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ABSTRACT. In this paper we prove a vanishing theorem and construct bases for
the cohomology of partially trivial local systems on complements of hyperplane
arrangements. As a result, we obtain a non-resonance condition for partially
trivial local systems.

1. INTRODUCTION

Let A be an arrangement of hyperplanes in C*, with complement M = M (A) =
C*\Ujeq H. For a complex weight system A = (Ax) mea, we have a rank one local
system £y on M whose monodromy around the hyperplane H is exp (—27v/—1\p).
For a hyperplane H defined by a degree one polynomial ay, let wyg = dlogay =
day /ag. Denote the sheaves of holomorphic p-forms on M by QF, with Q9, = Oy
and denote QP (M) = T'(M,Q4,). Define

wy = Z AHWH, Vi =d+ wyA
HeA

where d is the ordinary differential. The twisted de Rham theorem
Hp(Ma 'CA) i~ Hp(Q (M)v V)\)

is well known ([De]). In general, we know HP(M,Ly) = 0 for p > ¢. Let k be
a weight of A such that all kg’s are integers. The multiplication by the non-zero
holomorphic function [] ¢ 4 o™ on M(A) induces an isomorphism of twisted de
Rham complexes: (Q(M),Vy) ~ (U (M), Vayr). Namely, weights A and X + k
give rise to the same local system (see [OT2] 2.1]). Since the local system Ly
is equivalent to the constant sheaf C, the local system cohomology is the usual
cohomology H*(M,C). A weight k is said to be trivial.

The local system cohomology H*(M, L)), or the twisted de Rham cohomology,
is an important subject in the Aomoto-Gelfand multivariable theory of hypergeo-
metric functions [AK] |Gel, [O7T2] and appears in various areas: the representation
theory of Lie algebras and quantum groups [Val; the Knizhnik-Zamolodchikov dif-
ferential equation in conformal field theory |[EFK]. In order to compute the local
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1908 YUKIHITO KAWAHARA

system cohomology, there are several methods: algebraic geometry, stratified Morse
theory, combinatorics and so on.

We recall the vanishing theorem [ESV] [STV], [Yul]. We use the notation of
[OT), [0T2]. Let P* be the complex projective space, which is a compactification
of C* with the infinite hyperplane Ho.. The projective closure A, of A is defined
by Aw = {H | H € A} U{H.}, where H is the projective closure of H. Let
Aoo = = D e Au be the weight of H..

The intersection poset L = L(A) of an (affine or projective) arrangement A is
the set of nonempty intersections of elements of A with a partial order defined by
reverse inclusion. We call an element of L an edge of A. The rank r(X) of X € L
is defined by r(X) = codim (X). The rank r(A) of A is the maximal rank of any
edges of A, which is the maximal number of linearly independent hyperplanes of A
with nonempty intersection. For X € L(A), define

Ax={He A|XCH}, Ax= Y  Anm
HeAXCH

Let C be a central arrangement with center (.o H # (0. We call C decomposable
if there exist nonempty subarrangements C; and Cy so that C = C; UCs is a disjoint
union and after a linear coordinate change the defining polynomials for C; and Cs
have no common variables. An edge X € L(A) is called dense in A if the central
arrangement Ax is not decomposable. Denote the set of all dense edges in A by
D(A). Note that all hyperplanes of A are dense edges in A.

Theorem 1.1 ([ESV], STV, Yul]). Let A be an affine arrangement of hyperplanes.
If a weight A of A satisfies the condition:

(Mon) Ax € Z>o for every X € D(Ax),

then we have

HP(M(A),Ly) =0, forp £ r(A).

This theorem says that a weight A satisfying (Mon) is non-resonant in the sense
of [OT2| 6.5]. In general, non-resonant weights give rise to a local system with
vanishing cohomology in all dimensions except the top dimension. In the case of
non-resonant weights, much is known (see [0T2]).

