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ABSTRACT. The two better-known ways of understanding the notion of local
unconditional structure allow us to define successive extensions of the well-
known class of the L£P spaces of Lindenstrauss and Pelczynski. This paper
also studies stability properties of these classes under ultrapowers, biduals and
complemented subspaces.

1. INTRODUCTION

The ¢, spaces play a central role in the classical theory of operators and tensor
norms and in this setting, Lindenstrauss and Pelczynski [12] in 1968 introduced the
class of the L? spaces. Although the definition of the class £? is finite dimensional,
it has many implications in the global structure of the involved spaces, and it is
clear that in general the nice behavior of the £P spaces is a consequence of the good
properties of the ¢, spaces. Anyway, if we extend the class replacing the space ¢,
for another sequence space A, some new problems appear. Throughout this paper
we will answer these types of questions. As we will see the natural extension of the
LP spaces denoted here by £* is not satisfactory if A is not an £, space, and this
draws our attention toward two successive extensions of the £* spaces, the classes
of quasi-LF and the class of generalized £* spaces here denoted by £*9. These
definitions are also of local type and we investigate some interesting aspects of its
local and global structure. In this paper we restrict our attention to the study of
the relationships between some local properties of A and the stability of the classes
under ultrapowers, biduals, and complemented subspaces. These properties have
been applied in [15] in the study of the operator ideals associated to the tensor
norm defined by a sequence space .

The notation is standard. Let w be the vector space of all real sequences and
@ its subspace of sequences with finitely many nonzero coordinates. A Banach
sequence space is an ideal in w provided with a norm which makes it a Banach
lattice. A Banach sequence space A will be called regular whenever the sequence
of all e; := (d;;); forms an unconditional Schauder basis in A. Observe that ev-
ery infinite dimensional Banach sequence space A has a solid and regular subspace
A, := @ such that X is regular if and only if A\ = \,. In the paper Sj()\) repre-
sents the sectional subspace of A generated for {e;,i = 1,..,k} and if A is regular,
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Py : A — Si(\) represents the canonical projection map. A Banach space X is said
to contain Sy (A\) uniformly provided there is a sequence Gy, n € N of subspaces of X
for which sup,,cy d(Gr, Sn(A)) < 0o, where d(E, F) represents the Banach-Mazur
distance between the Banach spaces E and F'. Recall that a Banach space E is
said to be finitely representable in a Banach space F' if for every finite dimensional
subspace M of E and every £ > 0 there is a finite dimensional subspace N of F
such that d(M, N) < 1+4+¢e. With the same notation if there is b > 0 not depending
on M such that d(M,N) < b we say in brief that X is b-finitely representable in
F. Finally if F is a subspace of F, we denote by I r the corresponding inclusion
map.

2. DPR-LOCAL UNCONDITIONAL STRUCTURE AND ULTRAPOWERS:
THE CLASS OF THE £* SPACES

A notion of local unconditional structure was introduced by Dubinsky, Pelczynski
and Rosenthal in [2] motivated by the fact that certain classical Banach spaces
admit a family of finite dimensional subspaces having unconditional basis with
respect to the same constant, which is dense in the family of all its finite dimensional
subspaces, or equivalently:

Definition 2.1. We say that a Banach space X has DPR-local unconditional struc-
ture if there is ¢ > 1 such that for each finite dimensional subspace F' of X there

are a finite dimensional subspace Y containing F' and a finite dimensional Banach
lattice L such that d(Y, L) < c.

Remark 2.2. 1) Every Banach lattice has DP R-local unconditional structure for
all ¢ > 1.

2) Every finite dimensional Banach space has D P R-local unconditional structure
since it is isomorphic to a Banach lattice, but, as we can read in [1], it is the
uniform bound on the isomorphisms of all finite dimensional subspaces of an infinite
dimensional Banach space X which restricts the class of the Banach spaces having
local unconditional structure.

3) Moreover from [§], a Banach space with D P R-local unconditional structure is
either super-reflexive or it contains uniformly isomorphic copies of S, (¢1) or Sp({so)
for all n € N.

A strong version of D P R-local unconditional structure with respect to the sec-
tions of ¢, characterizes the intensively studied class of the L£? spaces of Linden-
strauss and Pelczynski [12], see also [I3], and we extend this notion to general
Banach sequence spaces:

Definition 2.3. Let A be a Banach sequence space. We say that a Banach space
X has DPR — Sk(X)-local unconditional structure (or DPR-local unconditional
structure with respect to the sections of \) if there exists a real constant ¢ > 1 such
that for every finite dimensional subspace F' of X, there are a finite dimensional
subspace F containing F' and n € N such that d(F, S,(\)) < c.

