PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 133, Number 7, Pages 2147-2155

S 0002-9939(05)07751-8

Article electronically published on January 31, 2005

THE LINEAR SPACE OF GENERALIZED BROWNIAN
MOTIONS WITH APPLICATIONS

JEONG HYUN LEE

(Communicated by Richard C. Bradley)

ABSTRACT. In this paper, we define, motivated by recent works of Chang and
Skoug, stochastic integrals for a generalized Brownian motion (gBm) X and
then use it to study the representation problem on the linear space H(X)
spanned by X. We next establish a translation theorem for LP-functionals of
X, p > 1, and then use this translation to establish an integration by parts
formula for LP-functionals of X.

1. INTRODUCTION

Let (Co[0,T17, B(Co[0,T]), my) be the Wiener measure space. Let a € Cy[0, T
be of bounded variation on [0,7] and let b € Cy[0,T] be strictly increasing and of
bounded variation on [0,7]. Then by Theorem 14.2 ([12], p. 187) there exists a
Gaussian measure p on (Cy[0, T, B(Cy[0,T])) such that the coordinate process de-
fined as X (¢,x) = x(t) is a continuous additive process on (Cy[0, T], B(Cp[0,T]), i)
and [0,7] on which the probability distribution of X (t2,-) — X (t1,), t1 < t2 is
normally distributed with mean a(t2) — a(t1) and variance b(t2) — b(t1).

Such a process X = (Xy,t € [0,T]) will be referred to as the generalized Brownian
motion (gBm) determined by the mean function a(t) and the variance function b(t).
We will write the space (Co[0, T, B(Co[0,T1), i) as (Cq 5[0, T, B(Ca p[0,T]), ). We
note that the Wiener process W (t,z) = x(t) on (Cy[0,T], B(Col0,T]), my) and
[0, T is free of drift and is stationary in time, while the process X = (Xy,t € [0,71)
on (Cqp[0,T], B(Cy[0,T1), ) is subject to the drift a(t) and is nonstationary in
time, and can be used to describe the Black-Scholes model with time-dependent
drift and diffusion coefficient in the financial market, as well as the model of interest
rates and bond prices. For more details about the Black-Scholes model with time-
dependent parameters, see e.g. ([9], p. 80, p. 87). For the model of bond prices
and interest rates, see e.g. ([9], p. 125, p. 127).

Let X = (Xt € [0,7]) be a gBm determined by a(t) and b(t). Then we
note that X is an L2-process and o(X) = B(C,[0,T]). There are two Hilbert
spaces associated to the gBm X. The one is the nonlinear space of X, L*(X) =
L3(Cyp[0,T],0(X), 1) (consisting of all (X )-measurable random variables with
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finite second moment). Elements of L?(X) are called (nonlinear) L?-functionals
of X. The second Hilbert space is the linear space H(X) of X, which is the
closed subspace of L?(X) spanned by X. Elements of H(X) are called linear L>-
functionals of X.

Let X = (X; = X; —a(t),t € [0,T]). Let L*(X) (H(X), resp.) denote the
nonlinear (linear, resp.) space of X.

The authors in [4], [5] used a gBm to define a generalized analytic Feynman
integral and a generalized analytic Fourier-Feynman transform and then studied the
first variations and the integration by parts formula involving these integrals and
transforms. Motivated by these recent works ([4], [5]), in this paper we introduce
a stochastic integral for the gBm X for which the space of the integrands is wider
than the one for the stochastic integrals defined in [4], and then use it to study the
representation problem on the linear space H(X). We next establish a translation
theorem for LP-functionals, p > 1, which is proved by using a different method
from the one given in [3], [5] and then use this translation theorem to establish an
integration by parts formula for LP-functionals of X with p > 1.

The organization of this paper is as follows. In Section 2, we introduce the
function Hilbert space L(ll’;[o, T, which is our choice of function Hilbert spaces to
represent the linear space H(X). In Section 3, we establish a translation theorem
for LP-functionals, p > 1. In Section 4, we use the translation theorem obtained in
Section 3 to establish an integration by parts formula for the functionals in LP(X),
p=>1

2. STOCHASTIC INTEGRATION FOR GBM

In this section we introduce the function Hilbert space L}I’j [0, T, which will be
our choice of function Hilbert spaces for the linear representation problem on the
gBm X.

We will assume throughout this paper that a(t) is an absolutely continuous
function on [0, 7] with a(0) = 0 and a'(t) € L2[0,T], and b(t) is a differentiable
function with b(0) = 0 and by < b'(t) < by (by,by > 0) for all t € [0,7]. This
assumption is slightly milder than the one given in [4].

