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THE ARTIN-STAFFORD GAP THEOREM

AGATA SMOKTUNOWICZ

(Communicated by Lance W. Small)

Abstract. Let K be an algebraically closed field, and let R be a finitely
graded K-algebra which is a domain. We show that R cannot have Gelfand-
Kirillov dimension strictly between 2 and 3.

In [1] Artin and Stafford proved that if K is a field and R is a finitely graded
domain with 2 ≤ GKDim(R) < 11

5 , then GKDim(R) = 2. They also described
the structure of such algebras [1]. Artin, Stafford and Van der Bergh conjectured
[1, 3] that a finitely graded domain cannot have Gelfand-Kirillov dimension strictly
between 2 and 3. The purpose of this paper is to show that if K is an algebraically
closed field, then this conjecture is true. We slightly change Corollary 1.5 from [1]
and leave the rest of the proof the same as in [1]. We use the same terminology
as in [1]. We call a graded K-algebra R =

⊕
n≥0 Rn finitely graded if it is a

finitely generated algebra and if R0 is a finite-dimensional vector space over K. Let
GKDim(R) denote the Gelfand-Kirillov dimension of R. Let K(x) denote the field
of rational functions in the variable x.

Lemma 1. Let K be an infinite field, and let D be a K-algebra which is an Ore
domain with GKDim(D) ≥ 2. Let a1, . . . , an be generators of D, and let x ∈ D
be not algebraic over K. Then for every natural number s there are c1, . . . , cs ∈
spanK{a1, . . . , an} such that, for all t, j ≤ s, elements c1c2 . . . ctx

j are linearly
independent over K.

Proof. Let V = spanK{a1, a2, . . . , an}. We first show that if, for some t, V t ⊆∑t−1
i=0 V iK(x), then GKDim(D) ≤ 1. Since V t is a finite-dimensional vector

space over K, then there is g(x) ∈ K(x) and a number p > deg g(x) such that
V t ⊆ ∑

i<t,j≤p KV i xj

g(x) . Consequently (by induction) for every m > t, V m ⊆∑
i<t,j≤mp KV i xj

g(x)m , which implies GKDim(D) ≤ 1.

Thus, we may assume that V t is not a subset of
∑t−1

i=0 V iK(x) for all t. We induce
the following order on the generators of D: a1 > a2 > . . . > an. Let > be the corre-
sponding deg-lex order on the monoid generated by a1, . . . , an. Let W be the least
subset of D consisting of monomials and such that every v ∈ D can be written as
a finite sum v =

∑
u≤v,u∈W,fu(x)∈K(x) ufu(x). Note that W = W1 ∪W2 ∪ . . . where

Wi �= ∅ and Wi ⊆ V i for all i. Denote W̃i = WiK(x) = {∑ wr : w ∈ Wi, r ∈ K(x)}.
The minimality of W ensures that W̃i ∩

∑i−1
j=1 W̃j = ∅. Let s be a natural number.
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Suppose that there exist c1, . . . , cs ∈ spanKV such that, for each i ≤ s, c1c2 . . . ci /∈∑
k<i W̃k. Then c1c2 . . . cix

j are linearly independent over K, for all i, j ≤ s. We

aim to show that there is e ∈ K such that if cj =
∑n

i=1 e22nj+i

ai, for j ≤ s, then

c1c2 . . . ci /∈ ∑
k<i W̃k, for all i ≤ s. Given d ∈ K, let c̄j =

∑n
i=1 d22nj+i

ai, for
j = 1, 2, . . . , s. Let t ≤ s. Then c̄1c̄2 . . . c̄t =

∑
1≤i1,...,it≤n dh(i1,...,it)ai1ai2 . . . ait ,

for some natural numbers h(i1, . . . , it). Observe that h(i1, . . . , it) < 22n(s+3)
. More-

over, if (i1, . . . , it) �= (j1, . . . , jt), then h(i1, . . . , it) �= h(j1, . . . , jt). Given 1 ≤
i1, . . . , it ≤ n write ai1 . . . ait =

