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ABSTRACT. We study the boundedness and the compactness of composition
operators on some Banach function spaces such as absolutely continuous Ba-
nach function spaces on a o—finite measure space, Lorentz function spaces on
a o—finite measure space and rearrangement invariant spaces on a resonant
measure space. In addition, we study some properties of the spectra of a
composition operator on the general Banach function spaces.

1. INTRODUCTION

Let 2 = (Q,X%, 1) be a o-finite measure space. Let T : Q —  be a non-singular
measurable transformation, that is, u(7-'(A)) = 0 for each A € ¥ whenever
#(A) = 0. Then T induces a well-defined composition transformation Cr from
L(p) into itself defined by

Crf(z) = f(T(x), = €Q, fe L),

where L(u) denotes the linear space of all equivalence classes of ¥—measurable func-
tions on ) and we identify any two functions that are equal py—almost everywhere on
Q. If C'r maps a Banach function space X into itself, then we call C'r a composition
operator on X induced by T.

There is a vast literature on composition operators and their applications (see
2, 5], [19] and [21)).

In particular, for composition operators on measurable function spaces and their
applications, one can refer to [4], [6], [7], [10], [L1], [12], [14], [15], [16], [20], [21],
[22] and the references therein.

Let M, be the class of all functions in L(x) that are finite y—a.e. For f € M,,
we define the distribution function of | f| on 0 < A < oo by

prA) = p({z € Q:|f(2)|> A}),

and the non—increasing rearrangement of f on (0,00) by

@) =mf {A>0:pup,A) <t} =sup{A>0:pur(A) >t}
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The Banach function space X is defined as
X ={feLp:|fllx < oo},

where the norm || - ||x on X has the following properties:
for each f, g, fn € L(1), n > 1, we have

(1) 0<lgl<| £| p—ae. = llglx < Ifllx,
(2) 0<| fu |1 £ | n—ae. = Ifullx / Ifllx, and
(3) E € ¥ with u(E) < 0o = |[xpllx <ocoand [, | f| du < cgl f|/x for some
constant 0 < cg < oo depending on E and the norm |.||x but independent
of f.

See [1] for details on Banach function spaces.

A function f in a Banach function space X is said to have absolutely continuous
norm if ||fxg, || x — O for each sequence {F,,}22 ; satisfying F,, — () uy—a.e. If each
function in X has absolutely continuous norm, then we say X is a Banach function
space with absolutely continuous norm.

A rearrangement invariant space is a Banach function space X such that when-
ever f € X and g is an equimeasurable function with f, then g € X and ||g||x =
|| fllx. For the sake of completeness of the definition, we recall a result from [II p.
59.

Proposition 1.1. Let (X, ||.||x) be a rearrangement invariant Banach function
space on a resonant measure space (2, X, 1). Then the associate space X' is also a
rearrangement invariant space (under the norm ||.|x/) and these norms are given

by
lgllx = sup { / £ (8)g*(s)ds < | fllx < 1}, g € Mo,

and

1]1x = sup{ / F(8)g%(s)ds - llgllx <1}, f € M.

See [1], [8] and [12] for details on rearrangement invariant spaces. The study of
composition operators on Lorentz spaces L(pg, ), 1 < ¢ < p < oo, or p = ¢ = o0,
has been initiated in [9].

The Lorentz spaces LP?(u1) are the Banach function spaces continuously embed-
ded in M, under the norms

1l = ([ (/P f(8)9dt /4] if 1 < p < 00,1 < q< o0,
PO\ Supgeyeog /P45 (t) if 1 <p<oo,q= 00,

where f**(t) = %fot f*(s) ds is the average function.

We refer to p as the principal index. The Lorentz space LPI(u), for 1 < p <
o0, 1 < ¢ < o is a rearrangement invariant Banach function space with upper and
lower Boyd indices both equal to 1/p. For 1 < p < oo, the Lebesgue spaces LP(u)
are equivalent to LPP(p).