Definition 2.4. Given a Banach sequence space A, a Banach space X is said to
be an £ space if it has DPR — Si(\)-local unconditional structure.

The ¢, spaces are in £P and in general if X is a regular Banach sequence space,
as an immediate consequence of theorem 6, §16 in [L1], A is an £* space.
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The standard reference on ultraproducts of Banach spaces is [6], and we refer
the reader to it for concrete definitions. We only recall the main features useful for
us and set the notation we will use.

Let D be a nonempty index set and U/ a non-trivial ultrafilter in D. Given a
family { X4, d € D} of Banach spaces, (X4)ys denotes the corresponding ultraprod-
uct Banach space. If every X4, d € D, coincides with a fixed Banach space X
the corresponding ultraproduct is named an ultrapower of X and is denoted by
(X)u- Remark that if every X4, d € D, is a Banach lattice, (X4)y has a canon-
ical order which makes it a Banach lattice. If we have another family of Banach
spaces {Yg, d € D} and a family of operators {Tg € £(X4,Yy), d € D} such that
supgep || Tall < oo, then (Tq)uy € L((Xa)u, (Ya)u) denotes the canonical ultraprod-
uct operator.

The structure and local structure of the ultrapowers have been studied for many
authors. The construction of ultraproducts is an essential tool in operator theory,
and we remark that ultraproducts and finite representability are in the heart of the
local theory, i.e. the study of the Banach spaces through or in terms of its finite
dimensional subspaces. Obviously the £ spaces are characterized by a very strong
form of b-finite representability in A for some b > 0.

The next proposition shows that the stability of the class £* under ultraproducts
depends strongly on .

Proposition 2.5. Given a Banach sequence space X, the following conditions are
equivalent:

(1) Every ultrapower (X)y is an L space.

(2) X\ satisfies the following property (P): there is ¢ > 0 such that given a
positive integer n, there exists some positive integer m = m(n) such that any n-

dimensional subspace N of X is contained in an m-dimensional subspace M of \
with d(M, Sy, (N\)) < c.

Proof. (1) — (2) : Let U be an ultrafilter on an index set D, and let {Ny,d € D}
be an arbitrary family of n-dimensional subspaces of \. If for every d € D, {xfi,z =
1,..,n} is a basis of norm one vectors in Ng, {z* = (2%)y,i = 1,..,n} is a basis in
N = (Ng)y; hence N is an n-dimensional subspace of (). By hypothesis, (A)y
is an £*-space. Then, there are ¢ > 0 and an m-dimensional subspace M of (\)y
containing N such that d(M, Sp,(N\)) < c. Let {(z%)u,i =n+1,..,m} be a basis of
an algebraic complement of N in M. Then M = (Mgy)y where My = span(x,i =
1,..,m). But since {(z%)y,i =1,..,m} is a basis in M, there is an I; € U such that
if d € I, {z},i =1,..,m} are linearly independent; hence dim(My) = m for every
d € I;. But also there is an Iy € U such that d(M, M) < 1+ ¢ for every d € Io;
hence for every d € Iy NI, Ng C My with d(Mg, Sin(X)) < ¢(1 4+ ¢€). The result
follows because D, U and {N4,d € D} are arbitrary.

(2) — (1) : If N is an n-dimensional subspace of (A)y and € > 0, from [6],
proposition 6.1, N = (Ng)y with dim(Ng) = n. By hypothesis, A satisfies (P);
hence there are ¢ > 0 and m = m(n, ¢) such that for every d € D there is an m-
dimensional subspace My of A containing Ny with d(Mg, Si (X)) < ¢. Then fixing
a basis in every My, M = (My)y is an m-dimensional subspace of (A)y containing
N. Moreover there is Iy € U such that d(M, My) < 1+ € for every d € Iy. Then
d(M,Sm(N) <c(1+¢). O
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Remark 2.6. We emphasize that (P) is a very strong property that ¢, spaces satisfy
[16], and Yves Raynaud pointed out to us that ¢,(¢,) also satisfies (P). But we don’t
know any Banach sequence space A outside of the ¢, setting with this property.

