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ABSTRACT. Let X be a Tychonoff space, let C(X) be the space of all continu-
ous real-valued functions defined on X and let CL(X X R) be the hyperspace
of all nonempty closed subsets of X x R. We prove the following result. Let X
be a locally connected, countably paracompact, normal g-space without iso-
lated points, and let ' € CL(X X R). Then F is in the closure of C(X) in
CL(X x R) with the locally finite topology if and only if F is the graph of a
cusco map. Some results concerning an approximation in the Vietoris topology
are also given.

1. INTRODUCTION

Let X be a Tychonoff space, let C'(X) be the space of all continuous real-valued
functions defined on X and let CL(X x R) be the hyperspace of all nonempty closed
subsets of X x R, where R is the space of real numbers. It is known (see [Bed],
[HoT], [Ho2]) that if X is a locally connected, locally compact metric space without
isolated points and F' € CL(X X R), then F can be approximated by continuous
functions in the Hausdorff metric if and only if F' is the graph of a cusco map. The
fundamental result needed to prove the above theorem is due to Cellina [Ce].

In this paper we prove the following analogy for the locally finite topology.

Theorem. Let X be a locally connected, countably paracompact normal q-space

without isolated points, and let F € CL(X x R). Then the following are equivalent:
(a) F can be approzimated by continuous functions in the locally finite topology;
(b) F is the graph of a cusco map.

This theorem is an extension of the result referenced above in the following
sense. When X is a metrizable space, the locally finite topology on C'L(X) is the
supremum of all Hausdorff metric topologies corresponding to compatible metrics on
X ([BHPV], [NS]). Furthermore, every locally compact metric space is a countably
paracompact normal g-space; where a g-space is a space in which every point has a
sequence (U,,) of neighbourhoods such that if z,, € U, for each n, then (z,,) has a
cluster point. This concept of g-space was introduced in [Mi] and has been useful,
among other things, for studying function spaces (see [MN]). The class of g-spaces
includes first countable spaces and Cech complete spaces, and hence metric spaces
and locally compact spaces.
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2174 L. HOLA AND R. A. MCCOY

There are other theorems like this theorem in the literature; see [Be3] for relations
that are approximated in the Hausdorff distance by Baire class one functions, and
IMd] for the closure of densely continuous forms in the Vietoris topology. Moreover
there is a rich literature concerning an approximation of a multifunction from above
by a decreasing sequence of “continuous” multifunctions (see [Hu|, [DB], [DBM]).

2. PRELIMINARIES

We refer to Beer [Bel| and Engelking [En| for basic notions. If X and Y are
nonempty sets, a set-valued mapping or multifunction from X to Y is a mapping
that assigns to each element of X a (possibly empty) subset of Y. If T'is a set-valued
mapping from X to Y, then its graph is {(z,y) : y € T'(x)}.

If F is a subset of X x Y and z € X, define F(z) = {y : (v,y) € F}. Then we
can assign to each subset F' of X X Y a set-valued mapping which takes the value
F(z) at each point € X. Then F is the graph of the set-valued mapping. In our
paper we will identify mappings with their graphs.

Let X and Y be topological spaces, and let T be a set-valued mapping from X
to Y. Then T is a connected map if T'(x) is connected for all x € X. Also T is
a usc map if T is upper-semicontinuous, and T is a cusc map if it is a connected
usc map. In addition, T is a usco map [Ch] if T is a usc map such that T'(z) is a
nonempty compact set for all x € X. Similarly, a cusco map is a cusc map such
that T'(z) is a nonempty compact set for all z € X.

In the literature, the notation cusco [Bo] is also used for usco maps with convex
values in a topological vector space. Since we are working only with multifunctions
with values in R, both of these notations coincide in our case.

To describe the hypertopologies with which we will work, we need to introduce
the following notation. Let (X, 7) be a topological space and C'L(X) be the hyper-
space of all nonempty closed subsets of X. For U C X, define

Ut ={A€CL(X):ACU}and U~ ={A € CL(X): ANU # 0}.

If U is a family of open sets in X, defined~ = {U~ : U € U}.

A subbase for the Vietoris (resp., locally finite) topology on C'L(X) (see [Bel])
are the sets of the form U with U € 7 and of the form &~ with &/ C 7 finite (resp.,
locally finite).

