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ABSTRACT. The spaces of type BLO for the positive Radon measures satisfying
a growth condition on R% are introduced. It is shown that some properties
which hold for the classical space BLO when p is a doubling measure remain
valid for the spaces of type BLO introduced in this paper, without assuming
o doubling.

Let d,n be some fixed integers with d > 2,1 < n < d, and let u be a positive
Radon measure on R¢ satisfying the growth condition

(1) w(B(z, 1)) < Cor™ for all z € R% r > 0.

We do not assume that p is doubling.
A kernel k(-,-) € L (R? x R4\ {(z,y) : = y}) is called a Calderén-Zygmund

kernel if
L Jk(z,y)| < -
2. there exists 0 < § < 1 such that
ar)
(a9) = K )] + 1K) = k()] < CLEm s it o= < o= )2

The Calderén-Zygmund operator associated to the kernel £ and the measure p is
formally defined as

/kxy y)du(y).

We say that T is bounded on LP () if the truncated operators
i@ = [ k)i @da)
lz—y|>e

are bounded on L? (1) uniformly on e > 0.
The maximal operator T} associated with the Calderén-Zygmund operator T is
defined as

(2) L.f(x) = sup T/ (z)
for f € LP(),p € [1,00).
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When g is a positive Radon measure satisfying the growth condition (1) and T
is bounded on L?(p), the weak type (1,1) and LP () estimates for T, were obtained
by F.Nazarov, S.Treil and A.Volberg in [4].

It is well known that if u is Lebesgue measure and T is bounded on L?(R9),
then T, is bounded from L>(R?) into BMO(R?) [5], and furthermore, is bounded
from L>°(R%) into BLO(RY) [3]. For the positive Radon measure p satisfying (I,
X.Tolsa [6] has introduced the spaces RBMO(u), which are the suitable substitutes
for the classical spaces BMO(R?), and proved that if T is bounded on L?(u1), then
T is bounded from L*(u) into RBMO(u).

In this note, for the positive Radon measure p satisfying () we will introduce
the spaces RBLO(u) as the substitutes for the classical spaces BLO(R?) defined
by R.R.Coifman and R.Rochberg [2], and will show that if T is bounded on L?(u),
then T, is bounded from L*(u) into RBLO().

We take notation and definitions from [6]. By a cube @ C R? we mean a closed
cube centered at some point zg € supp(p) with sides parallel to the axes. Let
a > 1and f > o™ A cube with side length I(Q) is said to be («, 8)-doubling if
w(a®) < Bu(Q), where a) denotes the cube concentric with @ and having side
length al(Q). Given a cube @ C RY, let N be the smallest integer > 0 such that
aN @ is doubling. Denote this doubling cube by @ If  and G are not specified, by
a doubling cube we will mean a (4v/d, (4v/d)"*')-doubling cube. Given two cubes
Q C R, we set

NQ,R k
_ p(2°Q)
KQJ% =1+ ; l(ZkQ)n’

where Ng g is the first integer k such that 28Q D R.
Let p > 1 be some fixed constant. Say that f € L{ (u) belongs to RBMO(u) if
there exists some constant C; such that for any cube @,

1
3) 5 /Q | = mg(f)ldu < Cy

and
4)  Imo(f) —mr(f)| <CiKg.r for any two doubling cubes Q C R,

where mq(f) = u(Q)™* fQ fdu. The best constant Cy is the RBMO(u) norm of
f, which we denote as || f||. and is independent of p > 1. It is shown by X.Tolsa [6]
that one can replace (@) by

(5) @ /Q lf —mo(f)|du < Cs for any doubling cube Q,

or by

1/p
1 —mg(HIP r nd an
(6) (M(PQ)/Q'f mg(f)] du) <(C3  for1<p<ooandany cube Q,

and the best constants Cy and C5 are comparable to || f|..
We are ready to define the spaces of type BLO for the positive Radon measure

w satistying ().
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Definition 1. We say that f € LL (u) belongs to RBLO(p) if there exists some

loc

constant Cy such that for any doubling cube @,

(7) mq(f) — essinf f(z) < Cy
z€Q

and

(8) mo(f) —mr(f) < CiKo.r for any two doubling cubes @ C R.
The smallest constant Cy will be denoted by || f||rBLO-

Observe that (@) and (B) are equivalent to (@) and (). It is easy to check that
L>(p) € RBLO(p) with || fl[rBro < 2||f||Lee(n) and RBLO(p) C RBMO(p) with
£l < 2l frBLO-

C.Bennett [1] has obtained a criterion for the classical spaces BLO(R?). To
give out the RBLO(u) criterion we consider the non-centered doubling maximal

function
1
(9) Mf(z)= sup mq(f)= sup —/ fdu,
Qox Q3 N(Q) Q
Q:doubling Q:doubling

where the supremum extends over all doubling cubes @) containing z. By the
Lebesgue differentiation theorem, M f(z) > f(z) p-a.e. z € R%. Moreover, |M f(z)|
< M(|f])(z) := N f(z). The maximal operator N is weak type (1,1) and bounded
on LP(u) for 1 < p < oo [6], so is M.

