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ABSTRACT. We show that the set of those Markov operators on the Schatten
class C; such that lim,— ||[P™ — Q|| = 0, where @ is one-dimensional pro-
jection, is norm open and dense. If we require that the limit projections must
be on strictly positive states, then such operators P form a norm dense Gy.
Surprisingly, for the strong operator topology operators the situation is quite
the opposite.

1. INTRODUCTION

The Baire category theorem has a long history in ergodic theory. The first
proof (see [II] for all the details) that there are nonmixing but weakly mixing
transformations was based on this theorem (other constructive methods followed
but were more complicated). Some time later Baire methods were successfully
applied (compare [7], [8], [I8]) in the ergodic theory of Markov operators defined on
L*(p) (ie. suchthat Pf > 0and [ Pfdu = [ fdu for all nonnegative f). Baire type
considerations usually bring easy answers to existence problems (see for instance
[, ], [12], [13], [14] for recent applications). Typical questions concern the size
of a specific class of operators (ergodic, conservative, with convergent iterations).
Similarly as in [13], we will show in a noncommutative environment that the answers
depend heavily on the point of view, i.e. on the choice of topology. We shall see
that the set of mixing operators is meager in the strong operator topology but it is
residual in the norm topology (even if we require a very fast, exponential, rate of
mixing in the operator norm).

We begin our paper by introducing Markov operators on the simplest noncom-
mutative von Neumann algebra of all bounded operators on a separable Hilbert
space. As was pointed out by the referee, this topic has recently attracted the
attention of specialists and some of our results should hold true for general von
Neumann algebras with separable preduals. The reader is referred to [1], [9] and
[10] for details and further references.

Let (H,{-,-)) be a separable (infinite-dimensional) complex Hilbert space. As
usual the norm is denoted by || - || and the Banach algebra of linear and bounded
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operators on (H, | - ||) is denoted by £(H). Without confusion the operator norm
in L(H) will be denoted by || - || too. This paper is devoted to linear operators
acting on an ordered Banach space of trace-class operators on H. Let us recall
some standard concepts and notation from the theory of linear operators on Hilbert
spaces. The reader is referred to any standard book on operators on Hilbert spaces
(for instance [6], [L5], [16], [L7] or [20]). The adjoint operator to A is denoted by A*.
An operator A € L(H) is called hermitian if A = A*, ie. (Az,y) = (z, Ay) holds
for all z,y € H. Equivalently, an operator A is hermitian if (Az,z) € R for any
x € H (see [6]). Moreover, if (Az,x) € [0,00) holds for all z € H, then we say that
A is positive. Clearly, positive operators on H form a cone in £L(H), denoted by
L(H)4+. Each hermitian operator A may be uniquely decomposed as A = A, — A_
(with AftA_ = A_Ay = 0), where A and A_ are called respectively a positive
and negative part of A. By |A| we mean A + A_. Obviously |A] € L(H)+,
and it is called a modulus of A. The modulus may be equivalently introduced
as |A] = VA*A (see [6]). Given the cone, we introduce in £(H) a partial order
by A < B if and only if B— A € L(H)+. It is well known that £(H) endowed
with this order is not a (vector) lattice and it does not satisfy the so-called Riesz
decomposition property (see [0]). A general bounded operator A may be written
as A= B+ iC = (By — B_) +i(Cy — C_), where both B,C are hermitian. An
important role in Hilbert theory is played by compact operators. Let us recall
that A is compact if A(z,) has a (norm) convergent subsequence for each bounded
sequence z,, € H (or equivalently (see [I7]) when A is a norm operator limit of finite-
dimensional operators). Compact operators play an important role in Hilbert space
theory. They form a (closed) ideal in £(H), which is denoted in our paper by Cp.
We say that an operator X € L£(H) is trace-class if for each (some; see [17] for all
the details) orthonormal basis eq, €2, - -+ € H the series 3, (| X|ej,e;) < oo. The
trace is defined as > ;_,(Xe;, ;) and it is denoted by tr(X). Then the functional