Throughout the paper X will be a Hausdorff topological space. We use
CLy(X x R) and CLLrp(X x R) to denote the hyperspace of nonempty closed
subsets of X x R with the Vietoris topology and the locally finite topology, respec-
tively.

3. RELATIONS APPROXIMATED BY CONTINUOUS FUNCTIONS

This section is concerned with necessary conditions for an element F'€ CL(X X R)
to be in the closure of C(X) in CLy (X x R).

Remark 3.1. It is easy to verify that if F' is in the closure of C'(X) in CLy (X x R),
then F(z) # 0 for every z € X, and also that F' maps isolated points of X to
singletons.

Lemma 3.2. Let X be a locally connected reqular space. If F' is in the closure of
C(X) in CLy(X X R), then F is the graph of a connected map.
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Proof. Suppose, by way of contradiction, that F is in the closure of C'(X) in
CLy (X x R) but F(x) is not connected for some x in X. Then there exist r < s < ¢
in R such that (z,r) and (z,t) are in F' while (z,s) is not. Let U be a connected
open neighbourhood of x in X such that the closed set U x {s} in X x R is disjoint
from F. Define W to be the complement of this closed set in X x R. Also define
W1 =U x (—00,s) and Wy = U X (s,00). Then W N W, NW, is a neighbour-
hood of F in CLy (X x R) and must therefore contain some f € C(X). It follows
that (—oo, s) and (s, 00) separate the set f(U), which contradicts the fact that U
is connected because f is continuous. O

Lemma 3.3. Let X be a locally connected reqular space. If F' is in the closure of
C(X) in CLy(X x R), then F is the graph of a usc map.

Proof. Suppose, by way of contradiction, that F' is in the closure of C(X) in
CLy(X x R), but F' is not the graph of a usc map. Then there is an z € X and a
neighbourhood V of F(z) in R such that for every neighbourhood U of z, F(z') is
not contained in V' for some z’ € U. Since F(x) is connected by Lemma 3.2, there
is an open interval V' containing F'(z) such that V/ C V, say V' = (a,b) (the case
for an infinite interval is similar). Let U be a connected neighbourhood of x such
that U x {a, b} is disjoint from F. So there exists an 2’ € U such that F(z') is not
contained in V. Define W = X x R\U x {a,b}, W1 = Ux V', and Wo = U x R\ V".
Then F € WHNW; NW;, so that there is some f € WHNnW; nW, nC(X).
But then f(U) is contained in R\ {a, b} and intersects both (a,b) and R\ [a, b],
which contradicts the fact that f(U) must be connected. O

The following example shows that the assumption of local connectedness in each
of Lemmas 3.2 and 3.3 is essential.

Example 3.4. Let X = QT be the space of all nonnegative rational numbers
with the usual topology. Let F' € CL(X x R) be such that F(z) = {0,1/z} if
x # 0 and F(0) = {0}. Then it is easy to verify that F is in the closure of
C(X) in CLy(X x R), but F is neither the graph of an usc map (it is not upper-
semicontinuous at 0) nor a connected map.

Lemma 3.5. Let X be a g-space. If F' is in the closure of C(X) in CLp(X X R),
then F' is the graph of a compact-valued map.

Proof. Let x € X. Suppose, by way of contradiction, that F'(x) were not compact.
Let {y, : » € N} be an unbounded sequence in F(z). Without loss of generality,
we can suppose that | yp41 | > max {| y, |,n} for every n € N. Let {V,, : n € N}
be a discrete sequence of open bounded intervals such that y,, € V,, for each n € N.
Let {U, : n € N} be a sequence of open neighbourhoods of z from the definition
of the g-space. Let W = {U, xV,, : n € N}. Because F' € W™, there is an
few nC(X). For every n € N let (z,,, f(z,)) € U, x V,. There is a cluster
point s of {z, : n € N}. This contradicts the continuity of f at s. O

Lemma 3.5 is not true with the Vietoris topology on CL(X x R), as the next
example shows.