Lemma 1. f € RBLO(u) if and only if Mf — f € L™ (u) and f satisfies (8).
Furthermore,

(10) [Mf = fllp () ~ IfllrBLO-

Proof. Suppose first that f € RBLO(u). Then f satisfies (8). Observe that (see
[6, Remark 2.3]), by the Lebesgue differentiation theorem, for y-a.e.z € R? one can
find a sequence of doubling cubes {Q}x centered at x with I[(Qf) — 0 such that

1
lim —— fdp = f(x).
k—oo 11(Qk) Jo, (=)
Let x be any such point, and let ) be any doubling cube containing x. Then
flx) > esseiélff(x) and so
x

me(f) = f(x) < mq(f) —essinf f(2) < || /|lrsLo-
Taking the supremum over all doubling cubes containing x, we get

Mf(z) = f(z) < I fllrBLO-
Hence M f — f € L>(p) and [[M f = [l < | fllrBLO-
Conversely, suppose M f — f € L>(u) and let Q be any doubling cube in RY. If
any x € @ is such that
f@) <mq(f) = IMf = flleq,
then
Mf(x) = f(z) 2 mq(f) = f(x) > [[Mf = fllLe(u-

So, for p-a.e. x € Q,

f(@) Zma(f) = IMf = fllp=uw,
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and consequently,

egscseigff(x) >mq(f) = [IMf — fllzeo(u)-

Since f satisfies (§) we get that f € RBLO(u) and
| fllrBro < CIMf — fllLoo(u)-

Our main results are as follows.

Theorem 1. If the Calderén-Zygmund operator T is bounded on L?(u), then the
mazimal operator Ty is bounded from L (u) into RBLO().

Theorem 2. If f € RBMO(u) and M f satisfies ®), then M f € RBLO(p) and

1M fllrBro < Cll £l
In particular, M is bounded on RBLO(u).

Theorem 3. A locally integrable function f belongs to RBLO(u) if and only if
there exist h € L*° () and F € RBMO(u) with M F satisfying ) such that

(11) f=MF + h.
Furthermore,
(12) IfllrBLO ~ If (| Fl+ + [[Al[ Lo~ (1))

where the infimum extends over all representations of the form ().

The proof of Theorem[l. Let x € R? Nsupp(u) and Q be any doubling cube con-
taining x. For each fixed cube Q) let B be the smallest ball centered at x which
contains Q. Then 2B C 4vdQ. If f € L>(u) N LP(u) for some py € [1,00), by
L?(11) boundedness of T, [4], we have

1 1 ) 1/2
m/QT*(f)QB)d,U < W{/}Rd [T*(fXQB)} dﬂ}

C 1/2
w(@Q)/? {/Rd”XQB'QdM}

<
2B 1/2
< c%wnmm
4\/8 1/2
< e Il
(13) < Olfllimn.

From (&) it follows that
T.(fxra\25)(z) < T.f(2).
By this and the conditions of the Calderén-Zygmund kernel, for all y € @, we have
To(fxreves)y) < |Tu(fxraen)(y) — Tu(fxre\28) (@)] + Te(f XRa\25) (2)
< Clfllpeeu + T f ().

Therefore,

Q) /Q T.(fxwraven)dp < C| fll Lo () + T f ().
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From this and (I3), we get

1
(14) mte) /Q T fdp < Ol || sy + TS ().
So,
(15) IM(Tf) = Toflz= < Ol Lo~ o

From this and Lemma [I], it suffices to show that T f satisfies (8). We apply the
argument analogous to [6, pp. 104-105]. Let @ C R be any two doubling cubes.
Recall that Ng g is the first integer £ such that 2*Q > R. We denote Qp =
2Ne.r+1Q). Thus, for z € Q and y € R, we set

Nqg,r

Tef(x) = Te(fxeq)(w) + Z Te(fxorr1\2rQ) () + Te(fXRa\QR)(T)
k=1

~ (Tl xan) W) + Tl xennen) ) + Tof ().