Let L2[0,T] be the Hilbert space of functions on [0,77] given by

T
B0.1)={f e 20.7]| [ Fo)ibls) < oc)
0
equipped with an inner product
T
(= [ FEals)as)
0
Let L};j[o, T be the Hilbert space of functions on [0, T] defined by
1,2 4
LT = {7 € BT [ 17@)ldlal) < o)
equipped with an inner product
T
0

T T
f. Gha = / £(5)g(s)db(s) + / £(s)da(s) / 9(s)da(s)
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where |al(t) fo |dal, t € [0,T]. It is easy to see that ||f|ls,, = O if and only if
f=0a.e. on [0,T] and that the three norms |- ||, || - || and || - ||a,» are equivalent.
Hence L2[0,T), L?[0,T] and L'2[0,T] coincide as sets, and furthermore, L0, T
is a separable Hilbert space. ’ 7

Let S be the set of all step functions on [0,7], f = Z;:()l cil(t;,t;4,], Where
0=ty <t1 <ty <---<t,=Tand ¢; € R. We define § : S — H(X) by

0 =3 e(X,., — X i (K1ys — Ku,) + (altyon) — alty)].

Clearly S is a linear dense subspace of Li’i[o, T] and for all f,g € S, we have the
following identity:

T
_ / fda and EO(H)0(9)) = (f.g)an

where fOT fda denotes the Stieltjes integral of f with respect to the absolutely
continuous function a. Thus the correspondence f — 6(f) is an inner product
preserving mapping from S to H(X). Hence 6 is uniquely extended to L(ll’_i[O, T].

For f € L};j[o, T1, we call 8(f) the stochastic integral of f against X and write it
as

(2.1) 0(f)—/0deX or /OdeX+/()dea.

Definition 2.1. The stochastic integral fOT fdX,; for f € Li’j [0,T] is defined by

/Odeth/ondXt+/onda.

Proposition 2.2. Let X be a gBm determined by a(t) and b(t). Then
LL30,T) = H(X).

Proof. Let 6 : & — H(X) be the mapping defined as above. Then 0(1(g4) =

fOT Lo,(u)dX (u) = X; for any ¢ € [0,T]. But the set {X;|t € [0,T]} generates
H(X). Hence the mapping 6 is uniquely extended to a unitary isomorphism from
Li’j [0,7] onto H(X). This completes the proof. O

Theorem 2.3. Let X be a gBm determined by a(t) and b(t). For f,g € Li’i[O,T]
and o, B € R, the stochastic integral 0 satisfies the following:

(1) (af + B9) = ab(f) + 50(9)-

(2) E fo fda.

(3) (0 ( ) ( N2 = (f G)as

(4) 10CHII72x) = IIFIIZ -

(5) 6(f) is normally distributed with N ( fo fda,| f113).

6) {0(f), f € L}li[O T1} is a Gaussian system of random variables.
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Proof. The proof of (1)—(4) has been done in Proposition [Z2]

(5) For any f € L(ll’_i[O,T], there exists a sequence f, € S, n > 1 such that
fn — f. Then 6(f,) — 0(f) in L?(X) and clearly the 6(f,)’s are Gaussian vari-
ables. Hence the L2-limit (f) of a sequence 0(f,) is normally distributed with

T
N(fy fda,|f]3)-
(6) The proof follows from the fact that for any finite linear combination of 6( f)’s,

i, a;0(f;) is normally distributed with N(3-7 | oy fo fida, 370y cia(fi, fi)v)-
O

3. TRANSLATION THEOREM FOR LP-FUNCTIONALS

Let D be any set and C' be a real-valued function on D x D. Then C' is called a
covariance function on D x D if
(1) C(s,t) = C(t, 5),
(2) X2t seratasC(t,s) > 0 for all finite subsets I of D and {as,s € I} CR.
Let C be a real-valued covariance function on D x D. Then according to the

following theorem due to Aronszajn [I], there exists a unique Hilbert space K (C)
of functions on D satisfying the conditions in the following theorem.

Theorem 3.1. Let D be any separable metric space and C be a real-valued co-
variance function on D x D. Then there exists a unique Hilbert space K(C) of
real-valued functions on D, with the inner product denoted by (-,-)xcy such that
(1) C(t,-) € K(C), for each t € D,
(2) (f(),C(t, ) k) = f(t), for each t € D and f € K(C).

The space K(C) in Theorem B, is called the reproducing kernel Hilbert space
(RKHS) of C. Indeed, K(C) is defined as the closure of the linear span of the
functions {C(t,-) | t € D} with respect to the inner product (C(t,-), C(s, ")) k(c) =
C(t, s). Tt is well known that if C is continuous on D x D, then K (C) is a separable
Hilbert space.