X — tr(|X]) = [1X]1y

defines (see [L16], [I7]) a norm (stronger than the operator norm). The trace-class
operators form a two-sided ideal in £(H), which is called the Schatten class 1
(see [17], [20]), and it is denoted by C;. The trace norm is complete on C;. It
may be easily verified that whenever H is not finite dimensional, then C; is not
closed in the operator norm in £(H). It is well known (see [17]) that by the dual
operation (A, X) = tr(XA), where A € Cy and X € (i, the adjoint space to
(Co, || - |) may be identified with (Cy, ] -||1). Further, the dual space to (Cy, |- ||1) is
(L(H), |l 1) (denoted in this context as Co) with dual operation (X, B) = tr(BX),
where B € Cs and X € Cy. In particular, C; is not reflexive. The space C; is
commonly recognized as the noncommutative counterpart of ¢! space. Since the
operators of finite rank are norm dense in C;, and the Hilbert space H is separable
(by our assumption), thus C; is separable too. The following additivity property
(sometimes called the (AL) condition when we deal with Banach lattices) of the
norm || - ||1 is preserved:

Vi, xsec; (X1, X2 >0 = || X1+ Xof1 = [[Xal[1 + [ Xall1)-

A noncommutative analog of ¢ space, called the Schatten class C,, exists too,
but it is not used in our paper.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON RESIDUALITIES IN THE SET OF MARKOV OPERATORS ON (C; 2121

Definition 1.1. A positive operator X from C; is called a state if tr(X) = 1. The
set of all states is denoted by S.

It is easy to verify that S is a convex and closed subset of C; for the weak topology
(hence for both operator and trace norms). By a direct inspection it can be shown
that it is not closed for the weak* topology (if dim H = o0).

Definition 1.2. A bounded linear operator P : C; — C; is said to be positive if
P(C1,) C C14. A positive operator P is called Markov (markovian) if for every
X €y, we have ||[P(X)]|1 = || X||1 (equivalently we may say that P(S) C S). The
set of all markovian operators on C; is denoted by S.

There are several natural topologies used in studying the geometry of the set S
(and its subsets). First of all we have a norm operator topology inherited from the
Banach space £(C1,C;) of all bounded linear operators on C;. Again the norm in
L(Cy,Cy) is denoted simply by || - ||. Additionally we have

(1) The strong operator topology (s.o.t.) is defined by the base sets
{P S ll(Cl,Cl) : HP(X]) — PO(Xj)Hl <e jJ=1,... ,n}, n €N,

where X1, X5, ... are dense in C;.
(2) The weak operator topology (w.o.t.) is defined by the base sets

{PeL(C,C): |tr((P(X;) — Po(X;)A;)| <&, j=1,...,n}, neN,

where X1, Xa,--- € C; and Ay, Ag,--- € L(H) are dense.
(3) The weak* operator topology (w*.0.t.) is defined by the base sets

{P € L(C1,Cr) : [tr(A;(P(X;) — Po(X;)))| <e, j=1,....,n}, neN,
where X1, Xo,--- € C; and Ap, A, -+ € Cy are dense.

The following result is obvious, so it is left without a proof. Namely:

Lemma 1.3. The set S of all markovian operators on Cy is a conver and w.o.t.
closed subsemigroup of L(C1,C1). However it is not closed for the w*.o.t.

Now we give a few examples of Markov operators.

Example 1.4. Let U be a unitary operator on H. Define P(X) = U*XU and
Q(X) =UXU*. Clearly both P and @ are markovian. Moreover, they are invert-
ible isometries of C;.

Example 1.5. Let V be a linear contraction (onto) of H such that V* is isometric.
Similarly as above we define R(X) = V*XV. It is easy to check that R is a
markovian (noninvertible in general) operator on Cj.

Example 1.6. It follows from the above lemma that any convex combination
S aiPi+Y BQe+ Y R
j k l

is markovian as long as aj, B, v > 0 and 3 o + 32, Be + 32, = 1. A slight
modification gives

/P@MWQES

whenever all P(s) € S and the integral over a probabilistic measure v is properly
defined.
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2. NORM RESIDUALITY

This paper is devoted to geometric properties of sets of operators P € S such that
lim;, o P™ exists and is rank one (i.e. P is mixing). Of course we have different
kinds of mixing depending on considered topologies. We begin with the strongest
case, the norm mixing. Moreover, the convergence holds with an exponential rate.
Even though the ideas for our first result come from [19] (see also [3] and [4]), for
the completeness of the paper (and convenience of the reader) we have decided to
include a detailed proof.