Definition 1.2. Let M and N be two normed linear spaces. Then a mapping
S: M — N is called non—expansive if ||S(z) — S(y)|| < ||z — y||, for each z,y € M.

Theorem 1.3 (cf. [1, p. 221]). Let (2, %, u) be a resonant measure space. For
l<p<oo,l<qg<oo(orp=gq=1), the dual as well as the associate space
of LP1(u) is, up to the equivalence of norms, the Lorentz space r'd (1), where

I/p+1/p=1/qg+1/¢ =1.
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The main aim of this paper is to study the boundedness and the compactness
of composition operators on Lorentz spaces LP(u), for 1 < p < 00,1 < ¢ < 0.
In section 1, we study the boundedness of the composition operators on Banach
function spaces. In section 2, we discuss the compactness of composition operators
on rearrangement invariant spaces. In section 3, we study the spectra of Cp on the
general Banach function spaces on a o-finite measure space and in section 4, we
give some examples.

2. BOUNDEDNESS

Let K denote the family of all characteristic functions of the members of ¥, that
is,
K= {X AtAE€ E}.
Let K = KN X. The next theorem shows under what conditions a bounded linear
operator is a composition operator on a general Banach function space X.

Theorem 2.1. If A is a composition operator on a Banach function space X, then
K is invariant under A. Conversely, if (Q,%, 1) is a Borel o—finite measure space
and A is a positive bounded linear operator on an absolutely continuous Banach
function space X, then A is a composition operator on X.

Proof. The proof is along similar lines as in [21, Theorem 2.1.13, p. 23]. O

Corollary 2.2. Let A be a composition operator on a Banach function space X .
Then A(f -g) = A(f) - A(g), whenever f,g,f -g € X. Conversely, if (Q,%, )
is a o—finite Borel measure space, A is a positive bounded linear operator on an
absolutely continuous Banach function space X and A(f-g) = A(f)- A(g), whenever
9, f-g€ X, then A is a composition operator on X.

The following theorem gives a necessary and sufficient condition for the continu-
ity of composition operators on the Lorentz spaces LP?(u), for 1 < p < 00,1 < ¢ <
00.

Theorem 2.3. Let T : Q) — Q be a non—singular measurable transformation. Then
T induces a composition operator Cp on LPI(u), 1 < p < 00,1 < g < oo, if and
only if there exists some constant M > 0 such that

(2.1) poT H(A) < Mu(A), for each A € .
Moreover,

T4
(2.2) ICr|l = sup “07())1/1{

Aex,0<pu(A)<oo p(A)
Proof. Suppose the condition ([Z1I) holds. Then
pers(N) = p({z € Q:[f(T(2))[>A}) = (T~ (y) € Q:[f(y) > A})
< Mp({y € Q:[ f(y) [> A}) < Mpus(N).
Also, for each t > 0, we have
(Crf)t) = sup{A>0:pcrs(A) >t}
< sup{A>0: Mpg(\) > t} = f(t/M),

which implies that
(Cr f)™(t) < f7(t/M).
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So for q # oo, we have

[Cefloy = 1] (2(Capy @)1

< [f @y
it
t

- [/OOO(Ml/ptl/pf**(t)) ]1/q:M1/p||f||pq-

Also for ¢ = 0o, we have
ICTfllpss = sup t/7(Crf)™(t)
0<t<o0o
< sup MYP(t/M)YP (/M) = MYP|| £ poo.
0<t<o0o

Thus, we conclude that Cr is a bounded linear operator on LP?(u) and clearly
|Crll < MV,

Conversely, suppose Cr is a bounded operator. For E € ¥ with 0 < u(F) < oo,
we have xgp € LP%(u) as

Il = (0/a)" " (0 (0~ 1) (u(E))"? < 0.