3. THE CLASS OF QUASI-LY SPACES

The limitations concerning the stability of the £* spaces under ultrapowers man-
ifested in Proposition 5] are the main motivation for considering another class of
Banach spaces. The “soul” of the new class is the so-called uniform projection
property, which was defined also in 1975 by Pelczynski and Rosenthal [16]. It is an-
other local type property which is weaker than the property (P) but with a similar
spirit.

Definition 3.1. A Banach space X has the uniform projection property if there is
a b > 0 such that for each natural number n there is a natural number m = m(n)
only depending on n such that for every m-dimensional subspace M C X there
exists a k-dimensional and b-complemented subspace Z of X containing M with
kE<m.

Remark 3.2. 1) The class of Banach spaces with the uniform projection property is
quite large and includes some rearrangement invariant function spaces, for exam-
ple the reflexive Orlicz spaces and modular spaces; see [I4]. The Bochner spaces
L,(u, E) satisfy the uniform projection property if E does, 1 < p < oo (see [6]),
and the Hardy space H! also satisfies the uniform projection property; see [9].

2) Tt is known that the uniform projection property is stable under ultrapowers
(see [6]) and duals [7].

Definition 3.3. Let E be a Banach space. We say that a Banach space X is a
quasi-LF space if there are positive real numbers a and b, ¢ > 1, such that for
every finite dimensional subspace F' C X there are a finite dimensional subspace
G C X containing F' and a b-complemented finite dimensional subspace Y of E
with d(G,Y) < a.

Obviously every quasi-L¥ space X is a-finitely representable in E for some a > 0,
but in general E itself is not a quasi-L¥ space. Moreover £ C quasi-£*. As in
the case of the £* spaces, we are interested in the Banach spaces E having the
property that every ultrapower of E is a quasi-L¥ space.

As in Proposition 223 we prove:

Theorem 3.4. Let E be a Banach space satisfying the uniform projection property.
Then every ultrapower of E is a quasi-LF space.

Proof. Let M be an n-dimensional subspace of (E);. Without loss of generality
we can suppose that M = (Mg)y where every My, d € D, is an n-dimensional
subspace of E. From the hypothesis, there are a b > 0, a natural number m(n),
and a family of b-complemented subspaces {Yy,d € D} in E such that My C Yy
for every d € D with its respective family of projections denoted by {Py,d € D}
such that ||Py|| < b and dim(Yy) < m(n) for every d € D. Let P = (Py)y, which is
a projection of (E)y onto a k-dimensional subspace Y of (E)y such that M C Y,
with ||P]| < b and k& < m(n).

For every d € D, let {z5, = 1,..,m(n)} be an Auerbach basis in an m(n)-
dimensional subspace Wy of E containing Yy, i.e. | >0, cizb| > MaX;—1,. m(n) |Cil-
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Then for every x = (zq)u € (E)uy, if
n
Pay(wa) = ahzy
i=1
for some scalars a; such that |a%| < b ||z||, then
n n
P(z) = (Y agziu =) a'(=))
i=1 i=1

where a’ = limy, a, i = 1,..,m(n). We denote by W the subspace of (E);, generated
by {(z))u,i=1,..,m(n)}. It is clear that W = (Wy)y.

From [B], lemma 4.1 and proposition 4.2, given € > 0 there is dy € D such that
for every = (zq)u € W,

(1 =¢) [lz]l < [Jzapl| < (L +¢) [l

We denote Cy, : W — Wy, such that Cy,((24)) = ®4,, which is an isomorphism
satisfying ||Cq,|| < 1+ ¢ and ||C'd_01|\ < . Then (Cq,)}y is an isomorphism from
Y onto Y, such that [|(Cay)y [|[[((Cap)y) 7| < $££. O

An immediate consequence of the well-known principle of local reflexivity is that
if X" is a quasi-LF space, then X has the same property. Moreover it is known that,
also by local reflexivity, every Banach space X satisfies that X" is a 1-complemented
subspace of some ultrapower of X. In this direction and with a similar proof we
have the following useful property.

Proposition 3.5. Let X be a quasi-LF space. Then X" is isomorphic to a com-
plemented subspace of some ultrapower of E.

Proof. For every € > 0, let D be the set of tuples (M, N,¢), where M and N are
finite dimensional subspaces of X" and X’ respectively, endowed with the canonical
order: d; = (Ml,Nl,él) <dy = (Mg,NQ,ég) iff My C MQ, N, C NQ, €1 > €9. We
denote d = (M4, Ng,e4). We will consider the following standard construction of a
filter basis on D: fix dy € D and put

R(do):{dEDldQ Sd},

then

R :={R(d),d € D}
is a filter basis of subsets of D. According to Zorn’s lemma, there is an ultrafilter
in D containing R. An ultrafilter with this property is denoted by U.