∑
wj,t∈Wt

wj,tfj,(i1,...,it)(x) + ei1,...,it for some

ei1,...,it ∈ ∑t−1
j=1 W̃j and some fj,(i1,...,it)(x) ∈ K(x). Note that if aj1 . . . ajt = w1,t,

then f1,(j1,...,jt)(x) = 1. Observe that if
∑

1≤i1,...,it≤n dh(i1,...,it)f1,(i1,...,it)(x) �= 0,

then c̄i1 . . . c̄it /∈ ∑t−1
j=1 W̃j by the minimality of W . Suppose that d1, . . . , dl ∈ K

where l > 22n(s+3)
are pairwise distinct elements such that, for all j ≤ l, we have∑

1≤i1,...,it≤n d
h(i1,...,it)
j f1,(i1,...,it)(x) = 0. We can rewrite this system of equations

as Bv = 0 where

(1) B =




1 d1 d2
1 . . . dl−1

1

1 d2 d2
2 . . . dl−1

2
...

...
. . .

...
1 dl d2

l . . . dl−1
l




and v is a column vector with coefficients from the set {0, f1,(i1,...,it)(x) : 1 ≤
i1, . . . , it ≤ n}. Since a Vandermonde matrix is invertible (for pairwise distinct
elements di), this implies that v = 0. Consequently, all f1,(i1,...,it)(x) = 0, a contra-
diction. Hence

∑
1≤i1,...,it≤n dh(i1,...,it)f1,(i1,...,it)(x) �= 0 for almost all d ∈ K. This

is true for every t ≤ s. Since K is infinite we get that there is e ∈ K such that∑
1≤i1,...,it≤n eh(i1,...,it)f1,(i1,...,it)(x) �= 0 for every t ≤ s . Now ci =

∑n
i=1 e22nj+1

ai

are as required, which completes the proof. �

Fix a finitely graded domain R with GKDimR < 3. The graded ring of fractions
Q = Q(R) of R is the ring obtained by inverting homogeneous elements from R. It
is described in [2] as a skew Laurent polynomial ring D[z, z−1; σ], in which σ is an
automorphism of a division ring D, and multiplication is defined by zd = dσz.

The following lemma was proved by Artin and Stafford in [1].

Lemma 2. Let R be a finitely graded K-algebra and assume that R is an Ore
domain with graded quotient division ring Q(R) = D0[z, z−1; σ]. If GKDimD0 < 2,
then GKDimR ≤ 2.

Proof. This follows from Theorem 1.15 [1], Bergman’s Gap Theorem, the Warfield-
Small Theorem [4] and Theorem 0.5 [1], [1, p. 242]. �

Lemma 3. Let R =
⊕

n≥0 Rn be a graded K algebra with GKDimR < 3, and let
α be a number. Then dimKRαs > s

s+2dimKRα(s+1) for infinitely many s.

Proof. Conversely, suppose that there is m0 such that for all p > m0 we have

dimKRα(p+1) ≥ p + 2
p

dimKRαp ≥ p + 2
p

p + 1
p − 1

dimKRα(p−1) ≥ . . . .
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Continuing in this way we get that dimKRα(p+1) ≥ (p+2)(p+1)
(m0+2)(m0+1) , which is impos-

sible since GKDim(R) < 3. �

Theorem 1. Let K be an infinite field, and let R be a finitely graded domain
with GKDim(R) < 3 and graded quotient ring Q(R) = D0[z, z−1; σ]. Then either
GKDim(R) ≤ 2 or D0 is algebraic over K.