Proposition 3.2. Let D = [0,T] and C(t,s) = min{b(t),b(s)}, s,t € [0,T]. Let
C,; [0,T] be the Hilbert space given by

cTI= 1 120 = [ Ta, T e 30,1y

equipped with the inner product defined by

( Vet o = <@ @>
V1,72 c,l0,1] — db ) db by
where % = Z—Z with p = the Borel-Stieltjes measure induced by b and v = the signed

measure induced by y(t fo gdb, g € L2[0,T). Then K(C) = C;[O,T].
Proof. We first note that for all s, ¢ € [0, T, C(t,s) = min{b(t),b(s)} = fo [0,tns]dD

and 2C0%)

7 = 1jo,4(+)- Since 1pg4 € LZ[0,T] for all ¢ € [0, T] we have

C(t,-) € C,[0,T), for each t € [0,T].
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For any f € C,[0,T] and for each t € [0, T], we have

d
(), Doy = ot Sy

af
= [ L= 100

Hence by Theorem Bl K (C) = C,[0,T]. O

Proposition 3.3. Let D = [0,T] and C(t,s) = min{b(t),b(s)}, s,t € [0,T]. Then
we have K (C) = L2[0,T].

Proof. We define an operator U from L?[0,T] to C,; [0,T] by
t
ﬂ=/f@W%f€ﬁMﬂ

Then we see that (f, g), = fo fo s)db(s
operator from LZ[0,T] onto C,|0, T] Hence K(C)=

For p > 1, let LP(X) = LP(Cy 5[0, T, B(Cy [0, T7),
variables F' : C, [0, T] — R such that

)cyor)- Thus U is a unitary
C:[0 ,10, 7] = L2[0,T). O
1

) be the space of all random

1], = E(F|")? < oco.

Lemma 3.4. For ¢ € LP(X), p > 1, there exists a sequence {£,}5°; in H(X)
such that ¢ is o(&,,n > 1)-measurable.

Proof. Let {e,}52; be a complete orthonormal basis for Li’i[O,T] and let &, =
fOT en(t)dX;. Since 14 € L};j[o, T for each ¢ € [0,T], we have

T 00 T [eS)
X = / Ot]( s)dXs = Z<1[O,t]aen>a,b/ en(s)dXs = Z<1[0,t]7en>a,b€n-
0 n=1 0 n=1

Hence X; is 0(&,,,n > 1)-measurable for each ¢t € [0,T]. Therefore, ¢ is o(&,,n > 1)-
measurable since ¢ is o(Xy,t € [0, T])-measurable. O

Theorem 3.5. The set A = {e*|¢ € H(X)} is total in LP(X), where e& =
k
LP-limit of Y p_, L

Proof. We first note that each e® is an element of LP(X) for each p > 1. Let V
be the LP-closure of the linear span of A. Suppose V # LP(X). Then there exists
¢ € LUX) (5 + ¢ = 1) such that ¢ # 0 and E[¢ - !] = 0 for all £ € H(X).
Let {&,} be as in Lemma B4 For any E € 0(&1,&2,-+ ,&n) = Bn, & € H(X),
i=1,2,---,n, we have

/ ¢-etdu = / El¢ - ¢*|By)dp,
E E
for all ¢ € H(X). Hence we have

/ ¢ et ttabagy = / ehérttindn Blo|B,)du = 0.
Ca b[o T] Cl b[O T]

By using the Stone-Weierstrass Theorem, one can show that the set {ef1611+tnén|
t; e R§ € H(X),i=1,2,--- ,n} is total in LP(&y,--+,&,). This follows because
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E[¢|B,] = 0 a.e. for all n. Since ¢ is integrable, we have by a well-known martingale
convergence theorem and Lemma B.4]

¢ = lim E[¢|B,] =0
This contradiction completes the proof. O

Theorem 3.6 (Translation Theorem) Let F Cop[0,T] — R be a random variable
such that F € LP(X), and v(t) = [ g( s) for g € L2[0,T]. Then

E[F(-+7)] = E[F<~>efo gXO S ode3 Iy
= E[F(-)elo 99X()=3 Jg a*db),

Proof. For f € Li’j[O,T], let F € LP(C,[0,T]) be given by F(x) = elo F(HdXe(x),
Then we have

F(z +7) = elo FOIX@+7(0) = oJ5 fOdXe(@)+ [y F()g®)db(®)
Hence it follows that
E[F(-+)] = elo fdatg [ £2db+ [ fgdb
On the other hand, we have
E[F ()efo gdX ()~ [T gda—3 OTdeb] [efo (f+9)dX ()~ [T gda—1 [ g2db]
— olo fdatg [ b+ [ fgdb

Hence the theorem is true for all functionals of the form elo f4X , f € Li’j[o, T]. By

Theorem B.5] the linear span of {efoT faX|f e L(ll’;[o, T]} is dense in LP(X). Hence
the theorem is proved. ([

4. INTEGRATION BY PARTS FORMULA FOR LP-FUNCTIONALS

In this section, we define the directional derivative of LP-functionals and then
use the translation theorem obtained in Section 3 to establish an integration by
parts formula for LP-functionals.

