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ABSTRACT. We prove that for Hilbert space operators X and Y, it follows that
N |0 O 2 4 el 1 | O S
lim ———— = —— inf su

p Re <Y§07X50>7
t—o+ t [1X]] >0 e r,,|jg||=1

where He = Ex»x ((||X]|—¢)32,]|X||?). Using the concept of p-Gateaux deriv-
ative, we apply this result to characterize orthogonality in the sense of James
in B(H), and to give an easy proof of the characterization of smooth points in
B(H).

1. INTRODUCTION

Let H be a Hilbert space and let B(H) be the algebra of all bounded linear
operators on H. Also, let &,, p > 1, denote the Schatten ideal, i.e. &, = {X €
B(H)| Y s5(X) < +oo}, where 5;(X) = Aj(X*X)'/2 are singular numbers. The
ideal G, is a Banach space with respect to the norm || X||, = (> s?(X))l/p. For
more details concerning &, the reader is referred to [§], or [3], Chapter III.

It is well known that B(H) and all &, except &2, have a Banach space structure
which does not admit an inner product generating the initial norm. Nevertheless,
we can define some kind of orthogonality, called orthogonality in the sense of James
[4]. This concept is closely related to the concept of smoothness of the norm and
Gateaux derivative.

Definition 1.1. Let X be a Banach space, and z,y € X.
a) We say that y is orthogonal to x if for all complex A we have

(1) llz + Ayl| = []=]].

b) We say that x is a smooth point of the sphere K(0,]||z||) in X if there exists
a unique functional F,, called the support functional, such that ||F,.|| = 1 and
Fy(x) = ||zl

Remark 1.2. If X is a Hilbert space, from ({]) we can easily derive (x,y) = 0. In
general, such orthogonality is not symmetric in Banach spaces. To see this, consider
vectors (—1,0) and (1,1) in the space C? with the max-norm.
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Proposition 1.3. a) If © € X is the smooth point of the corresponding sphere,
then the limit lim M
R>t—0

b) In this case y is orthogonal to x if and only if F,(y) = 0.

always exists and it is equal to Re Fy(y).

This proposition is well known, see [I], [4], and it was used in characterizing the
orthogonality in the sense of James in &, spaces.

Proposition 1.4. Let G, be the Schatten ideal, for 1 <p < 400, and X,Y € G,,.
The operator Y is orthogonal to X if and only if tr(|X[P~1U*Y) = 0, where X =
U|X| is the polar decomposition of X .

Proof. From the Clarkson-McCarthy inequalities it follows that the dual space &; =
B, is strictly convex. From this we can derive that every nonzero point in &, is
a smooth point of the corresponding sphere. So we can check what is the unique
support functional Fx. For details see [1], Theorem 2.3. O

However, if dual space is not strictly convex, there are many points which are
not smooth. For instance, this happens in &1, G and B(H). In [3] the concept
of p-Gateaux derivative was developed in order to substitute the usual concept of
Gateaux derivative at points which are not smooth.

Proposition 1.5. Let X be a Banach space, z,y € X, and ¢ € [0,27).

a) The function a: R — R, a(t) = ||z + te'?y|| is convez. The limit Dy, 4, (y) =
i Lztte?ull=llz]
t—0+ t
derivative of the norm at the vector x, in the y and ¢ directions.

b) The wvector y is orthogonal to x in the sense of James if and only if the

inequality inf, Dy, »(y) > 0 holds.

always exists. The number D, .(y) we shall call the p-Gateaux

Proof. This proposition was proved in [5], but for the convenience of the reader we
shall outline the proof.

a) We have, for 6 € [0, 1], a(0t+ (1 —0)s) = ||8(z +te™y) + (1 —0)(z + se*?y)|| <
Ba(t) + (1 — 0)a(s). Dy .(y) is the right derivative of the function « at the origin,
and it always exists since « is a convex function. '

b) If y is orthogonal to z in the sense of James, then the fraction lle+tey|| = |||l
is positive for all ¢ > 0, and passing to the limit we obtain D ,(y) > 0, for all ¢.
On the other hand, if Dy ,(y) > 0 for all ¢, then a(t) — a(0) > (¢t — 0)Dy,.(y),
by convexity of «, and therefore ||z + te’?y|| > ||z|| for all ¢ > 0, and for all
v €10,2m). O

The Gateaux derivative and the p-Gateaux derivative have also been used in
global minimizing problems; see for instance [6], [7], and the references therein.