Since Cr is bounded, we have for ¢ # oo, |CrXxE|lpq < k|l XE|pq for some k > 0,
ie.,

(v/0)"" (/0 = V)" (W) < k(p/a) " (o) (0~ 1) ()"
Hence,
poT HE) < kPu(E) for E € 3.
Also for ¢ = oo, we have
IXEllpoo = sup t/7x"(t) = sup /P = (u(E)"P < oc.
0<t<oo 0<t<oo

So the inequality holds. Thus po T} E) < Mu(E), for E € ¥ with M = kP > 0.
Further, we see that

—1
ICr|l = sup poT(4)

)1/p.
AeX,0<pu(A)<oo n(A)

—~

O

Theorem 2.4. Let X and X' be the rearrangement invariant spaces on a resonant
measure space (0,3, 1) with the fundamental functions px and px-, respectively.
Let T : Q — Q be a non—singular measurable transformation. Then Cr is a bounded
composition operator on X and X' if and only if the condition (21I) holds.

Proof. By using Theorem 2.3, we have
(Cr ) (t) < f*(t/M), fort >0, f € M,.

For M > 1, using the fact that ¢* is a decreasing function, we see that

/ T () g7 () ds / " (s/M) g (s) ds = / " (W)t (Mu)M du
0 0 0

IN

IN

M / £*(w) g7 (u) du.
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Taking the supremum over all g € X’ with ||g||x < 1, we get
[Crflx < Mflx,Vfe€X.

Similarly, we have

oo (oo}
[ £ @Crar s <0 [ f (g’ (w)du
0 0
Again, taking the supremum over all f € X with || f]|x < 1, we get
1Crgllxr < Mllgllx/, Vg € X".

Thus Cr is a bounded composition operator on X and X'.
Conversely, let E € ¥ with 0 < pu(E) < oo. Then by definition xyg € X and
xe € X'/, and so we have

[Crxellx < Elxelx, for some k>0,
which implies that
ox(uT~HE)) < kox (u(E)), for some k > 0.
Similarly, we have
ox (WTH(E)) < Kox: (u(E)), for some k' > 0.
Multiplying the above two inequalities and using [I, Theorem 5.2, p. 66 |, we get
pT~(E) < kK u(E).
Thus pT~Y(E) < mu(E), for some m = kk' > 0. O

The largest rearrangement invariant space over a resonant measure space
(Q, %, u) with the fundamental function px is also defined as

V(X)) ={f € Mo : |[fllvix) = [[fllcopx (0+) + /OOO [ (8)®x(s) ds < oo},

where the fundamental function px can be represented as the integral of a non—
negative, decreasing function, say ®x, on (0, 00).

Theorem 2.5. For a non—singular measurable transformation T : Q — Q, we have
Cr is bounded on V(X) and V(X') if and only if the condition (23] holds.

Proof. Using the fact that ®x is decreasing and M > 1, we have

ICrfllvix)y = IICTf||c>os0x(0+)+/0 (Crf)*(s)®x(s)ds

IN

1 Fllootox (04) + / " p(s/M) D (s) ds
0
= [ fllocpx (040) + M / F7 ()@ (Mu) du

< M| flloopx (04) + / " )P () du)

= M| fllvix)

for each f € V(X). Thus, Cr is bounded on V(X) and also on V(X").
The converse follows along similar lines as in the converse part of Theorem

24 O
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The next theorem characterises those maps T for which Cr is non—expansive. A
map T : X +— X is said to be u—expansive, if u(E) < u(T(E)) for all E € X.

Theorem 2.6. Let (Q,X,u) be a o—finite standard Borel measure space. Let
T(F) € ¥ whenever E € ¥. The following are equivalent.

(1) llorl < 1.

(2) Cr is non—expansive on LP1(u),1 < p < 00,1 < g < 00, or on rearrange-
ment invariant spaces X and X' on a resonant measure space.

(3) T is p—expansive.

(4) W(T () < u(B), for all E € 3.

Proof. The proof follows from Theorem and Theorem 241 O

3. COMPACTNESS

In this section, we give a necessary and sufficient condition for the compactness
of composition operators on LP9(u), 1 < p < 0o, 1 < g < 0o. Also, we discuss the
compactness of the composition operators on rearrangement invariant spaces X on
a non—atomic measure space.