Definition 4.1. Let p > 1 The dlrectlonal derivative of a random variable F' €
L?(X) in the direction 7, v fo ) where g € L?[0, T, is defined as

D,F() = lim ;{F(- +19) - FO)),
where the limit is taken in the LP(X)-sense. Let
DP(X) = {F € LP(X)|D,F exists in LP(X) for all v € C;,,[0,T]}.

Lemma 4.2. Let e(h)(x) = elo "X @) =3[ Wb ¢ 12(0.T), be a functional on
Cy[0,T). Then e(h) € LP(X) for all p > 1. Moreover, for any p > 1,

(4.1) lim %{e(th) —1} = /OT hdX

where the limit is taken in the LP(X)-sense.
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Proof. Let h € L2[0,T]. We first note that el hdX| ¢ LP(X) for all p > 1. So we
see that ||e(h)||, < co. Let A > 0 be fixed. Define a function f on Cq 5[0, T]x[—A4, A]
by

Fw,) = e(th)(z) = ! X @ —5 J ntan
Then for almost all z € C [0, T, f(z,-) is differentiable on (—A, A) and

af T B T

—(z,t) = (/ hdX — t/ R2db) f (x,t).

If —A <t < A, then by the mean value theorem, for each x € C, [0, T there exists
0 =0(x), 0 <6 <1, such that

1 of
S t) = £(,0) = S

From this fact and the inequalities |fOT hdX| < el Jo hdX| and le| < elvl for u € R,
we have the following inequalities:

et @) =1} = [ hix(a)

(x,0t).

T T T
— ~(E— 2 - € x — ~£C
([ nas@ o [y -coma) - [ naf)

< qefl I hdX (@)

for some constants a > 0 and 8 > 0. Since aeBlls hdX| ¢ LP(X) for all p > 1, by
the dominated convergence theorem,

1 T

lim B[~ (e(th) — 1) —/ hdX[P] = 0

t—0 t 0
and the lemma is proved. O
Theorem 4.3. Let F' € DP(X) and v(t) = fot g(u)db(u) with g € Li’i[O,T]. Then

T T
(4.2) E[D.F| = E[F - / gdX] — / gda - E[F).
0 0

Proof. Since F € DP, 1{F(- + ty) — F(:)} converges to D,F in LP(X). Hence it
converges to D, F in L'(X). From Theorem B.6 and Lemmal[4.2] it follows that

B[D,F] = lim B[ {F (- + 1) — F())]
= lim BIF(){ (tg) ~ 1)}
:waému_égmn

and the theorem is proved. O

Theorem 4.4 (Integration by parts formula). Let F' € DP(X), G € DI(X) with
zla + % = 1. Then we have, for v(t) = fot g(u)db(u) with g € L}I’j[O,T],

(4.3) E[G-DWF]:E[F-G-/ngX]—/nga-E[F-G]—E[F-DVG].
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Proof. We first note that for F' € LP(X) and G € L4(X) with % + % = 1, we have
F -G € L'(X). Now we shall show that the limit

.1
lim S{F(-+ 19) - G + 1) = F() - G()}
exists in L'(X) and the limit is equal to G- D, F + F - D.,G. This assertion follows
from the following inequality:
1
BlZAF(+ty) -G +17) = F() - G()} ={G - Dy F + F - Dy G}]
1
< HZ(FC+100) = F() = Dy FYGC+09) 1 + D F{G( + 1) = GO Hb
1
+F{ (G +17) = G()) = DGl
1
SIS (FC+17) = FC)) = Dy Flpll G+ )llg + DL Flp|GC + 1) = GO)llg

FFN 153G+ 1)~ GO) - DGl

since all three terms on the right-hand side above go to zero as ¢ goes to zero. It
then follows that

(4.4) E[D,(F - G)| = E[G - D, F] + E[F - D, G].
But this implies that F - G € D}(X), and hence by Theorem [.3]

ED,(F-Q)) =E[F-G)- /T gdX] — /T gdaE[F - G].
Therefore, we conclude that ’ i
E|G-D,F]=E[(F-G)- /T gdX] — /T gdaE[F - G] — E[F - D,G]
and the theorem is proved. i i O
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