The main result in this note is to determine the ¢-Gateaux derivative of the B(H)
norm, as it is written in the abstract. As a consequence we give a characterization
of orthogonality in the sense of James in the space B(H).

Further, if X attains its norm on two linearly independent vectors, or if ||X||
is a point of the continuous part of o(|X|), then we shall construct two different
support functionals. From this we derive a characterization of the smoothness in
B(H).
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2. RESULTS
Before we prove the main result, we need three technical lemmas.

Lemma 2.1. Let X, and Y be selfadjoint operators, X >0, and let 0 < ¢ < || X|]
and 0 < & < 1/4 be fized real numbers such that ||Y]|| < €d. Also, let He =
Ex (|| X||—¢, ||X]]), where Ex is the spectral measure of the operator X, and He =
{feH|f= i+ € He o€ HE |If2ll <AlIAI}. Then, we have || X +Y]| =

sup (X 4+Y)p, ), where v = /26/(1 — 49).

llell=1,0€He 5

Proof. The operator X + Y is selfadjoint, and therefore we have || X + Y|| =

sup (X +Y)p, ). Let 8 > 0 be arbitrary, and let ¢ be a unit vector such
llell=1
that (X +Y)p, ) > || X +Y|| — 8. It is enough to prove that ¢ is in H, ., for 8

small enough.

Indeed, let ¢ = @1 + @2, 1 € He, o € HEX. Then we have (X +Y)p,¢) =
(X +Y)e1,01) + (X +Y)po,02) + 2Re (X + Y)p1,p2). Taking into account
that (X1, p2) = 0 and [[¢1][* + [|p2|]* = 1, we get

(X +Y)ern, 1) < I X + Y| |l
(X +Y)p2,02) < ([IX]| — e +8)l|2l* = (I X]| = (1 = 8)e)lleal |,
2Re ((X +Y)p1, p2) < 2e6]|e1]] ||zl

and from this we obtain
X +Y|[ -8 <(X+Y)p,0)

<X + Y leal? + (1X]] = (@1 = 8)e)llp2l|* + 28]l ]] [|i02]]
and also
1X + Y| [zl < B(Ulerl1? + lle2l[?) + (IX]] = (1 = &)e)llp2lI* + 228 ]| |02l
or, equivalently,
(X + Y= [1X]] + @ = de)llp2ll* < (8 + ) (llenl]* + [l2ll).

However, since ||X + Y|| > || X]|| — &6, it follows that ((1 — 30)e — B)]|p2|]? <
(B +¢€6)|]e1]|?, and hence

leall® . B+ed 20 _ 2% _
12 = (1=38) — B = (1—46)e 1—45 ’
for all 8 < &6. The proof is complete. 0

Lemma 2.2. Let A, B and C be selfadjoint operators such that A and C are
positive. Also, let H. = EA(||A||—¢,||Al]]), where Ey4 is the spectral measure of the
operator A. Then

A+tB+t*C||—||A
lim sup 14+ +t =114l < sup (Bp, p) .
t—0+ llell=1,9€H.

Proof. By using Lemma [ZT] we have

[|[A+tB+tC|| = sup ((A+tB+t*C)p, p)
lloll=1,p€He 5

<||A||+t sup  (Bp,p)+t*  sup  (Co,p),
llell=1,0€He 4 [lell=1,p€He
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for ¢ small enough. From this we obtain
||A+tB +t2C|| — ||Al|

lim sup
t—0t+ t
< lim sup  (Bo,p)+t  sup  (Cp, o)
t=0% \ ||pl|=1,p€H. - llell=1,p€H.
= sup  (Bp,p).