Theorem 3.1. Let Cr be a composition operator on the Lorentz spaces LP4(u), for
1< p<oo,1<qg< oo, induced by a non—singular measurable transformation T
on Q and let {A,} be all the atoms of Q with u(A,) = an > 0, for each n. Then
Cr is compact if and only if p is purely atomic and

_ NT_l(An)
M(An)

Proof. We have Q = Q1 UQy, Q1 N Qs = 0, where u1 = p o, is non—atomic and

p2 = p|q, is atomic so that g = py + p2. Since po T~ < p, so by the Radon—

Nikodym theorem, there exists h € L>®(2, X, i) such that h is locally integrable on
Ql and

bn, — 0.

(3.1) poT YE) z/ h(t) du, for E € ¥ N Q.
E

Let E = {x € Q1 : h(z) > 0}. Then E € ¥ N Q.
Firstly, we prove that u(E) = 0. Suppose u(E) # 0. So there is some € > 0 such
that

E.={z e X :h(x) >} eXnNQ withu(E) > 0.

Since (1, XNy, p1) is non—atomic, we have p(F) = pi (F) whenever F' € ¥ N X;.
So we can choose a contracting sequence {E,} of subsets of E, such that for some
no € N, we have

0 < w(Ey) = (E,) <1/n, forall n > n,.
For each n € N, define
fnlz) = XEn L) (z) z e X.

 IxEallpe’
Then f, — 0 weakly, || fullpq =1 and
- x
(Or () = XEAD o
IXE. llpq
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For n > n,, we have

IX7-1(2.)llpg T (En)\1/p
|Cr f. - =
1€l Tendhe — alEn) )
h(t)d
= (M)l/}) Z €,
N(En)

which implies that Crf, % 0 strongly. This contradicts the compactness of Cr.
Thus pu(E) = 0. Therefore,

poT (X)) =0= / h(t) du(t) > € u(Xy).
X1

Hence p is purely atomic.
Next, we claim that b, — 0. Suppose the contrary. Then there exists some € > 0
such that b, > ¢, for all n € N. Let Q = U;:O:l A, where each A,, is an atom. For
each n € N, let
fn = XA,
IXT-1(4,)

Pq
Then for each n, we have
anH _ ”XAn Pq — ( M(An) )l/p
e IxT-1(anllpg (T (An))
= 1/bY/P < 1/€/P

and [|C7 fr|lpg = 1.
Also for n # m, since Cr f,, and Cr f,, have disjoint supports, we have

”CTfn - CTfm”pq = HCTfn + CTme;DtZ'
Thus,

1
I = §||CTfn+CTfn||pq
1
= §||CTfn_CTfm+CTfn+CTfm||pq

1
< §(||CTfn_CTmepq+HCTfn‘f'CTmepq)
- HCTfn - CTme;an

which contradicts the compactness of Cp. Hence b, — 0.
Conversely, since (€2, 3, 1) is atomic with atoms A,, and b,, — 0, note that f and

> f(An)xa, are equal p—a.e. For each N € N, define C(TN) by
oM f = Z f(An)xT-1(4,)-
n<N
Then for each A > 0, we have

Homcpoyy N S D0 u(T7H(An)
n>N,|f(Ap)|>A

<(supbn) > p(An) = (sup by ().
S FYOW e N
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Therefore
ICr = C5) < (sup ba)/P =0
n>N

as N — oo. Since Cr is the limit of finite rank operators C(TN), it is compact. O

Theorem 3.2. Let X be a rearrangement invariant Banach function space over
a non-atomic measure space (Q, %, u) with a concave fundamental function px.
Let T : Q — Q be a non—singular measurable transformation. Then there is no
non—trivail compact composition operator on X.

Proof. Suppose Cr is a non—trivial compact composition operator on X. Since Cp
is bounded and T is non-singular, there exists some h € L>*(Q, X, 1) such that h
is locally integrable on € and

poT YE) = / h(t) du, for each E € X.
E
Let E = {z € Q: h(z) > 0}. Then u(E) = 0. If not, then there is some e > 0 such
that
E.={z€Q:h(x) >e} € X with u(E.) > 0.