Lemma 2.1. Let P be a Markov operator on C1. Then the following conditions
are equivalent:
(i) there exist a one-dimensional projection Qx, € S (i.e. Qx,(X) = tr(X)X.
for some X, € S) and constants C >0, 0 < a < 1 such that
[|IP" — Qx.|| < Ca™ for neN,

(i) there exists a one-dimensional projection Qx, € S such that

lim [[P"—Qx.|[=0,
n—o0

(iii) for each € > 0 there exists an index ng such that for all X7, Xo € S we
have

[P0 (X1) = P (Xa) [ <&,
(iv) there exists an index ng such that

A= sup [|[P™(X;)—-P"(Xa)lh<2.
X1,X2€8

Proof. We easily check that ||Qx, (X)|l1 = ||(trX)X.][1 = (trX)||X«|]1 = 1 and
Qx,(X)z,z) = (trX) Xz, x) = tr(X)(Xszx, ) = (X,x,2) > 0 for all x € H and
X € Ci4. Therefore Qx, € S.

(i) = (ii) Since 0 < ||P™ — Qx,|| < Ca™ and @ < 1, thus the convergence
lim, . ||P™ — Qx.|| = 0 is obvious.

(i) = (iii) Given € > 0, let €1 = £. There exists ng such that for all n > ng we

2
have ||P™ — Qx. || < 1. Now, let X7, X5 € S be arbitrary. Then

[P0 (X)) = P (X2)[]x

=|[|P"(X1) — Qx.(X1) — P"(X2) + Qx. (X2) + Qx. (X1) — Qx.(X2)|]1
<P (X1) — Qx. (X1)[[1 + [[P™(X2) — Qx, (Xo)||1 +[|Qx, (X1) — Qx, (X2)|l1
< g + % =c.

(iii) = (iv) is obvious.

(iv) = (i) In this part of our proof we repeat some arguments used in [3] and
now adapted to the noncommutative case.

Let us note that for all states X1, Xo € S we have

tr(Xy — Xo), —tr(X1 — Xo)_ = tr(Xy — Xo) = tr(X1) — tr(X2) = 0.
It follows from the above that

[| X1 — Xa||1 = tr| X1 — X2

=tr(Xy — Xo), +tr(X1 — Xo)_ = tr|(X1 — Xo) |+ tr[(X1 — X2)_|

= 2tr|(Xy — Xa) | = 2[[(X1 — Xo) [
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Because P™(X;), P™(X5) € S we get

[P (X0) = P™(X)[[1 = 2|[[P" (X1) = P (X2)]  []1-

Therefore, [|[P™(X1) — P™(X2)] |1 = 5|[P™(X1) — P™(Xy)||s for all X1, X, €
S. Since all iterates P™ are contractions, thus

[[P20 (1) = P20 (Xa)[y = [|P™ (P (X1)) = P (P"(X2))]x
= [P (P (X1) = P (X2))]x
= [[P™{[P" (1) = P™ (X2)]+ — [P™(X1) = P™(X2)]_}iu
= (I[P (X1) = P (X2 |1 - || P <||[[zfmo<(x)?>)—_ meo&iszj ||1>
o (P00 = P (X))
P (i) i)
< A[P™(X1) = P (X2)l4]x

A
< 5||X1 — Xol|l = Bl X1 — Xal|1,

where by (iv) 3 = § < 1. We conclude that (so far only on S) the mapping P
is eventually a strict contraction. Clearly S is a complete metric space, as it is
a closed subset of a Banach space C;. Applying the Banach fixed point theorem,
there exists a unique P-invariant state X, € S, such that

lim [|[P"(X) - X.|: =0,
n—oo

where X € S is arbitrary. Let us take a one-dimensional Markov operator (projec-
tion) @Qx, (X) = tr(X)X.. We note that PQx, = Qx, P = Qx,. For an arbitrary
k € N the above method yields
[Pk (X1) = P (X2) |1
<[P (X1) = P™(Xa)l4 |1 - [[P* D (vh) = Pt (Ya)]|
< G- [[PtD(yy) = Pt ()