From the principle of local reflexivity, for every My, there is a finite dimensional
subspace Fy of X and an isomorphic map Ty : Mg — Fy such that (Ta)a,na, =
idy,ng,, (@, Ta(x")) = (2/,2”) for every ¢/ € My and every 2’ € Ny, and
ITall 17,71 < 1+e. Then X” is isometric to a subspace of (Fy)y under the
map A : X" — (Fy)y such that for every € X", A(z") = (zq)y with xq = Ta(z”)
if 2" € My, and x4 = 0 if 2" ¢ M,.

But by hypothesis, for every d € D there are positive constants a,b, a > 1,
another finite dimensional subspace Yy of X containing Fy, a finite dimensional and
a b-complemented subspace G4 of E with projection map P; and an isomorphism
Sa : Yy — Gg with [|Sq|| |S;']| < a+e. Then S = (S4)y defines an isomorphism
between (Yy)y and (G4)y, and X" is isometric to a subspace of (Yy)y under the
map B = Ir A where Ir : (Fy)y — (Ya)u is the inclusion map. Moreover (Gg)y
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is a b-complemented subspace of (E)y; we denote by Ig : (Ga)u — (E)y and
Pr = (Pa)u : (E)u — (Ga)y the inclusion and projection map respectively.
Introduce the map P : (E)y — X" such that for every 2 € X’ and for every
(ea)u € (Eu,
(P((ed)u), z") = 1ig,n<5d_1 Py(ea), ).

But if 2" € My, and 2’ € Ng,, then
(PIg S B(z"),x') = liLI{n<S;1 Sa Ta(z"), 2"y = (2", 2');
hence P Ig S B =idx. O
The following definition is given in [10].

Definition 3.6. Let X =Y + Z. Then Z is said to be locally disjoint from Y
if there are positive constants a, b such that for each pair of finite dimensional
subspaces M C Y, N C Z there is a finite dimensional subspace Sy, v C Y and an
isomorphism 7 : N — Sy v such that ||7]|[|77|| < a and ||y + 7(2)| > b||y]| for all
y€ M and z € N.

Proposition 3.7. Let X be a quasi-LY space (an L* space) and Y a complemented
subspace of X with projection P. If ker(P) is locally disjoint fromY, then 'Y is a
quasi-L¥ space (an L space).

Proof. Put X = Y @ ker(P). There is a constant ¢ > 0 such that if A is
a finite dimensional subspace of Y, there are a finite dimensional subspace B
of X containing A and a complemented subspace C of E (C' a section of \)
such that d(B,C) < ¢. Moreover B C By ® Bz, By = P(B) C Y, and By =
(Ix —P)(B) C ker(P). Because ker(P) is locally disjoint from Y, given € > 0 there
are positive constants a, b depending only on Y and ker(P), a subspace Sp, B, of
Y and an isomorphism 7 : By — Spg,p, such that ||7]] = 1, |77} < @ and
b1 4+ 7(b2)|| > b||b1]|, for all by € By and b € By. Let T': By @ By — Y be such
that T(bl + bg) =by + T(bg), for all by € By, by € By. Then

1T (b1 + b2) [l < [[all + [Tl l[o2ll = [[oall + (2]l = [P (b1 + b2) || + [[(1 = P) (b1 + ba)|
< [IPI[+ Dby + bel|-

Moreover ||T'(by + ba)|| = [|br + 7(b2)[| = bl[ba|| and [[by +7(b2)[| = [I7(b2)[| — [|b2]| =
o l1b2]l = 3 lIbr + 7(b2)|l; hence (1 + 5)|lby + 7(b2)l| = ;|b2]|. Then

b
= >
[T (b1 + b2)|| = [|bx + 7(b2)|| > 2015 D)

If D =T(B), d(B, D) is a constant depending only on || P||, a and b; hence d(C, D)
is a constant depending only on ||P]|, a, b and ¢. Since D is a finite dimensional
subspace of Y containing A, the result follows. O

61 + b2].

