
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 133, Number 7, Pages 2109–2118
S 0002-9939(05)07798-1
Article electronically published on February 15, 2005

COMPOSITION OPERATORS ON BANACH FUNCTION SPACES

RAJEEV KUMAR AND ROMESH KUMAR

(Communicated by Joseph A. Ball)

Abstract. We study the boundedness and the compactness of composition
operators on some Banach function spaces such as absolutely continuous Ba-
nach function spaces on a σ–finite measure space, Lorentz function spaces on
a σ–finite measure space and rearrangement invariant spaces on a resonant
measure space. In addition, we study some properties of the spectra of a
composition operator on the general Banach function spaces.

1. Introduction

Let Ω = (Ω, Σ, µ) be a σ-finite measure space. Let T : Ω �→ Ω be a non–singular
measurable transformation, that is, µ(T−1(A)) = 0 for each A ∈ Σ whenever
µ(A) = 0. Then T induces a well–defined composition transformation CT from
L(µ) into itself defined by

CT f(x) = f(T (x)), x ∈ Ω, f ∈ L(µ),

where L(µ) denotes the linear space of all equivalence classes of Σ–measurable func-
tions on Ω and we identify any two functions that are equal µ–almost everywhere on
Ω. If CT maps a Banach function space X into itself, then we call CT a composition
operator on X induced by T.

There is a vast literature on composition operators and their applications (see
[2], [5], [19] and [21]).

In particular, for composition operators on measurable function spaces and their
applications, one can refer to [4], [6], [7], [10], [11], [12], [14], [15], [16], [20], [21],
[22] and the references therein.

Let M◦ be the class of all functions in L(µ) that are finite µ–a.e. For f ∈ M◦,
we define the distribution function of |f | on 0 < λ < ∞ by

µf (λ) = µ({x ∈ Ω : |f(x) |> λ}),
and the non–increasing rearrangement of f on (0,∞) by

f∗(t) = inf {λ > 0 : µf (λ) ≤ t} = sup {λ > 0 : µf (λ) > t}.
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The Banach function space X is defined as

X = {f ∈ L(µ) : ‖f‖X < ∞},
where the norm ‖ · ‖X on X has the following properties:
for each f, g, fn ∈ L(µ), n ≥ 1, we have

(1) 0 ≤| g |≤| f | µ−a.e. ⇒ ‖g‖X ≤ ‖f‖X,
(2) 0 ≤| fn |↗| f | µ−a.e. ⇒ ‖fn‖X ↗ ‖f‖X , and
(3) E ∈ Σ with µ(E) < ∞ ⇒ ‖χE‖X < ∞ and

∫
E
| f | dµ ≤ cE‖f‖X for some

constant 0 < cE < ∞ depending on E and the norm ‖.‖X but independent
of f.

See [1] for details on Banach function spaces.
A function f in a Banach function space X is said to have absolutely continuous

norm if ‖fχEn‖X → 0 for each sequence {En}∞n=1 satisfying En → ∅µ–a.e. If each
function in X has absolutely continuous norm, then we say X is a Banach function
space with absolutely continuous norm.

A rearrangement invariant space is a Banach function space X such that when-
ever f ∈ X and g is an equimeasurable function with f, then g ∈ X and ‖g‖X =
‖f‖X. For the sake of completeness of the definition, we recall a result from [1, p.
59].

Proposition 1.1. Let (X, ‖.‖X) be a rearrangement invariant Banach function
space on a resonant measure space (Ω, Σ, µ). Then the associate space X ′ is also a
rearrangement invariant space (under the norm ‖.‖X′) and these norms are given
by

‖g‖X′ = sup {
∫ ∞

0

f∗(s)g∗(s) ds : ‖f‖X ≤ 1}, g ∈ M◦,

and
‖f‖X = sup {

∫ ∞

0

f∗(s)g∗(s) ds : ‖g‖X′ ≤ 1}, f ∈ M◦.

See [1], [8] and [12] for details on rearrangement invariant spaces. The study of
composition operators on Lorentz spaces L(pq, µ), 1 ≤ q ≤ p < ∞, or p = q = ∞,
has been initiated in [9].

The Lorentz spaces Lpq(µ) are the Banach function spaces continuously embed-
ded in M◦ under the norms

‖f‖pq =
{

[
∫ ∞
0 (t1/pf∗∗(t))qdt/t]1/q if 1 < p < ∞, 1 ≤ q < ∞,

sup0<t<∞ t1/pf∗∗(t) if 1 < p < ∞, q = ∞,

where f∗∗(t) = 1
t

∫ t

0
f∗(s) ds is the average function.

We refer to p as the principal index. The Lorentz space Lpq(µ), for 1 < p <
∞, 1 ≤ q ≤ ∞ is a rearrangement invariant Banach function space with upper and
lower Boyd indices both equal to 1/p. For 1 < p < ∞, the Lebesgue spaces Lp(µ)
are equivalent to Lpp(µ).