For example, a basis of H*(M, L)) is constructed by [ET] as follows. Let A =
{H1,H>,...,H,} be an arrangement with a linear order: H; < H; if i < j. An
independent set is a central subarrangement whose rank is equal to cardinality. A
dependent set is a central subarrangement whose rank is less than cardinality. A
base (or frame) is an inclusion-maximal independent set. Every base has cardinality
r =r(A). A circuit is an inclusion-minimal dependent set. A broken circuit is a
subset S for which there exists H < min (S) such that {H} U S is a circuit. An
nbc set is a non-empty subset of A that has nonempty intersection and contains
no broken circuits. An nbc-base is a base which is an nbc set. The collection of
nbc sets is a simplicial complex, called the nbc complex of A. A base B is called
a fnbc-base if B is an nbc-base and, for every H € B, there exists H' < H in A
such that (B\ {H})U{H'} is a base. Denote by fnbc(A) the set of Snbc-bases.
Let A be a weight of A. For X € L(A) define

W)\(X): Z >\HWH~

HeAx
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VANISHING AND BASES FOR COHOMOLOGY 1909

For a base B = {H;,, H;,, ..., H; } with iy < iy < --- < i,, define a flag {(B) =
(X1 C Xy C---CX,) where X, = ﬂZ:p H;,, and define a logarithmic form

C(B) = W)\(Xl) AR /\W)\(Xr).

Theorem 1.2 ([ET]). Let A be an affine arrangement of hyperplanes and let A be
its weight satisfying the condition (Mon). Then the set

{¢(B) | B € fnbc(A)}
is a basis of H" (M (A), Vy).

We can find many works and applications on the subject of calculations of the
local system cohomology for any weights or resonant weights. The upper and lower
bound of dimensions of the local system cohomology were studied in [Coll, ICOT}LY].
The characteristic variety is the subvariety of the torus consisting of local systems
for which the cohomology does not vanish [Lil [CS]. The characteristic varieties
are deeply related to the cohomology support loci [Ax] and the resonance varieties
[Fal, Yu2]. The Gauss-Manin connection on the local system cohomology is an
important subject [Tel [CO2] (see [OT2]).

The condition (Mon) demands that g ¢ Z>¢ for H € A. In this paper, we
remove this and then we treat a partially trivial weight A(Ag € Z for some H € A).
For some partially trivial weight A which does not satisfy (Mon), we obtain a
vanishing theorem and a basis for H*(M(.A), L), by using the above results and a
long exact sequence for a triple. As a result, we obtain a condition on the weight A
which is an extension of (Mon) and insures that the local system £ is non-resonant.

I would like to thank Professor Hiroaki Terao for many helpful suggestions and
valuable discussions.

2. RESULTS

Let P be an arrangement of hyperplanes in the complex projective space P’.
For Hy € P, let afy,(P) denote the affine arrangement {H \ Hy : H € P} in
C* = P*\ Hy. The rank of af g, (P), denoted by 7a¢(P), does not depend on the
choice of Hy. Note that ra¢(As) = r(A) for an affine arrangement A.

Let A be an arrangement and let A be a weight of A. By adding a trivial weight
if necessary, we can assume that A\g ¢ Z>o or Ay = 0, that is, Ay ¢ Z~o, for
H € A. Otherwise, it is possible to assume that Ay ¢ Z or Ay = 0 for H € A. We
define a decomposition A = G(A, ) UN (A, \) of A by

Q:g(A,)\) = {H€A| g ¢Zzo}
and

N=NUN={HeA| g =0}
A weight A = MA) = (Ag)mea of A induces a weight of a subarrangement B of
A: X(B) = (A )men- Thus, the subarrangements G and N have weights A(G) and
A(N) induced by A(A), respectively. Note that A(N) is trivial.

The first result in this paper is a generalization of Theorem [Tl for partially
trivial local systems, as follows.

Theorem 2.1. Let A be an affine arrangement and let \ be its weight such that
A & Zso for H € A. If the weight X satisfies the condition

(Mons) Ax € Z>o  for every X € D(As) with (Asx)x NG(Aso, A) # 0,
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1910 YUKIHITO KAWAHARA

then we have

HN(M(A), L)) =0, fork<r,
where 1 = 1a£(G(Aoo, A)).
Remark 2.2. If X\ is trivial, then » = 0. If X\ is non-trivial, then » > 0 and
HO(M(A),Ly) = 0. When A = G(Awo,A), this is Theorem [CII When r =
r(A) = rar(G(As, N)), we have

H*(M(A), L)) =0, fork#r.
Consequently, a weight A of A satisfying (Monx) and r(A) = 7af(G(As, A)), is

non-resonant in the sense of [OT2l 6.5].

Next we shall construct a basis for partially trivial local systems. Suppose Ao &
Z. We modify the definition of wy(X) from section [ as follows:

w,\(X) = Z Agwy + Z WH-
HeAx , Aa¢Z>¢ HeAx ,Aa€Z>¢

Theorem 2.3. Under the assumption in Theorem [2.1], we moreover assume that
Aoo €7 and r =1(A) = rag(G(Aco, A)). Then the set

{¢(B) | B € fnbc(A)}
is a basis of H"(M(A),L)).