Proof. It suffices to show that if GKDim(D0) ≥ 2 and D0 contains element x not al-
gebraic over K, then GKDim(R) ≥ 3 (by Lemma 2). Suppose that GKDim(D0) ≥
2. Then, by Bergman’s Gap Theorem, there is a finitely generated subring D of
D0 such that x ∈ D and GKDim(D) ≥ 2. Let a0, . . . , an be generators of D.
Since R is graded we can write R =

⊕
n≥0 Rn. There is a natural number α and

q, q0, p1, . . . , pn ∈ Rα such that x = q−1q0 and ai = piq
−1 for 1 ≤ i ≤ n. By Lemma

3 there is a natural number s such that dimKRαs > s
2 (dimKRα(s+1) − dimKRαs).

By Lemma 1, there are c1, . . . , cs such that for every t, j ≤ s elements, c1c2 . . . ctx
j

are linearly independent over K and ci = qiq
−1 for some qi ∈ Rα, 1 ≤ i ≤ n.

Define inductively sets Rαs = U0 ⊇ U1 ⊇ U2 ⊇ . . . as follows: U1 = {r ∈
Rαs : rc1 ∈ R}, . . ., Ui+1 = {r ∈ Ui : rc1c2 . . . ci+1 ∈ R}. Observe now that
dimKUi+1 = dimK(Ui ∩ Rαs(c1 . . . ci+1)−1) = dimK(Eiqi+1 ∩ Rαsq), where Ei =
Uic1 . . . ci. Consequently,

dimKUi+1 = dimKEiqi+1 + dimKRαsq − dimK(Eiqi+1 ∪ Rαsq)
≥ dimKUi + dimKRαs − dimKRα(s+1).

Hence for all l we have dimKUl ≥ dimKU0 − l(dimKRα(s+1) − dimKRαs) =
dimKRαs − l(dimKRα(s+1) − dimKRαs). Similarly define Rαs = Ū0 ⊇ Ū1 ⊇ Ū2 ⊇
. . . as follows: Ū1 = {r ∈ Rαs : xr ∈ R}, . . . Ūi+1 = {r ∈ Ūi : xi+1r ∈ R}. Since
x = q−1q0 similarly as before dimKŪl ≥ dimKRαs − l(dimKRα(s+1) − dimKRαs).
Now let s−2

2 ≤ l < s
2 . Then dimKUl > 0 and dimKŪl > 0. Let b ∈ Ul, e ∈ Ūl;

then for all i, j ≤ l, elements bc1 . . . cix
je ∈ R2αs. Since R is a domain, then

all these elements are linearly independent over K. This yields dimKR2αs ≥ l2.
Let a ≥ 1 be such that Ra contains a non-zero element. Since R is a domain,
then dimKRi ≤ dimKRi+a. Consequently, if i ≥ 0, then dimKR2αs+ia ≥ ( s−2

2 )2.
Now dimK

∑2s(α+a)
i=1 Ri ≥

∑2s
i=0 dimKR2αs+ia ≥ 2s( s−2

2 )2. This holds for infinitely
many s by Lemma 3, which is impossible since GKDim(R) < 3. �

Corollary 1. Let K be an algebraically closed field, and let R be a finitely graded
K-algebra which is a domain. Then R cannot have Gelfand-Kirillov dimension
strictly between 2 and 3.

Corollary 2. Let K be a finite field, and let R be a finitely graded K-algebra which
is a domain. Then R cannot have Gelfand-Kirillov dimension strictly between 2
and 3.

Proof. Let Q(R) = D[z, z−1, σ] be the graded quotient ring of R. By Jacobson’s
theorem, if D is algebraic over K, then D is commutative. By Theorem 1.15
[1], D is finitely generated as a division ring over K. Then GKDimR ≤ 2. Let
R′ = R ⊗K K(x), where K(x) is the field of rational functions in the variable
x. Denote the Gelfand-Kirillov dimension of R′ as a K(x) algebra by c. Then
c = GKDimR. Since R′ is a domain and K(x) is an infinite field, it follows by
Theorem 1 that c cannot be strictly between 2 and 3. �
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