Example 3.6. Let X = [0,1] and let F' € CL(X x R) be defined for all  in X by
F(z) =[1,00)ifx =0, F(zx) =[1,1/z] if # = 1/n for n € N, and F(z) = {1/x}
otherwise. Then F' is in the closure of C(X) in CLy (X x R), but F(0) is not
compact.
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4. APPROXIMATION OF CUSCO MAPS BY CONTINUOUS FUNCTIONS
In this section we prove the main theorem, Theorem 4.7.

Lemma 4.1. Let X be a countably paracompact normal space. If W is an open
subset of X x R such that W(z) is a nonempty connected set for all x in X, then
WHrNC(X)#0 in CL(X x R).

Proof. Let ¢ : X x (—7/2,7/2) — X X R be the homeomorphism defined by
¢(z,t) = (z,tant). Define g,h : X — R by g(z) = sup{t € (—7n/2,7/2) : (z,t) €
¢~ L(W)} and h(x) = inf{t € (—m/2,7/2) : (z,t) € $~1(W)}. To show that g is
lower semicontinuous, let © € X and € > 0. Then there is a t € (—n/2,7/2) such
that (z,t) € ¢~2*(W) and t > g(z) — e. Because ¢~ (W) N X x (g(x) — &,7/2)
is a neighbourhood of (z,t) in X x (—7/2,7/2), there are neighbourhoods U of
z and V of ¢ such that U x V C ¢~ (W) N X x (g(z) — e,7/2). Then for every
2’ e U, g(x') > g(x) — €, so that g is lower semicontinuous. A similar argument
shows that h is upper semicontinuous. Now since X is a countably paracompact
normal space, by Dowker’s theorem ([Enl 5.5. 20 a)]) there is an f € C(X) such
that h(z) < f(x) < g(z) for all x € X. In particular, f(z) € (—n/2,7/2) for all
x € X. Then the composition tanof is well defined and in C(X). To show that
tanof is in W7, suppose, by way of contradiction, that there is an x € X with
tan(f(x)) ¢ W (z). There exist s,t € (—7/2,7/2) such that (z,s), (z,t) € ¢~ (W)
and s < f(z) <t. Then tans,tant € W (z) and tans < tan(f(z)) < tant, which
contradicts the fact that W (z) is connected. O

Lemma 4.2. Let X be a countably paracompact normal space without isolated
points. If W, W1, ...,W,, are open subsets of X x R such that W(x) is nonempty
and connected for all v € X and such that W N W; # 0 for all i = 1,...,n, then
WHnw,. n..nW, NC(X)#0 in CL(X x R).

Proof. Let f € Wt N C(X) from Lemma 4.1. For each i, let (z;,t;) € W NW,.
Since X has no isolated points, there is no loss of generality in assuming that each
W; = U; x V; where U; is open in X, V; is open in R, U,xV, C W, andﬁiﬁﬁj: 1]
for all ¢ # j between 1 and n. For each ¢, W(z;) is connected, so there is a compact
interval J;, contained in W{(x;) and containing ¢; and f(z;) in its interior. Since
f is continuous, by modifying U; if necessary, the f(U;) may be assumed to be in
the interior of J;. Now using the normality of X and Tietze’s Extension Theorem,
the function f can be modified to obtain g € C(X) so that g agrees with f on
X\ (U1 U...UU,) and, for each i, g(U;) C J; and g(z;) = t;. Then

geWrNnWy Nn..nW, NnC(X).
O

Let G C X x R. We say that G is locally bounded above (resp., below) provided
that for every z € X, there exists a neighbourhood U of x in X and there exists
a real number b such that for all z € U, G(z) C (—o0,b] (resp., G(z) C [b,0)).
We say that G is locally bounded if it is both locally bounded below and locally
bounded above.

Lemma 4.3. Let X be a countably paracompact space, and let F € CL(X x R) be
the graph of the cusco map. If Wy is an open set in X X R such that F C Wy, then
there exists an open set W in X x R with F C W C Wy, with W (z) connected for
every x € X and with W locally bounded.
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Proof. Let {(an,bn) : n € N} be an enumeration of intervals with rational end-
points, and let z € X. The set {z} x F(x) is a compact subset of Wy, so that there
are an open set U, in X and n € N such that

{z} x F(x) C Uy x (an,by) C Wy and F(z) C (an,by) for every z € U,.
For every n € N define
U, = U{Ux : Uy X (an,by) C Wy and F(z) C (an,by,) for every z € U, }.