3. PROOFS

A triple (A, A, A”)g of arrangements with distinguished hyperplane H € A is
defined by A" = A\ {H} and A" = A”. A weight \ of A induces a weight of a
subarrangement A’ and a weight of A" defined by

A = Z A\
I€A,IDH" ,I#H

for H" € A”.

Let H be a hyperplane in C¢. A tubular neighborhood Ty of H in C is a trivial
bundle over H with fiber F = C. The complement of the zero section is denoted
by T/ = Tu \ H. Since H is contractible, for any fiber Fyy of T7;, we have

HY(Fy) = HY(T}) = C{wg}.
Theorem 3.1 ([Co2, [Ka]). Let (A, A, A")u be a triple of arrangements with dis-

tinguished hyperplane H € A. Let A be a weight of A with \g = 0. Then we have
a long exact sequence:

= HMM(A'), Ly) — HY(M(A), Lx) — H* 1 (M(A"), Lx) @ H' (T};)
—  HFL(M(A), L)) — -

Let (C,C’,C") g be a triple of central arrangements with distinguished hyperplane
H. We call H a separator if the center T(C) of C does not belong to L(C’) (see
[OT), Definition 2.58]). In other words, we can set C =C' x {H}.

Lemma 3.2. Let (C,C’',C") g be a triple of central arrangements with distinguished
hyperplane H. If H is a separator, then C is decomposable and we have

C' is decomposable <= C" s decomposable.
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If H is not a separator, then we have
C is decomposable <= C' and C" are decomposable.

Proof. Assume that H is a separator. Clearly, C is decomposable. Since C =
C' x {H}, we have C"" = CH = C’ and thus the first statement.

Assume that H is not a separator. By [OT2, Lemma 3.2.4.], if ' and C” are
decomposable, then C is decomposable. Suppose that C is decomposable with C =
C1 X Cy and H € Cy. Since H is not a separator, we have Cy \ {H} # 0. Then
C' =Cy x (C2\ {H}) is decomposable and C"” = CH = C; x CI! is decomposable as
well. O

Proof of Theorem 21l Let A be a non-trivial weight of an affine arrangement A.
By changing the infinite hyperplane, if necessary, we can assume that Ao, & Z.
Since G(Ax, A) contains the infinite hyperplane, N (Ao, A) and N(A, A) have the
same cardinality s. We shall prove this theorem using induction on s. When s = 0,
the condition (Monx) is equivalent to the condition (Mon), and then it is true by
Theorem [[1] ([ESV] [STV]). Note that, when r(A) = 1, the result holds. Write
G=G(AN), N =N(A N\ and r = r(G).

Suppose that the statements are true for all weighted arrangements satisfying
(Monx) and |N| < s. Assume that the weight A\ of A satisfies (Monx) and s =
IN(A,)\)|. Fixing a hyperplane H € N, we take the triple (A4, A, A”)y with
distinguished hyperplane H. Note that Ay = 0. Write ¢’ = G(A',\), NV =
NA N, " =7r(G) and s = [N(A",\)| for A" and write G’ = G(A",\), N =
N(A" N, r" =r(G") and s” = |N (A", \)| for A”.

First, we shall show that induced weights A of A’ and A" satisfy the condition
(Monx). By [OT2, Lemma 3.2.6] we have D(A. ) C D(Ax). Since G(Ax,A) =
G(AL,\), the weight A of A’ satisfies (Monx). Let X" € D(A) be such that there
exists H € A”_ containing X", whose weight Apr is not an integer. As X" € L(Ax),
we denote by C the central arrangement (A )x~» with center X”. Since H € C,
we take the triple (C,C’,C"”)y with distinguished hyperplane H, whose centers are
(X, X', X' respectively. Since Ay = 0, we have

)\X == )\X’ == )\X// == )\C == )\C/ == )\C//.

On the other hand, C” is not decomposable because X" € D(AZ ). By Lemma B2]
we obtain the following. If H is a separator, then C’ is not decomposable and hence
X" € D(AL). We get Ax» = Axs & Z>o. If H is not a separator, then C is not
decomposable and hence X € D(As). We get Ax» = Ax & Z>o. Therefore, the
weight A of A” satisfies (Monx).