llell=1,p€He

Since «y is arbitrary, we get

A+tB+t2C|| - ||A
lim sup [A+tB+ = 1141 <inf sup (Bp, @) .
t—0+ ¢ 7 llgll=1,p€H,

We have to eliminate the number . For a unit vector ¢ € H. , there exists a
unit vector v € H. such that ||¢ — 9[> < 2(1 —1/y/1 +~2). (It is enough to put
¥ = @1/l[e1]], where ¢ = 1 + @2, @1 € He, 0o € HF.) Then

(B, ) = (Blp =), ¢) + (B, o =) + (BY, ¥)
< 2[[B||lly — ¢l + o (B, 1))

1/)||=171/1€H5
< s (B +2IBIy20 - 1/y/TT 2.
llv||=1,€H.
Thus,
s (Be.g) < sup (B +2Blly/20 - 1/v/TT 72,
llell=1,p€He 4 [|9]|=1,4€He
and we obtain the result by taking the infimum over all positive ~. O

Lemma 2.3. Let X and Y be bounded operators. Then it follows that

X +tY|| - [|X 1
lim [1X + VI = [1X] < sup Re (Y, Xy,
t=0t t X1 l1gli=1,0e .
where He = Ex-x (([|X|| — €)% [|X|[*).
Proof. Indeed, by using Lemma 2.2, we have
Xl XX Y] — X

i
P o8 ¢ oot t(|[X + Y|+ [1X]])
1 XX + (VX + X*Y) + 27V - || XX
= 1m
2[| X || t—o+ t

(2) 1
<o sup  (YV'X+X"Y)p,¢)
2[1X1] e |jol=1

1
= — sup  Re (Yo, X¢).
1| X1 pEH.,|lpll=1

Theorem 2.4. Let X and Y be in B(H). We have

X +tY|| - || X 1
10+ t || X[ e>0 pEH,||p||=1
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where He = Ex«x((||X]] — €)%, || X||?), and Ex-x stands for the spectral measure
of the operator X*X.

Proof. First of all, note that in% can be replaced by lim+, since the mapping € —
e> e—0
sup  Re (Yo, X¢) is decreasing.
PEH.,||p||=1
Next, given ¢ > 0, choose ¢ € He, ||pe|] = 1, such that Re (Y., Xo) >
sup  Re(Yp, X¢) — . It is obvious that (X, Xp.) — || X]|[?, as e — 07,

PEH.,|lo||=1
and hence
X + Y] = [[X]] _ [[X*X + (V"X + X*Y) + 2Y*Y || — || X]]?
¢ - (|| X+ Y|+ [1X]])
1 <X*X506a506>_ ||‘Xv||2
= X +eY [+ [|X] { p +2Re (Yoo, Xoo) +t(Ye, Yioe)
1 (X*X e, =) — IX] (
> +2 sup  Re(Yp, X¢)—c¢
||X+tY||+||X||[ t peH..[|p||=1

+t (Yoe, Yoo ) }

Taking lim (i)rlf we get
X 1 ¥ — 1| i 2;1;% cpEHi}H?pH:l Re (Yo, X¢) + theg(l)llf (Yoe, Yoo

t - [1X + Y[+ []X]] ’
and finally, passing to the limit as ¢ — 0™ we obtain
X +tY|| - ||X 1
lim [1X -+ V] = [1X] > inf sup Re Yy, Xo).
10+ t X1 >0 pe mr. ligl=1
The other “<” inequality follows immediately from Lemma 23] O

3. APPLICATIONS

Corollary 3.1. Let X, Y be Hilbert space operators. The following three conditions
are mutually equivalent.

(i) The operator Y € B(H) is orthogonal to the operator X, in the sense of
James, i.e. for all X € C it follows that || X + \Y'|| > || X]];

(7i) For all 0, and for all € > 0, it follows that
(3) sup  Ree (Yo, X¢p) > 0;

PEH. ||ol|=1

(19i) There exists a sequence of unit vectors @, such that || X .|| — ||X|| and

(Yon, Xon) — 0 as n — oo.

Proof. (i) < (ii). From Theorem 24, we have that
1 )
Dpx(Y)=r==inf  sup  Re(e” (Y, X¢)),
[ X[| e>0 e m. fgl1=1

and taking into account Proposition[.5 we are done.
(443) = (i) Let there exist a sequence of unit vectors ,, such that || X .|| — || X]||
and (X¢n,Ye,) — 0, and let A\ € C be an arbitrary complex number. Then
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[|X + AV > [[(X + AY)pnl|? = || Xnl|* + 2Re MY on, Xon) + [AP[[Yn|* =
X @nll? +2Re A (Yon, Xn) — ||X]|* as n — +oo.