The countable paracompactness of X implies that there is a locally finite refine-
ment V of {U, : n € N}. Thus for every V € V there is n(V) such that V' C Uy v.
Define the open set W by

W =V x (anqv) buevy) : V €V}

To show that W C Wy, let (x,y) € W. Then there is a V € V with (z,y) €
V' X (an(vy, bnvy), and thus x € Uy,yy. So there is a z € X with x € U, and
U, x (an(v),bn(v)) C Wp.

To show that F' C W, let (z,y) € F. Let V € V be such that z € V, and let n(V)
be such that V' C Uy, (vy. There is an € X with z € U, and Uy X (ap vy, byvy) C
Wo and F(2) C (an(vy,bn(v)). Therefore (z,y) € V X (anvy, bnvy) C W.

To show that W (x) is connected for every x € X, let z € X. Then W(x) =
U{(anv),bnevy) : o € V}. Now V is a locally finite family, so there are only
finitely many V € V with © € V. For every V € V with € V we have F(z) C
(@n(vy; bn(vy), and thus W (z) is connected.

Finally, to show that W is locally bounded, let z € X. There is a neighbourhood
O, of z such that H ={V € V: 0, NV # 0} is finite. Thus for every z € O, we
have W (z) € U{(an(v),bn(vy) 1 V € H}. O

Theorem 4.4. Let X be a countably paracompact normal space without isolated
points. If F € CL(X X R) is the graph of a cusco map, then F is in the closure of
C(X) in CLy(X x R).
Proof. Let F € CL(X x R), and let Wy, W1, ..., W,, be open subsets of X x R such
that
FeWwnwyn..nw, .

By Lemma 4.3 there is an open set W in X x R with FF C W C Wy and with
W (z) connected for every x € X. Thus W, Wq,..., W, satisfy the conditions of
Lemma 4.2, so there is an f € C(X) with

fewtrnw, n.nw, cW, nW; n..nw,.
O

Theorem 4.5. Let X be a locally connected, countably paracompact normal space
without isolated points, and let F € CL(X X R). Then the following are equivalent:
(a) F is in the closure of C(X) in CLy (X x R) and F(z) is compact for all x
m X;
(b) F is the graph of a cusco map.
Proof. The proof that (a) implies (b) follows from Lemmas 3.2 and 3.3, and the
proof that (b) implies (a) follows from Theorem 4.4. O
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Theorem 4.6. Let X be a countably paracompact normal q-space without isolated
points. If F € CL(X X R) 1is the graph of a cusco map, then F is in the closure of

Proof. Let F € CL(X x R). Let Wy be an open subset of X x R and let W be a
locally finite family of open subsets of X x R such that

FeWinw.

By Lemma 4.3 there is an open set W in X x R with F C W C Wy, with W(x)
connected for every x € X and with W locally bounded. Without loss of generality,
we can suppose that every G € W is a subset of W and that G = U x V with U
and V open in X and R, respectively.

Let W = {Ux x Vi : A € A}. Then {Uy : A € A} is a locally finite family.
Let x € X. Fix a sequence {O,, : n € N} of neighbourhoods of = such that each
sequence T, € O, clusters in X. Put L, = {A € A : O, NU, # (0}. Suppose
that all L, are infinite. Then there is an infinite sequence {A, : n € N} such
that A\, € L,. Choose z, € O, NU,, and let y € X be a cluster point of
{zy, : m € N}. There are a neighbourhood O of y and a compact set K C R such
that W(z) C K for every z € O. Since W is locally finite, we may suppose that
the set {A € A: (Uy x VA) N (O x K) # 0} is finite. Let I be the infinite set of all
n € N such that z,, € O. Then, for each n € I, we have

{J)n} x W\, CUy, xVy, CW.
Thus V), C W(x,) C K. It follows that
(U, x V,\n) N0 x K) # 1]

for every n € I, a contradiction. Thus some L,, must be finite, which implies that
{Ux : A € A} is locally finite at x.