Secondly, we study G’ and G”. Since H € N, it is clear that G’ = G and then
" = r. We shall show that G” is the restriction G¥ of G to H. It is clear that
G" c GH. Wetakeany X € GH. 1fGx = {Hy,..., H,}, then X = H;N---NH,NH.
Since X is a hyperplane in G¥, we have r(X) = 2 as the rank in G. On the other
hand, because r(X) =2 r(H1N---NH,) # 1, we have r(H1N---NHy) =2. If p=1,
then X = H; N H and we get Ax = A, +0 &€ Z>o. If p > 1, then X is dense and
hence Ax & Z>¢. Therefore, we have G’ = GH.

Finally, since s’ < s and s” < s, the vanishing theorem holds for A’ and A" by
inductive assumptions. Since ' = r and r” is r or 7 — 1, we obtain

HN(M(A), L)) =0, H Y (M(A"), L)) =0, fork <.
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Therefore, the long exact sequence for the triple (A, A’, A”) g in Theorem B im-
plies that
H*(M(A), L)) =0, fork<m,
and
0— H"(M(G),Lx) — H (M(A), Ly).

We obtain the following corollary of the proof of Theorem 2Tt

Corollary 3.3. Under the assumption in Theorem B, the inclusion map from
M(A) to M(G(As, A) induces an injective map

H"(M(G( Ao, A)), £2) — H"(M(A), L),
where M (G (Ao, N)) is the complement of the projective arrangement G(Aoo, A). In
particular, if H"(M(G(Aso, A)), Lx) # 0, then H"(M(A), L)) # 0.

Proof of Theorem 23. By [ET], the space generated by {((B) | B € fnbc(A)} is
not dependent on a linear order in A. We choose a linear order in A as follows : if
H; € G(A,\) and H; € N (A, \), then i < j.

We use the same induction on s in the proof of Theorem I When s = 0,
the condition (Monx) is equivalent to the condition (Mon), and then Theorem
holds by Theorem [ET]. Assume that s > 0. We take the triple (A, A', A" Vg, ,
where H,, is the last hyperplane. By the definition of the linear order, note that
H, € N(A,)\). Since r = r(A) = r(A") = r(G), we note that r(G") = r(A”) = r—1.
From Theorem 3.1l and Theorem [Z.1], we have a short exact sequence:

0— H"(M(A"),Lx) = H' (M(A),Lx) — H ™ (M(A"), L) @ H'(T};, ) — 0.
Using inductive assumptions, we have

{¢(B") | B € fnbe(A’)} and {((B"”) | B"” € fnbc(A")}
are bases of H"(M(A'), L)) and H"~Y(M(A"), L)), respectively. Define a map
v:L(A)\{C} - Aby vX = min (Ax). Note that, for H” € A", since H,, € Agn
and H,, is the largest hyperplane, we have vH” € A’. For S = (X1,...,X,), write
vS = (vXy,...,vXp). Due to [OT2 Theorem 5.3.2], we have a disjoint union
fnbc(A) = pnbe(A') U {{vB",H,} | B” € Bnbc(A")}.
Note that
({vB",H,}) =((B") Awn,
(see [OT2, Lemma 6.3.5] for details). By the above short exact sequence, the set
{¢(B) | B € fnbc(A)} generates H" (M (A), Ly).
By the vanishing theorem, we have
dim H" (M (A), £x) = [x(A)l,

where x(A) is the Euler characteristic of M (A). Moreover, we know that |x(A)]
is equal to the cardinality of Snbc(.A), which is the beta invariant 3(.A) defined in
[OT2, Section 3.3] (see also [STV]). Therefore, we obtain

dim H (M(A), £1) = |fnbe(A)| = B(A).

Note that 5(A) = B(A") + B(A") (see [OT2, Proposition 3.3.3]).
As aresult, the set {¢(B) | B € Bnbc(A)} is a basis of H"(M(A), Ly). We have
completed the proof. O
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4. EXAMPLES

Let A = {Hy,Hs,...,H,} be an arrangement and A be its weight. In this
section, we shall show examples of weights of the following types:

(A) X satisfies (Monx) and does not satisfy (Mon), but there exists a trivial
weight k for which X\ + & satisfies (Mon).

(B) X satisfies (Monx), and there is no trivial weight k for which A + k satisfies
(Mon).

Weights of type A essentially satisfy (Mon). Examples of weights of type B imply
that Theorem [2.1] essentially extends the results of Theorem [[LIl Furthermore,
there are occasions when we can compute the local system cohomology by the way
of the proof of Theorem 2.1].

Define the subset ND(A) of D(A) by

ND()\) = {X € D(Aoo) Ay € Zzo}.