Remark 3.8. In [10], theorem 5, Lacey proves that if X is a Banach space, X = Y®Z
and X is finitely representable in Y, then Z is locally disjoint from Y, but, looking
at his proof, the same result follows if X is b-finitely representable in Y for some
constant b > 1. In particular, since the quasi-L¥ spaces are b-finitely representable
in E, we have the following consequences.
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Corollary 3.9. a) Let X be a quasi-L space, and let Y be a complemented sub-
space of X containing uniformly copies of the finite dimensional subspaces of E.
Then'Y is also a quasi-LF space.

b) Let A be a regular Banach sequence space, and let X be a quasi-L* space
(an L> space). If Y is a complemented subspace of X containing copies of Sp(\)
uniformly, then'Y is also a quasi-L* space (an L* space).

Corollary 3.10. a) Let E be a Banach space with the uniform projection property.
If X is a quasi-LT space, then X" is also a quasi-LF space.

b) Let A be a Banach sequence space with the uniform projection property (the
property (P)). If X is a quasi-L> space (an L space), then X" is also a quasi-L
space (an L space).

Proof. The result follows from [3.5] [3.9] and B4 (2.5). O

4. GL-LOCAL UNCONDITIONAL STRUCTURE AND QUASI-L¥ SPACES:
THE CLASS OF THE £M9 SPACES

The class of the quasi-L* spaces if A has the uniform projection property is
very satisfactory with respect to the construction of ultrapowers and biduals, and
quite satisfactory with respect to the complemented subspaces, but in this class we
have lost the sectional subspaces of A. For this reason we consider now an, at the
moment, less restrictive notion of local unconditional structure than the D P R-local
unconditional structure, defined by Gordon and Lewis [4], which has been a basic
tool in the study of many important topics in the theory of Banach spaces, Banach
algebras and operators.

Definition 4.1. We say that a Banach space X has G L-local unconditional struc-
ture if there exists a real constant ¢ > 0 such that for every finite dimensional
subspace F' of X, there are a finite dimensional lattice L and linear operators
u:F — Landv:L — X such that |lul/[|v] < cand vu=Ipx.

In fact from [3] (see also [10]) a Banach space X has GL-local unconditional
structure if and only if X" is isomorphic to a complemented subspace of a Banach
lattice.

Proposition 4.2. Let E be a Banach space having G L-local unconditional struc-
ture. Then every quasi-LF space X has GL-local unconditional structure.

Proof. From the definition of the class of the quasi-£* spaces, there are positive real
numbers a > 1 and b such that for every finite dimensional subspace F' C X there
are a finite dimensional subspace G C X containing F' and a b-complemented finite
dimensional subspace Y of E with d(G,Y’) < a. Since E has G L-local unconditional
structure there is ¢ > 0 such that the inclusion map of Y into E factors through
a finite dimensional Banach lattice L; hence there are v : Y — Landv: L — F
such that Iy, g = v u with ||Ju| |[v]| < e Givene > 0, let C : G — Y be such
that ||C|||C~ || < a+¢e and let Py : E — Y be projections with norm less than or
equal to b. We denote A : F' — L such that A =u C Ip g, and B : L — X such
that B = Ig x C~1! Py v. The desired result follows because B A = Ip x with
JAII1B] < (a+2) be. O

If A is a Banach sequence space we also can consider the G L-local unconditional
structure with respect to the sections of a Banach sequence space A.
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Definition 4.3. Let )\ be a Banach sequence space. We say that a Banach space X
has GL — Si(\)-local unconditional structure (or GL-local unconditional structure
with respect to the sections of A) if there exists a real constant ¢ > 0 such that
for every finite dimensional subspace F' of X, there are n € N and linear operators
u: F— S,(X) and v : S, (A) — X such that ||ul|||v]| < ¢ with v u = Ip x.

Also, associated to the GL — Sj(\)-local unconditional structure, we define the
corresponding class of Banach spaces:

Definition 4.4. Given a Banach sequence space A, a Banach space X is said to
be a generalized £* space if X has GL — Sk(\)-local unconditional structure.

The class of generalized L spaces is denoted by £»9. We recall that, for a wide
class of Banach sequence spaces A, this class can be as useful in the operator spaces
related to A as the LP spaces in the classical operator theory which is connected
with the ¢, spaces; see for instance [I5]. The following proposition gives examples
of £ spaces.

Proposition 4.5. Let A\ be a Banach sequence space. Then:
a) Complemented subspaces of LI spaces are LM spaces.
b) If X" € LM, X has the same property.

c) If \ is reqular, quasi-L* C L.