Since X is a regular Ty space, by [DHP] there is a discrete family {G; : i € I}
of nonempty open sets such that |I| = |A|, {G; : i € I} is pairwise disjoint and
{Gi:ielI}” C{Ux: e A}~. For every i € I choose g; € G;. Put A(i) ={\ €
A:g; € U)\} and H; = G; ﬂn{U)\ tAE A(Z)}

For every A € A(i), choose uy € H; such that, for A € A(7), all uy are different.
Now for every A € A(7), let Ly C H; be an open set such that Ly C H; and such that
{Lyx: X € A(4)} is a pairwise disjoint family. Thus the family {Ly : A € A(i),i € I}
is also pairwise disjoint. For each A € A, choose y) € V. By Lemma 4.1 there is a
continuous function f such that f € W. For every A € A, the points yx and f(uy)
belong to the set W (uy). Now W (u,) is a connected set, so the closed interval Jy
from f(uy) to yy is contained in W (uy). There are open sets Ay and B) in X and
R, respectively, such that B) is an open interval,

{U)\}XJ)\CA)\XB)\CA_)\XB_)\CVV, AACL)\andf(A)\)CB)\.

For each A € A, using the normality of Ay and Tietze’s Extension Theorem,
there is a continuous function gy : Ay — By such that gy [ (Ax \ A)) = f and
gx(urn) = yx. Now we define a function g : X — R as follows: g(z) = ga(x) if
r € U{Ax : X € A} and g(z) = f(x) otherwise. It is easy to verify that g is
continuous and

gewWrTnw. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RELATIONS APPROXIMATED BY CONTINUOUS FUNCTIONS 2179

Theorem 4.7. Let X be a locally connected, countably paracompact normal q-space
without isolated points, and let F € CL(X X R). Then the following are equivalent:

(a) F is in the closure of C(X) in CLLrp(X X R);

(b) F is the graph of a cusco map;

(¢) FNC x R is a nonempty continuum for every nonempty continuum C in X
and FNC x R is connected for all closed connected subsets C' of X .

Proof. The proof that (a) implies (b) follows from Lemmas 3.2, 3.3 and 3.5, because
the Vietoris topology is weaker than the locally finite topology. The proof that (b)
implies (a) follows from Theorem 4.6, and the proof that (b) and (c) are equivalent
follows from the results below (Lemmas 4.8, 4.9 and Proposition 5.2). g

The equivalence of (b) and (c) is true even under weaker conditions than in
Theorem 4.7.

Lemma 4.8. Let X be a Hausdorff topological space and let F € CL(X x R) be
the graph of a cusco map. Then FFNC x R is a continuum for every continuum C
in X.

Proof. Let C' be a nonempty continuum in X. Since [J{F(x) : z € C} is compact
in R (see [Bell), it is sufficient to prove that F'NC x R is connected. Suppose that
FNC x R isnot connected. Then FNC x R =AU B where A and B are disjoint
nonempty closed subsets of X x R. For each x € C, F(z) is connected, so that
either {z} x F(z) C Aor {z} x F(z) C B. Soif mx : X x R — X is the projection
map, then mx (A)Nmx (B) = . Since FNC x R is compact, both 7x (A) and mx (B)
are closed in X. Also mx(A) and 7x(B) are nonempty and their union is C, so
they form a separation of C. This contradicts the fact that C' is connected. (]

Lemma 4.9. Let X be a locally connected, regular space, and let F' € CL(X x R)
be such that F(z) # 0 for every x in X. If FNC X R is connected for every closed
connected set C in X, then F is the graph of a cusc map.

Proof. Let F'NC x R be connected for every closed connected set C' in X. In
particular, F'(x) is connected for every x in X. Suppose, by way of contradiction,
that F' is not usc. Then there is a point € X and a neighbourhood V' of F(z) in
R such that for every neighbourhood U of z, there is zy € U and ty € F(zy) \ V.
We may suppose, without loss of generality, that V' is an open interval and that
each ty > b, where b = sup V.

We now show that there is a neighbourhood U of x such that U x [b,b+1]NF =
(). Suppose not. Then for every neighbourhood U of z, there is yy € U and
su € F(yy)N[b,b+ 1]. Since the net {yy} converges to z, the net {(yy, sy)} must
have a cluster point (z, s) for some s € [b,b+1]. But F is closed, so that (z,s) € F,
which contradicts F'(z) C V.