Without loss of generality, we assume that ¢ € (0,1). Since (Q, %, 1) is non—
atomic, we can extract a contracting sequence {E,} of subsets of E. such that
0 < u(Ey) < 1/n, for each n > n,, for some n, € N. For each n > 1, set

x
fnlx) = 7||XXEE( ))(,:C c X.

Then f, — 0 weakly, || fn|lx =1 and

2) — XT*l(E,,,)(x)
(Cr /)@ = el

For n > n,, using the concavity of px we see that

IxT-1E)llx  ox (T (E,)))
1Crfallx el px(u(Bn)
_ exUp, MO ) ox(ep(Em))
ox(u(En)  — ox(u(Bm))

> e

This implies that Crf, # 0 strongly, which contradicts the compactness of
Cr. O

4. SPECTRUM

In this section, we examine the spectrum o(C7), the approximate spectrum
04p(Cr), the point spectrum o,(Cr) and the compression spectrum o.(Cr) of a
bounded composition operator Cr on a general Banach function space X induced
by a non-singular measurable transformation 7' : Q2 — 2. Let U denote the open
unit disc and OU be the unit circle in the complex plane C. These results generalise
the results of Ridge [I7]. Using the fact that the norm |.|| x is increasing on X, the
following results generalise the results of [I7] without any extra effort.

Theorem 4.1. 0,,(Cr) NOU is a union of subgroups of OU.
Corollary 4.2. ¢,(Cr) NOU is a union of subgroups of OU.
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Theorem 4.3. 0,,(Cr) \ OU has circular symmetry about 0.
Corollary 4.4. 0,(Cr) \ OU has circular symmetry about 0.

Corollary 4.5. The residual spectrum o.(Cr) \ 0ap(Cr) \ OU (and o(Cr) \ OU)
has circular symmetry about 0.

Corollary 4.6. If Cr is a compact composition operator on X, then o(Cr) \ {0}
is a finite subset of OU. So, Cr = A + N, where A is of finite rank and N is
quasinilpotent.

Theorem 4.7. If X is a Banach lattice on a finite measure space, then o,(Cr)\{0}
is either connected or is contained in OU.

5. EXAMPLES

Example 5.1. Let T : R — R be a monotonic function. Then T induces a
composition operator on the Lorentz spaces LP4(u), for 1 < p < 00, 1 < ¢ < oo if
and only if % is essentially bounded, where T” denotes the derivative of T. In this
case, we have

1
107 = Il e

Example 5.2. If T : R — R is a polynomial, then 7" # 0 at every point of R
if and only if T is monotonic and % is bounded. Therefore, if T : R — R is a
polynomial of even degree, then T does not induce a bounded composition operator

on LPI(p), for 1 < p < oo, 1< g < 0.

Example 5.3. Let 2 = R, ¥ = Borel o—algebra, ;1 = Lebesgue measure. If t € R
is fixed, define T} : Q — Q by Ty(2) = x +t, for each x € Q. Then poT, ' < u and
ICT,]l =1 on LPY(p), for 1 < p < 0o, 1 < ¢ < oo. Using [10, Proposition 3.1] with
E, = [t/2,t], we see that 0,(Cr,) ={A € C: | A |< 1}. Also, it can be easily seen
that the family {Cr, : ¢t > 0} is a strongly continuous semigroup on LP?(u); see [I3]
p. 34].

Example 5.4. Let 2 = R, ¥ = Borel o—-algebra, ;. = Lebesgue measure. If ¢ > 0
is fixed, we define T : Q2 — Q by

_Jz+t ifx>0,
( )_{ z—t ifz<0.

Then, again poT ! < pand ||Cr| =1 on LPY(p), for 1 < p < 00, 1 < g < oo and
op(Cr) ={Ae C:| XI|< 1}
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