where

P PG
=) - P, L

[Pro(Xh) — Po(Xo)]
[[Pro(X1) = Pro(Xa)] -l -

Substituting X, = X, and iterating the above estimation we easily get

[P™(X1) = @x. (X1)[1 = [P"(X1) — Xull1
= [|[P"(X1) — P"(Xu)[1 < Ca™,

2
for all X; € S, where C' = B and o = §/ko.
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Finally let us consider general Z € C;. Note that Z = Z; + iZ3 where 21, Z>
are self-adjoint and 7y = Z14 — Z1_, Zs = Zay — Za—. Obviously || Z1]]1 + || Z2||1 <
21 Z|lx. Now

P(Z) = P"(Zyy) — P"(Z1-) +iP"(Z21) —iP"(Z2-)

Zis Zi_
— | Zuy 1 P (—) ||Zo P ( )
Zoslh Tz

. 7 . Lo_
+z||22+||1P"( 24 )—znzz_an”( 2 )

To obtain (i) we write

I1P"(Z) = @x.(Z2)|h < I\P”(Zl+) Qx.(Z11)lh +[1P"(Z1-) = Qx.(Z1-)|x

+ 1P (Z2+) = Qx.(Zo4) |1 + [[P"(Z2-) — Qx.(Z2-) 1y
n n A
= 120 llP (2 ) = Xl + 121 P - Xl
1Z1+111 121~
n ZQJF n Zy—
FlzelalP” () = Xl + 122 P (72 ) = el
< 200" 2|; .

O

Definition 2.2. We say that a Markov operator P € S is norm mixing if one of
the conditions of Lemma 2.1 is satisfied for some n and some ¢ < 2. The family of
all norm mixing Markov operators is denoted by Sy, .

Lemma 2.3. The set Sy, 15 a norm operator topology dense subset of S.

Proof. Given a state Y, an arbitrary P € S, and 0 < € < 1, consider a convex
combination

P(X) = (1 -e)P(X) + Qv (X).

By convexity P. € §. We will show that P. € S,,,. For any pair of states X7, Xs
we have

[ Pe(X1 = Xo)[[1 = [[Pe(X1) — Po(X2) |y

=|[(1 -e)P(X1) +e(trXy)Y — [(1 — &)P(X2) + e(trX2) Y]||1

= (1 =) (P(X1) = P(X2)) + €Y =Y |1 = (1 = ¢)[|P(X1) — P(X2) |1
< (1 =9o)fX1 - Xaf -

By Lemma 2.1 (iv) we easily obtain P. € Sym,. O

Combining these two results we instantly get:

Theorem 2.4. The set S, of all norm mizing Markov operators is a norm dense
and open subset of S.

Proof. Tt remains to show that S, is norm open. For this we notice that the set
Snm = {P € S :supy, x,es |[P"(X1) — P*"(X2)|[1 < €} is norm open. O
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In the next theorem we study the set of mixing Markov operators with strictly
positive invariant states. Let us recall:

Definition 2.5. We say that a state X € S is strictly positive if for each nonzero
x € H we have (Xx,z) > 0 (or equivalently that eigenvectors of X span the
whole space H, or that X is “1-17). The set of all strictly positive states is denoted
by S4. The set of all norm mixing Markov operators possessing a strictly positive
invariant state is denoted by Spm+-

In the next result we show that the set Sp.,+ is still a large set in S. Namely
we have

Theorem 2.6. The set Spm+ s a dense Gs subset of S for the norm operator

topology.

Proof. Let us choose an orthonormal basis e, es, ... in H. For a strictly positive
state X we fix an orthonormal basis consisting of its eigenvectors ey, es,.... By
7i¥ we denote the orthonormal projection onto lin{ef, ..., e;}. Let

Jx = min {I: ||z (2)|| > 1 —1/k for all x € lin{ey,eq,...,ex} with [|z| = 1}.
We define
en(X) = inf{(Xz,) : |75 x(@)] > 1/2, ||z = 1}.

Note that e, (X) > 0, as long as X is strictly positive, where k is arbitrary. Now
let us consider an operator norm G4 set

a=N U Utpes: P -ax,| < 288

N XN€Sin>N

We will prove that A = Sp;m+. The inclusion D is obvious. In fact, if P € Spm+,
then for any N € N it is sufficient to take Xy = X, where X, is a unique P-
invariant and strictly positive state.