Therefore, since X is a locally connected regular space, there exists a connected
open neighbourhood W of z such that W x [b,b+1]NF = (). Note that ty > b+ 1.
Define A = FNW x (—oo,b] and B = FNW x [b+1,00). Then A and B are disjoint
closed subsets of X x R such that AUB = FNW x R. Because {z} x F(z) C A
and {zw} x F(zw) C B, A# 0 # B. Hence FNW x R is not connected. But W
is a closed connected set in X, which is a contradiction. (I
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5. ADDITIONAL RESULTS CONCERNING VIETORIS APPROXIMATION

In this section we present some further results concerning Vietoris approximation
and we give examples of cusc maps that cannot be approximated by continuous
functions in the Vietoris topology; so the assumption of compactness of values of
F in Theorem 4.5 is essential.

Example 5.1. Let X = [0,1] with the usual topology. Let F' € CL(X x R) be
such that F(z) = {1/z} if ¢ # 0 and F(0) = [0,00). Then F is the graph of a
cusc map, but F' cannot be approximated by continuous functions in the Vietoris
topology because of the following proposition.

Proposition 5.2. Let X be a locally connected, countably paracompact normal
space. If F is in the closure of C(X) in CLy (X x R), then FNC x R is connected
for all closed connected subsets C' of X.

Proof. Suppose, by way of contradiction, that F' is in the closure of C'(X) in
CLy(X x R) but FNC x R is not connected for some closed connected sub-
set C' of X. Then FF N C x R can be partitioned into nonempty closed sets Fy
and Fy; say (z1,t1) € Fy and (22,t2) € Fp. From Lemma 3.2, F(z1) and F(x2)
are connected, and are hence contained in F} and Fb, respectively. It follows that
{z1} x R is disjoint from Fy and {3} x R is disjoint from Fj. Define

F'=FRU{r} xRand Iy = F, U {22} x R,

which are disjoint closed subsets of X x R. Since X x R is normal ([Md]) there
exist disjoint open sets W; and Ws in X x R containing F}’ and F»’, respectively.
Finally, define
W:W1UW2U(X\C)XR.

Then W is a neighbourhood of F in CLy(X x R), and thus contains some
f € C(X). It follows that Wy and Wy separate {(z, f(z)) : « € C}, so that
{(z, f(x)) : x € C} is not connected as a subspace of X x R. But {(z, f(x)) : € C}
is homeomorphic to C because f is continuous. Since C' is connected, this is a con-
tradiction. 0

Example 5.3. Let X = [0,1] X R, and let F € CL(X x R) be defined for all
x=(s,t)in X by F(z) =[1,00) if s=0, F(z) =[1,1/s] if s=1/n for n € N and
t ¢ (n,n+1) and F(z) = {1/s} otherwise. Then F is the graph of a cusc map,
but F' cannot be approximated by continuous functions in the Vietoris topology
because of the following proposition.

Proposition 5.4. If F is in the closure of C(X) in CLy (X x R), then each closed
connected set in X x R\ F is locally bounded above or locally bounded below.

Proof. Let F be in the closure of C(X) in CLy (X x R) and let G be a closed
connected set in X x R\ F. Define W = X x R\ G. Then F € W, so there is an
fewtncC(X). Let

Gy ={(x,t) e G:t> f(z)} and G_={(z,t) e G:t < f(z)}.

Since the graph of f is closed in X x R and disjoint from GG, G4 and G_ are open
subsets of G that partition G. But G is connected, so that one of G+ and G_ is
empty: say G; = . Then G = G_. To show that G is locally bounded above
(in this case), let z € X. Define b = f(x) + 1. By the continuity of f, there
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is a neighbourhood U of z such that f(z) < f(x)+ 1 for all z € U, and hence
G(z) C (—o0,b) for all z€ U. O

The conditions in this section that are necessary for an element of CLy (X x R)
to be approximated by a continuous function may suggest a solution to the following
problem.

Problem 5.5. Find conditions that are both necessary and sufficient for an F €
CL(X X R) to be in the closure of C(X) in CLy(X X R).

Remark 5.6. The above problem was solved by the authors for ultraparacompact
spaces X in a forthcoming paper.
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