(14) = (iii) The set {{(Yo, X¢) ||l¢|| = 1,9 € H.} is, in fact, the numeri-
cal range of the operator X*Y on the subspace H.. This set is convex by the
Toeplitz-Hausdorff theorem. Its closure is, therefore, a closed convex set, and by
the condition (B)) it has such a position in the complex plane that it must contain
at least one value with positive real part, under all rotations around the origin. So,
it must contain zero, and we get a vector ¢ € H, such that | (Y, Xp) | <e. If e
runs through the set 1/N we obtain the required sequence. (I

Remark 3.2. The equivalence between (i) and (4i7) was proved using quite different
methods in [2].

Clearly, the above theorem is a generalization of Corollary 2, from [5]. The fol-
lowing statement was initially proved in [I], Theorem 3.1 (in truth for real spaces).
We present a simple proof of this result.

Corollary 3.3. The operator X is a smooth point of the sphere K(0,||X||) in the

space B(H) if and only if for some § > 0 the space Hs = E|x|(||X|| — 9, ||X]|) is

of dimension one, where E|x| denotes the spectral measure of the operator |X| =
XX, d.e. 51(X) > s2(X).

Proof. 1If for all § > 0, the space Hs is of dimension greater than one, then either
X attains its norm on at least two linearly independent vectors, or for all 6 > 0,
the space Hs is infinite dimensional.

Let us, first, assume that X attains its norm on two linearly independent vectors,
say f and g. Suppose that f and g are unit vectors. Then we have two functionals
Fx(Y) = (X£,Y)/IIX]| and Gx(Y) = (Xg,Yg) /|| X||. It is easy to see that
Fx(X) = Gx(X) = ||X||, and also ||Fx]|,||Gx]|| < 1. So we have two different
support functionals, and X cannot be a smooth point.

Let us, now, assume that for all § > 0, the space Hjs is infinite dimensional.
Consider the spaces K, = E|x/|(||X||—¢n, || X||—€nt1)H, where E| x| is the spectral
measure of the operator |X| = vVX*X, and ¢, is a decreasing sequence tending
to zero. There is no loss of generality if we assume that every space K, is at
least two dimensional. (We can do this by choosing a subsequence.) Now, we
choose mutually orthogonal unit vectors f,,g, € K,, and we get two sequences
of mutually orthogonal vectors such that ||X f,|],]|Xgn|| — ||X]|. Let glim denote
the Banach generalized limit on the space c¢ of all convergent complex sequences.
Consider the following functionals: Fx(Y) = glim, ., (X f,,Y fn) /[|X]|, and
Gx(Y) = glim, | (Xgn,Ygn)/||X]|[. It is easy to see that both of them are
support functionals. Further, for the operator Y = > ( , fn) X fn, we have
Fx(Y)=]|X|| and Gx(Y) = 0. Thus, X cannot be a smooth point.

Finally, let us assume that X attains its norm on the unique vector f, and that
the norm of the restriction X|, is equal to || X|| — d, where L = {f}+. We shall
prove that Y orthogonal to X implies (X f,Y f) = 0. Indeed, by Proposition [LH]

and by (), we get
1 .
0< Dy x(Y) < TXT] Re (X f,eY f),

since for e < 4, the space H. is equal to Lin{f}. Thus, for all ¢ we have 0 <
Ree ™ (X f,Y f) implying (X f, Y f) = 0.
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We have a support functional Fx(Y) = (X f,Y f)/||X||. Suppose that there
is another support functional Gx. Then there exists an operator Y such that
Gx(Y) =0and Fx(Y) # 0. For all complex numbers A we get || X|| = Gx(X) =
Gx(X + AY) < ||X 4+ AY||, which means that Y is orthogonal to X, implying
Fx(Y) = 0. This is the contradiction.

Hence, in this case, there is a unique support functional and X is a smooth point
of the corresponding sphere. O
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