Definition 1.2. Let M and N be two normed linear spaces. Then a mapping
S : M �→ N is called non–expansive if ‖S(x) − S(y)‖ ≤ ‖x− y‖, for each x, y ∈ M.

Theorem 1.3 (cf. [1, p. 221]). Let (Ω, Σ, µ) be a resonant measure space. For
1 < p < ∞, 1 ≤ q < ∞ (or p = q = 1), the dual as well as the associate space
of Lpq(µ) is, up to the equivalence of norms, the Lorentz space Lp′q′

(µ), where
1/p + 1/p′ = 1/q + 1/q′ = 1.
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The main aim of this paper is to study the boundedness and the compactness
of composition operators on Lorentz spaces Lpq(µ), for 1 < p < ∞, 1 ≤ q ≤ ∞.
In section 1, we study the boundedness of the composition operators on Banach
function spaces. In section 2, we discuss the compactness of composition operators
on rearrangement invariant spaces. In section 3, we study the spectra of CT on the
general Banach function spaces on a σ-finite measure space and in section 4, we
give some examples.

2. Boundedness

Let K denote the family of all characteristic functions of the members of Σ, that
is,

K = {χA : A ∈ Σ}.
Let K = K ∩ X. The next theorem shows under what conditions a bounded linear
operator is a composition operator on a general Banach function space X .

Theorem 2.1. If A is a composition operator on a Banach function space X, then
K is invariant under A. Conversely, if (Ω, Σ, µ) is a Borel σ–finite measure space
and A is a positive bounded linear operator on an absolutely continuous Banach
function space X, then A is a composition operator on X.

Proof. The proof is along similar lines as in [21, Theorem 2.1.13, p. 23]. �
Corollary 2.2. Let A be a composition operator on a Banach function space X.
Then A(f · g) = A(f) · A(g), whenever f, g, f · g ∈ X. Conversely, if (Ω, Σ, µ)
is a σ–finite Borel measure space, A is a positive bounded linear operator on an
absolutely continuous Banach function space X and A(f ·g) = A(f)·A(g), whenever
f, g, f · g ∈ X, then A is a composition operator on X.

The following theorem gives a necessary and sufficient condition for the continu-
ity of composition operators on the Lorentz spaces Lpq(µ), for 1 < p < ∞, 1 ≤ q ≤
∞.

Theorem 2.3. Let T : Ω �→ Ω be a non–singular measurable transformation. Then
T induces a composition operator CT on Lpq(µ), 1 < p < ∞, 1 ≤ q ≤ ∞, if and
only if there exists some constant M > 0 such that

(2.1) µ ◦ T−1(A) ≤ Mµ(A), for each A ∈ Σ.

Moreover,

(2.2) ‖CT ‖ = sup
A∈Σ,0<µ(A)<∞

(
µ ◦ T−1(A)

µ(A)
)1/p.

Proof. Suppose the condition (2.1) holds. Then

µCT f (λ) = µ({x ∈ Ω : |f(T (x) ) |> λ}) = µ({T−1(y) ∈ Ω : |f(y) |> λ})
≤ Mµ({y ∈ Ω : | f(y) |> λ}) ≤ Mµf (λ).

Also, for each t ≥ 0, we have

(CT f)∗(t) = sup {λ > 0 : µCT f (λ) > t}
≤ sup {λ > 0 : Mµf (λ) > t} = f∗(t/M),

which implies that
(CT f)∗∗(t) ≤ f∗∗(t/M).
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So for q 
= ∞, we have

‖CT f‖pq = [
∫ ∞

0

( t1/p(CT f)∗∗(t) )q dt

t
]1/q

≤ [
∫ ∞

0

( t1/pf∗∗(
t

M
) )q dt

t
]1/q

= [
∫ ∞

0

(M1/pt1/pf∗∗(t) )q dt

t
]1/q = M1/p‖f‖pq.

Also for q = ∞, we have

‖CT f‖p∞ = sup
0<t<∞

t1/p(CT f)∗∗(t)

≤ sup
0<t<∞

M1/p(t/M)1/pf∗∗(t/M) = M1/p‖f‖p∞.

Thus, we conclude that CT is a bounded linear operator on Lpq(µ) and clearly
‖CT ‖ ≤ M1/p.

Conversely, suppose CT is a bounded operator. For E ∈ Σ with 0 < µ(E) < ∞,
we have χE ∈ Lpq(µ) as

‖χE‖pq =
(
p/q

)1/q(
p/(p− 1)

)1/p(
µ(E)

)1/p
< ∞.

Since CT is bounded, we have for q 
= ∞, ‖CT χE‖pq ≤ k‖χE‖pq for some k > 0,
i.e.,(

p/q
)1/q(

p/(p− 1)
)1/p(

µT−1(E)
)1/p ≤ k

(
p/q

)1/q(
p/(p− 1)

)1/p(
µ(E)

)1/p
.