Since
ITe(Fxen@) (@) = Te(f X0 ) )] < Cllf e,
we get
Ng.r 9k+ IQ
L.f(@) < T(fxae)@) + O(1+ Y & 2k+1@ LCAIAT] TP
k=1

+ Tu(fxQn)(y) + TS (y)-

Now we take the mean over @ for x, and over R for y. We write

me(Te(fxqr)) < Mr(Te(fXQrn2r)) + mr(Te(fXQr\2R))-

Similar to the previous estimate ([[3) we obtain

mq (T*(fX2Q)) < Ol fllzee
and
mR(T*(fXQRmzR)) < O fllzee (-
On the other hand, since I(Qr) ~ I(R), we have

me(Te(fxom2r)) < ClfllLe()-
Therefore,

mQ(Tef) — mr(Tef) < CKQr| fllzoe(u)-
If f & LP(u) for all p € [1,00), then the integral f‘x_y‘x E(x,y)f(y)du(y) may
not be convergent. The operator T, can be extended to the whole space L>(u)
following the standard arguments: Given a cube )y centered at the origin with

side length 1(Qo) > 3¢, we write f = f1 + fo, with f1 = fx2q,- For x € Qo, we
define

TI@) =T+ [ ) ~O0) lduty)
T—yY|>€

Now both integrals in this equation are convergent. With arguments similar to the

case f € L®(pu) N LP°(p) we complete the proof. O
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To prove Theorem [2 and Theorem [ we require the following lemma.

Lemma 2. If f € RBMO(u), then for any doubling cube Q,
1
16 —/Mfd,uSC'f*—l—essinfox.
(16) o), 171 + essint M £ (2)
Moreover, if M f is finite u-a.e., then
1
17 —/Mfd — essinf M f(x) < C|| f]|«-
(17) Q) Jo M= essiy (z) < Cfll

Proof. Set p=4v/d/5 in (B). Fix a doubling cube Q. For f € RBMO(u) we write
f = =mq(f))xsq + (me(f)xsq + fxrnsq)-

Since M is bounded on L?(u), we have

/Q M((f = mo(f)xsq)du

IN

(@ /RdlM((f - mQ(f))X3Q)|2dM}1/2
Cu@{ [ 117 = ma(F)xaaldu}

en@({ [ 1 =mag0Pan} "+ { [ motr) = mag(s)Pans} )

Cu(@)* (1(12Va/5)Q) 2 Il + 13RI S 1K g 55 )
< Cu@)"Pp(avVdR) 2| f|l. < Cr@)N1 -

Next, we shall show that

IA

IA

IN

(8) oy L Mma(se + Fxensa)dn < CISl. -+ esind M ().

It suffices to show that
(19)  M(mo(f)xsq + Fansg)(@) < CIfll. +essinf Mf(2) prae. € Q.
For this it will be enough to show that

(20) [ (malnag + Franse)di < CI . + essint M 1 (z)
R x

1
(R)
for any doubling cube R 5 x. If R C 3Q), the result follows immediately:

L / (mq(fxsq + fxrnsg)du = mo(f) < essinf M f(x).
R TEQ

1(R)
So, suppose RN (R%\ 3Q) # (. Then I(R) > I(Q) and 3Q C 5R. Write

mq(f)xso + fxrasg = (mo(f) — m573(f))X3Q +(f - mﬁg(f))XRd\?)Q +mep(f)
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Obviousl —~ < essinf M . Furth
viously, mz(f) < essin f(z). Further,

| {tmat) = man()xa0 + (7 = mal) xwerse o

< uBQma(f) — mep()] + / 1 = mes (F) xgayaod
4fQ

< Lm0l [ mag(plan

<

0/ | = men(F)ldu
< Cu(VdR)|fll. < Cu(BR)| [l
This establishes ([[8) and completes the proof of Lemma [2] O

The proof of Theorem[2. By Lemma [2, it suffices to prove that if f € RBLO(u),
then M f satisfies (B). In fact, applying Lemma [[] for any two doubling cubes
Q C R we have

mq(Mf) —mp(Mf)

< moMf) —mq(f) + mr(Mf) —mg(f) +mq(f) — mr(f)]
< 2Mf = fllpe + 1f1Kq.r
< 2|fllrBro + |l fll«Kq.r
< ClfllrBroKq,r-
As we remarked above, this completes the proof of Theorem [21 O

Theorem [3] follows immediately from Lemma [[land Theorem[2, and we omit the
details here.
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