.
do1hm domh1

Since doi, # 0 for 1 < k < m and |ag| + |Bo| > 0, the last inequality simply asserts

that
HhA hAfo(z)H <2m§ forall z,hy,...,hp € V.
m 1
By the “symmetry” of our assumptions on fy,..., fm, for each k =0,1,...,m,

||hA hAfk(x)H <2™§ forall x,h1,...,hm €V,

and hence, according to Theorem B, there exists a GP function ¢ : V — B, of
degree at most m — 1, such that

(1) | fe(x) — qr(z)|| < 2™ forallz € V.

For 0 < k < mand 1 < j < m — 1 there are symmetric, j-additive maps
agj : V7 — B such that

(2) g (x) = qr(0) + Y _ aj;(x) forallz € V.
By (f) and (1), for all z,y € V,

1Y~ ar(ona + Bey)l| < 11 Aalanz + Bry) — frlowz + Bry) |

+ || ka(oékx + Bry)ll

< (m+1)2"H5 45 =65,
Now (3) says, in light of (2), that, for all z,y € V,

m m—1 m

3) 10> ae(0) + (DY ajjlare + Bry)) || < 61

k=0 j=1 k=0

In (3)' replace z by rx and y by ry (r € Q) to conclude that, for all z,y € V

and all r € Q,

m m—1 m
(4) IO ae(0) + > 17 (D ap, (awz + Biy)) || < b

k=0 j= k=0

“By continuity”, (4) holds for all real r, and all z,y € V.
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Now suppose that A : B — R is a continuous linear functional. Then by (4),

m—1

A a0) + 3 A

k=0 j=1

NE

ay;(arz + Bry) } < ||A]|6,

=
Il

0

for all z,y € V and all r € R.
Since a real polynomial function is bounded if and only if it is constant, from
the last inequality we surmise that, for 1 < j <m —1,

m
A{ Z apj(opx + Bry)} =0 forall z,y € V.

k=0

Since this is so for every continuous linear functional A : B — R, by the Hahn-
Banach theorem,

m
(5) Zazj(ozkx—l—ﬁky)zo forz,yeVand1<j<m-—1.
k=0
m—1
Let pi(x) = qr(z) — qx(0) = >_ aj;(z), x € V, for 0 <k < m. Then each py is
j=1

a GP function of degree at most m — 1 and from (5) we find that

m
Zpk(ozkx +Bry) =0 forall z,y e V.
k=0

Finally, letting ¢ = qx(0) for 0 < k < m, we find from (1) that if 0 < k& < m,
then

I(fe(2) = cr) = pr(@)]l < [Ife(z) = gr(2)]| <276 forallz € V.
O

Note that the possibility that § = 0 has not been excluded. Thus the solutions
of (%) are GP functions of degree at most m — 1.

REGULARITY PROPERTIES OF (%) AND ()

The following result is a special case of Theorem 6.1 (iii) of Kemperman [10].

Theorem C. Suppose that (1) holds where F =R, V. =R" and B = C. If some
[ is bounded on a subset of R™ having positive inner Lebesgue measure, then py is
a genuine polynomial function.

A MEAN VALUE THEOREM

The next theorem comes from Walsh [I4]; also see [3].
Theorem D. If2<m €N, f:R?— R and f is continuous, then the following
are equivalent.

(i) For every regular m-gon in R, the value of f at its center is the arithmetic
mean of its value at the vertices.
(ii) The function f is a harmonic polynomial of degree at most m — 1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1662 JOHN A. BAKER

If we let By = exp(2mwki/m) for 1 < k < m and identify R? with C, then (i)
asserts that

m

Zf(z + Brw) =mf(z) forall z,w e C.

k=1
This leads us to
Theorem 2. Suppose that 2<m €N, f:C—C, § >0, By = exp(2nki/m) for
1<k<m and

m

(#) Imf(z) — Z fz+ Brw)| < forall z,w € C.

k=1

Then there exists a ¢ € C and a GP function p: C — C, of degree at most m — 1,
such that

|f(z) —c—p(2)] <2™T'6  for all z € C and

mp(z) = Zp(z + Brw)  for all z,w € C.
k=1

Moreover, if f is bounded on some subset of C (= R?) having positive inner Lebesgue
measure, then p is a harmonic polynomial of degree at most m — 1.

Proof. By putting fo = mf and fi, = —f for 1 < k < m and letting Gy = 0 and
ar = 1 for 0 < k < m, we deduce from Theorem 1 that there exist ¢y, ¢ € C and
GP functions pg, p: C — C, each of degree at most m — 1, such that

[fo(2) —co—po(2)] <27*16  and
If(2) —c—p(2)| < 2™ forall z € C,

and moreover

m
mpo(z) = Zp(z + Brw) for all z,w € C.
k=1

But when w = 0 this last equation tells us that pg = p.
By Theorem 1, |hA hAf(z)| < 2™¢§ for all z,hy,...,h, € C. Hence, for all
m 1

z,h € C,
S () + k= a7 < 2
k=0

and therefore, by Theorem C, if f is bounded on some subset of C = R? of positive
inner Lebesgue measure, then p is an ordinary polynomial function on R?. In this
case, Theorem D implies that p is harmonic. O

A DISTRIBUTIONAL ANALOGUE OF ()

Suppose that I and J are open intervals in R, «g,fo,...,%m,Bmn € R with
;B —apfB; #0for 0 < j<k<m Iy ={agr+ ey :x€l, ye J} for
0<k<m, fr:l, =Cfor0<k<m, gj:I -Candh;:J—-Cfor1<j<n
and

(6) Z Jr(arz + Bry) = Zgj(x)hj (y) for (z,y) el xJ.
k=0 j=1
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In [2] it was shown that if the fi’s are locally Lebesgue integrable, then they are
restrictions to I of exponential polynomials. It follows that the locally integrable
solutions of (%) are polynomial functions.

Let Ty (z,y) = agx + Bry for (z,y) € I x J. Then (%) holds (for z € I and y € J)
if and only if

ka o Tk = 0.
k=0

Now each T}, is a submersion of I x J onto Iy—see Chapter VI of Hormander [8]—
and if u € D'(I,), there is a member T;u of D*(I x J), called the pullback of u by
T}, which serves as a suitable generalization of “composition”. In [2] we used the
more suggestive notation v o T' in place of the more popular T*u. Thus a natural
question to ask, concerning (%), in the realm of Schwartz distribution theory is, for
which uy, € D'(I1), 0 <k < m is it true that

m
(**) Z up o Ty, = 0.
k=0

It follows from Theorem 3 of [2|, wherein a distributional analogue of (6) was
considered, that if (%) holds, then each uy is a regular distribution corresponding
to a polynomial function py : R — C of degree at most m — 1.

RELATED CONVEXITY RESULTS

If [ is an interval in R and f : I — R, then f is said to be midpoint convexr or
Jensen conver provided f (%) < w for all z,y € I; equivalently,

f(@) =2f (e +h) + f(z+2h) = A%f(z) > 0

whenever h > 0, x € I and x + 2h € I.
A function f : I — R is said to be (Jensen) convexr of order n — 1 provided
Ah”f(x) > 0 whenever h > 0, x € I and x + nh € I. Ciesielski proved in [4] that if

such a function is bounded on a subset of I having positive Lebesgue inner measure,
then it is continuous on I. This result was generalized in Kemperman [L1].

A survey of stability results concerning functional equations can be found in
[6]. Numerous other papers on the subject have been published in the journal
Aequationes Mathematicae in the last two decades.
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