For the proof of the opposite inclusion C we first note that A C S,,,,,. In fact,
following our Lemma 2.1 it is enough to observe

supy yes||[P"(X) = P*(Y)[l1 = supx yes[ (P"(X) = Xn) = (P"(Y) = Xn)[h

= sup s P (X) = Qe (X)) = (P"(¥) = @iy (V) < 22558 g

Let X, = lim,_,o P"(X) be a P-invariant state. Suppose that, on the contrary,
there exists a normalized ¥ € H such that X.¢ = 0. It follows from our definition
of Jk,X that

Jim (X @)l =1.
Hence
0 < [[Xn(W)[| = [[Xs(¥) = Xn ()| < | Xs — Xn[l1 = [[(P" = @xy)(X:)[]1

1 1
<P = Qxyll < 5inf{{Xn(2), 2) « ||z =1, 175 ()] > 1/2} < I XN (@)

when N is large enough, which is a contradiction. It follows that X, is strictly
positive. (I
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3. CATEGORY FOR THE STRONG OPERATOR TOPOLOGY

In this section we consider strong operator topology mixing. In comparison
with the norm topology, here Markov operators with iterates converging to one-
dimensional projections form a meager set. We start with

Definition 3.1. We say that a Markov operator P on S is almost mixing in the
strong operator topology if for each pair of states X1, Xo € S we have

lim ||P™(X1) — P"(Xa)|ly =0 .
n—oo

The set of all almost mixing operators is denoted by Sgqm, - If moreover there exists
X, € S such that for all X; € S we have

Jim [[P"(X1) = Xl =0,

then the operator P is called strong operator topology mixing. The set of all s.o.t.
mixing Markov operators is denoted by S, .

Clearly S;;m C Ssim C Ssam- Since the operator norm topology is stronger than
the strong operator topology, thus we easily get the following.

Lemma 3.2. The set Ssam @S a strong operator topology dense Gs subset of S.

Proof. Tt remains to prove that Ssu.m, is an s.0.t. Gg. For this recall that whenever
'H is separable (has countable orthonormal basis), then C; is separable too (finite-
dimensional operators are || - [|1 dense in Cy; see [17] or [20] for all the details).
Choose Y1,Ys,... a countable dense family of states in S. It follows from the
contraction argument that

lim |[P"(X1) — P*"(X2)|1 =0

n—oo

holds for every pair of X7, X5 € S if and only if
lim [[P™(Y;) — P"(Yj)[1 =0
n—oo

for any pair Y;,Y;. Again, since all P™ are contractions, thus the above convergence
holds if and only if it holds for some subsequence. To end the proof it is enough to
write )
Ssam = PeS:||P"Y;)—-P"Y)|i<=}.
am QOQnQN{ [P (Y3) V)l < 2}
O

The next two results show that for most of the operators in Sy, their iterates
do not converge (in the w*.0.t.) to a Markov operator.

Lemma 3.3. The set So = {P € S : P" — 0 in the weak™ operator topology} is a
strong operator topology dense subset of S.

Proof. Let us consider an orthonormal basis eq, es, e3,... in H. Set En to be the
orthogonal projection onto lin{es,...,en}. Given Y1,Ys,....,Ys; € S and fixed P € §
we denote by

U={P e S:Vig<s|P(Y;) = P(Yj)[1 < e}

an s.0.t. open neighborhood of P. We will find P € U such that P" — 0 in the
weak™* operator topology. Let us choose N > 1 large enough and &’ small enough so
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that ||Y; — EnY;En|l1 <€, for all j =1,...,s and such that the Markov operator
defined below belongs to &. Namely, let us define

P(X)=(1- %)ENP(ENXEN)EN
+ (1= 3)tr(( = En)P(Ex X En)(I = Ex))( envsn)enia
+ %tr(P(ENXEN))<-, ens1)ent1 +o(I — Ex)X(I — Ex)o*