So A satisfies (Mon) if and only if ND(A) = @. Let h* = h*(A) = h*(4,N) =
dim H*(M(A), Ly), for short. Write X;,..,. = H;, N---N H;,, \; = Ay, and
Aiyviy = Ax,, ...+ Note that 7, . Ai + Ao = 0. The Selberg 2-arrangement S
consists of Hy :x =0, Hy:y=0,Hs:x =y, Hy:x=1and Hs : y = 1 in C(z, y).
We have

D(Sw) = {Hi, ..., Hs, Ho, X123, X345, X 1400, X2500 }-

Example 4.1. Let A = S and A = (0,0,1/4,1/4,1/4) with Ao = —3/4. Since
ND(\) = {Hi, Hy}, the weight \ satisfies (Monx) and thus we have h! = h® = 0.
But, for £k = (—1,—1,0,0,0), the weight A+ k satisfies (Mon). Then A is of type A.

The weight A = (0,0,0,1/3,1/3) is of type A, as well. Note that ND(\) =
{Hlv H27 H3; X123}~

Example 4.2. Let A= S. The weight A = (0,2/3,2/3,1/3, —2) satisfies (Monx).
Then we have h' = h® = 0. Let A = A+ (—1,0,0,0,0). Since Moo = 0, the integer
shift A does not satisfy (Mon). By concrete computation, there is no trivial weight
k for which X\ + k satisfies (Mon). Therefore the weight A is of type B.

Example 4.3. Let A =3S. The weight A = (0,0,1/3,0,0) is of type A. But, since
Tar(G(Aoo, A)) = 1, Theorem Bl says that h° = 0. On the other hand, we have
A+ (=1,-1,0,—1, —1) satisfies (Mon) and thus we know h' = h° = 0. Otherwise,
we can compute the local system cohomology by using the long exact sequence for
a triple. Let Ay = {Hq, Hs, H5}, Ao = A1 U{Hs} and A3 = As U{Hs} = A be
subarrangements of A. They have weights induced by A. The weight A(A;) satisfies
(Monx), and then h'(A;) = h%(A;) = 0. For the triple (A2, A, = Ay, AY)m,,
we have H*(M(AY), L) = 0 and the long exact sequence for the triple induces
h'(Az) = h%(A3) = 0. Next, for the triple (A3 = A, A = As, AY)p,, we have
hO(A%) = 0 and the long exact sequence for this triple induces h'(A) = h°(A) = 0.

Example 4.4. Let A =S8 and A = (1/3,0,0,0,0) with Aoc = —1/3. Since A400 =
0, the weight A\ does not satisfy (Monx*) and there is no integer shift of A satisfying
(Mon). But, we can compute the local system cohomology in the following way.
Let Bl = {Hl}, BQ = {H27H5}, .A1 - {Hl,HQ,H5}, .AQ == .A1 U {H4} and .A3 -
Ay U{H3} = A be subarrangements of .A. They have weights induced by A. Since
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essentially By x By = Aj, the twisted version of the Kiinneth formula and h*(B;) =
0, we have h*(A;) = 0. By the long exact sequence for the triple (Az, A5 =
A1, A m,, since A(AY) is trivial and h'(AY) = 2,h°(AY) = 1, we get h?(A2) =
2,h1(As) = 1,h%(As) = 0. Finally, the long exact sequence for the triple (A3 =
A, Ay = As, AY) g, induces

R2(A,N) =3, h'(A\) =1, h°(A,\) = 0.

On the other hand, let Ag = S\ {H5} be the subarrangement of A. The induced
weight \(Ap) satisfies (Monx), and thus we have h?(Ag) = 1, h'(Ag) = h°(Ap) = 0.
Note that h°(A”) = 1,h'(A”) = 2. In the long exact sequence for the triple
(A, A" = Ao, A") ., the coboundary map HY(M(A"), L)) — HY (M (A), L)) is an
isomorphism. Therefore, in general, coboundary maps in the long exact sequence
for a triple are not zero maps. In the case for a trivial weight, all coboundary maps
are zero maps ([OT], Theorem 5.87]).

Example 4.5. Let A =S U {Hg} defined by Hg :  + y = 1. We have
D(Aso) = D(Sx) U {Hs, X156, X246}
It is easy to check the following:
(1) The weight A = (0,0,0,1/4,1/4,1/4) is of type A.

(2) The weight A = (0,—-2/3,4/3,—-5/3,—-2/3,4/3) is of type B.
(3) The weight A = (0,2/3,1/2,1/2,—-2,0) is of type B.
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