Proof. a) is immediate from the definition and b) follows for local reflexivity.

c) Since X is a quasi-£L* space, there are @ > 1 and b > 0 such that given
€ > 0, for every finite dimensional subspace F' of X, there are a subspace G of X
containing F', a complemented subspace Y of A\ with projection map P : A — Y
with ||P|| < b and an isomorphism T : G — Y with ||T|||T7!| < a +e. Since X is
an £ space, there are a finite dimensional subspace H of A containing Y and an
isomorphism S : H — Sgjpm ) with SIS~ < 1+ e. The following “controlled
norm” scheme finishes the proof:

-1 P -1
FoGLly—H2S5,,m0No B yS gox

O

Proposition 4.6. Let A be a Banach sequence space, and let X be a Banach space.
Consider the following statements:

i) X e LM,

ii) Ix x~ factors through an ultrapower of ..

iii) idx~ factors through an ultrapower of \,.

Then,

a) i) — ii) « iii).

b) If A\, satisfies the uniform projection property, all are equivalent.
Proof. a) Consider the ultrafilter of Proposition B3l By hypothesis, there is b >
0 such that for every d € D, there are ng € N, ug : My — Sp,(A) and vg :
Sny(A) — X such that vgug = In, x and |lugl/||vg|| < b. Then i) — ii) because
X is isometric to a subspace of (My)y, by local reflexivity X" is isometric to a
1-complemented subspace of (X )y and (S, (A))y is a complemented subspace of
(Ar)u with projection norm less than or equal to one. i) — iii): Since Ix x» =
5281 with S : X — (A )y and Sz : (\)y — X", then by bidualization we have
(Ix,x»)" = S48y, which provides a factorization of the biconjugate of the inclusion
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map through ((A,)y)”. Note that although (Ix x)" is an into isometry X" — X"
which differs generally from the natural inclusion map Ix~ x», it has nevertheless
the same left inverse P = (Ix/ x)". Hence Ix» = (PS%)S} provides a factorization
of the identity of X" through ((\;)y)”. Now the usual local reflexivity argument
gives a factorization of ((\;)z)” through an iterated ultrapower ((\;)y)y, which is
isometric with (A )y xy-

b) If A, satisfies the uniform projection property, (A,)y is a GL — Si(\) space.
If Ix x» = 8251, S1: X — (M )y and S : (A )y — X, given a finite dimensional
subspace M of X such that S1(M) is a finite dimensional subspace of (A,)y, then
there are n € N, u : S (M) — S, (\) and v : S (A) — (Ar)y such that Iy, = vu
with [Jull||v|| < b for some constant b independent of M. The result follows for
local reflexivity because Sav(S, (X)) is a finite dimensional subspace of X" and
828, (X) = X. O

Proposition 4.7. Let A\ be a Banach sequence space such that )\, satisfies the
uniform projection property. Then:

a) The class LMY is stable under ultrapowers.

b) X is an LI space if and only if X" is, if and only if X" is isomorphic to a
complemented subspace of some (A )y

Proof. a) Let D be an ultrafilter on an index set D, and let X be an £*9 space.
Given a finite dimensional subspace M = (My)p of (X)p, there is a > 0 such that
for every d € D there are ng € N and linear and continuous maps ug : Mg — Sy, (N),
vg @ Sny(A) — X with ||ug|| |lvall < @ and vq ug = In, x. Then we construct in
the canonical way the maps u := (uq)p, v : M — (S,,(A))p and v := (v4)p,
v (Sn,(\))p — (X)p. From Theorem B4, (\,)p is a quasi-L*"-space, and since
u(M) is a finite dimensional subspace of (S,,(\))p, hence of (A;)p, there are
positive real numbers b and ¢, a finite dimensional subspace G of (\.)p containing
u(M), a finite dimensional and b-complemented subspace Y of A, with projection
P : X\ — Y and an isomorphism C : G — Y with ||C|| |C7!|| < ¢. Since A,
is an £ space, there are a constant h > 0, a finite dimensional subspace Z of
A containing Y and an isomorphism H : Z — Sgim(z)(A) with || H]| |H=1| < h.
Finally we denote by @ the natural projection map from (A.)p onto (Sp,(A\))p.
Then we have the following schemes:

M &u(M) wGS%vy-z58 Saim(z)(A),

H ' _ Pz

SamznyN ™ 2By S @ (0)p 2 (S0, (N)p 2 X,

If we denote A := H Iyz C I,g vwand B :=v Q C™' Py H™', then
b) We only claim that if idx» = S251, S1: X" — (A )y and Sz : (\p)u — X7,
then S1(X") is a complemented subspace of (\;)y. |
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