0, J=1
€i—1, 7> 1.
Denote o(X) = tr((I — En)X (I — En)), for X € S. We have

1> a(P"HH(X))=(1- %)tr(([ — Ex)ENP(ExP"(X)EN)En(I — Ex))

where 0 : H — H is given by o(e;) = e;41 and ¢* = {

+ (1= S)te((I — Ex)P(ExP™(X)Ex)(I — Ex)) -1

w

+ %tr[P(ENﬁ”(X)EN)] 1

+tr[(I — Ex)o(I — EN)]S"(X)(I — En)o*(I — En)]

> %tr(ENﬁ"(X)EN) +a(P(X))

5 ~ ~

= 3l —tr((I = En)P"(X)(I - En))] + a(P"(X))

= 21— a(P"(X)) +a(P"(X)) = £ + (1 - )a(P"(X)).

Now by an elementary argument the sequence a(P™(X)) — 1 if n — oo. We
introduce B k., = (P"(X)e;, ex), where i,k > 1. The next three properties easily
follow from our definitions of P and the coefficient a. The fourth case is discussed
in full detail.

Case 1. For 1 < i,k < N we have limy,_.o Bix,n — 0.
Case 2. For 1 <i< N, k> N, n>1 we have 8, =0.
Case 3. For 1 <k < N,i> N, n>1 we have f3; ., = 0.
Case 4. If k,i > N we start with

(P"(X)es, er) = (1 — %)ENP(ENﬁn_l(X)EN)ENei;ek>
+ (1 - %)tr(([ — Ex)P(ENP" Y (X)EN)(I — En)){es, ens1){en1, ex)
+ (PP (X)Bw)) ersone) ex4 ex)

+{(o(I — Ex)P" Y (X)(I — Ex)o*ei, er) -
It follows from cases 1-3 that in the above sum the first three terms tend to 0. It
remains to show that

(o(I — EN)P" " Y(X)(I — Ex)o*e;, e) — 0 whenn — co.

For this,
(o(I — EN)P"Y(X)(I — Ex)o™ei,er)

= (P YX)(I — Ex)ei—1,(I — Ex)er—1)
= (P Y (X)ei_1,er1) = Bic1,k—1,n—1-
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Iterating this procedure we obtain

(P™(X)es, er) = Bimth—tin—1 + Ynls
where lim,, o yn,; = 0 for each [ > 1. We have already noticed that

lim Bi;kr—in—1 =0, whenever!> (i—N)V (k—N).

The proof is completed. O
Lemma 3.4. Let ey, ez, e3,... be a fized orthonormal basis and Y1,Y2, ... a count-
able and dense (with respect to the norm || - ||1) family of states. Then the set
NO U tpes: Z "(YVidesei) < =}
VAR N
k N n>N

is a w*.o.t. Gs and an s.o.t. dense subset of S.

Proof. Tt follows directly from its representation that the above set is a w*.o.t.
(hence s.o.t.) Gs subset of S. By Lemma 3.3 it is dense in the strong operator
topology. O

Clearly the Markov operators from the above lemma do not enjoy invariant
states. The final results of our paper show that the s.o.t. and norm topologies
on § are very different from the perspective of Baire category. Markov operators
with convergent iterates are residual for the norm topology but for the s.o.t. they
are rare. Using terminology from the commutative ergodic theory we may say that
“sweeping” Markov operators are generic for the s.o.t. Combining the last three
lemmas we obtain:

Theorem 3.5. The set

{P € Ssam : In; 700 lim P™ =0 in w*.0.t.}

j—oo
is a strong operator topology dense Gs subset of S.

Proof. By Lemma 3.3 the above set is an s.o.t. dense subset of S. Lemma 3.4
guarantees that it is s.0.t. Gs. 0

We end the paper with

Theorem 3.6. The set {P € Ssum : P has no invariant state} = Ssam \ Ssm, 15 a
strong operator topology dense G subset of S.

Proof. Tt is obvious that an almost mixing (in the s.o.t.) Markov operator P has
no invariant states if and only if P is not mixing. Since (by Lemma 3.2) Ssq, is
strong operator topology dense Gy, thus the result follows from

Seam \Som = Ssam ") U (P S Z "(YiJes ) < 1o,

k N n>N

where e}, eq,... and Y7,Y5,... are the same as in Lemma 3.4. (]
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