Hence,
µ ◦ T−1(E) ≤ kpµ(E) for E ∈ Σ.

Also for q = ∞, we have

‖χE‖p∞ = sup
0<t<∞

t1/pχ∗∗(t) = sup
0<t<∞

t1/p = (µ(E))1/p < ∞.

So the inequality holds. Thus µ ◦ T−1(E) ≤ Mµ(E), for E ∈ Σ with M = kp > 0.
Further, we see that

‖CT ‖ = sup
A∈Σ,0<µ(A)<∞

(
µ ◦ T−1(A)

µ(A)
)1/p.

�

Theorem 2.4. Let X and X ′ be the rearrangement invariant spaces on a resonant
measure space (Ω, Σ, µ) with the fundamental functions ϕX and ϕX′ , respectively.
Let T : Ω �→ Ω be a non–singular measurable transformation. Then CT is a bounded
composition operator on X and X ′ if and only if the condition (2.1) holds.

Proof. By using Theorem 2.3, we have

(CT f)∗(t) ≤ f∗(t/M), for t ≥ 0, f ∈ M◦.

For M ≥ 1, using the fact that g∗ is a decreasing function, we see that∫ ∞

0

(CT f)∗(s) g∗(s) ds ≤
∫ ∞

0

f∗(s/M) g∗(s) ds =
∫ ∞

0

f∗(u)g∗(Mu)M du

≤ M

∫ ∞

0

f∗(u) g∗(u) du.
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Taking the supremum over all g ∈ X ′ with ‖g‖X′ ≤ 1, we get

‖CT f‖X ≤ M‖f‖X , ∀f ∈ X.

Similarly, we have∫ ∞

0

f∗(s)(CT g)∗(s) ds ≤ M

∫ ∞

0

f∗(u)g∗(u) du.

Again, taking the supremum over all f ∈ X with ‖f‖X ≤ 1, we get

‖CT g‖X′ ≤ M‖g‖X′, ∀g ∈ X ′.

Thus CT is a bounded composition operator on X and X ′.
Conversely, let E ∈ Σ with 0 < µ(E) < ∞. Then by definition χE ∈ X and

χE ∈ X ′, and so we have

‖CT χE‖X ≤ k‖χE‖X , for some k > 0,

which implies that

ϕX(µT−1(E)) ≤ kϕX(µ(E)), for some k > 0.

Similarly, we have

ϕX′(µT−1(E)) ≤ k′ϕX′(µ(E)), for some k′ > 0.

Multiplying the above two inequalities and using [1, Theorem 5.2, p. 66 ], we get

µT−1(E) ≤ kk′µ(E).

Thus µT−1(E) ≤ mµ(E), for some m = kk′ > 0. �

The largest rearrangement invariant space over a resonant measure space
(Ω, Σ, µ) with the fundamental function ϕX is also defined as

V (X) = {f ∈ M◦ : ‖f‖V (X) = ‖f‖∞ϕX(0+) +
∫ ∞

0

f∗(s)ΦX(s) ds < ∞},

where the fundamental function ϕX can be represented as the integral of a non–
negative, decreasing function, say ΦX , on (0,∞).

Theorem 2.5. For a non–singular measurable transformation T : Ω �→ Ω, we have
CT is bounded on V (X) and V (X ′) if and only if the condition (2.1) holds.

Proof. Using the fact that ΦX is decreasing and M ≥ 1, we have

‖CT f‖V (X) = ‖CT f‖∞ϕX(0+) +
∫ ∞

0

(CT f)∗(s)ΦX(s) ds

≤ ‖f‖∞ϕX(0+) +
∫ ∞

0

f∗(s/M)ΦX(s) ds

= ‖f‖∞ϕX(0+) + M

∫ ∞

0

f∗(u)ΦX(Mu) du

≤ M( ‖f‖∞ϕX(0+) +
∫ ∞

0

f∗(u)ΦX(u) du )

= M‖f‖V (X),

for each f ∈ V (X). Thus, CT is bounded on V (X) and also on V (X ′).
The converse follows along similar lines as in the converse part of Theorem

2.4. �
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The next theorem characterises those maps T for which CT is non–expansive. A
map T : X �→ X is said to be µ–expansive, if µ(E) ≤ µ(T (E)) for all E ∈ Σ.

Theorem 2.6. Let (Ω, Σ, µ) be a σ–finite standard Borel measure space. Let
T (E) ∈ Σ whenever E ∈ Σ. The following are equivalent.

(1) ‖CT ‖ ≤ 1.
(2) CT is non–expansive on Lpq(µ), 1 < p < ∞, 1 ≤ q ≤ ∞, or on rearrange-

ment invariant spaces X and X ′ on a resonant measure space.
(3) T is µ–expansive.
(4) µ(T−1(E)) ≤ µ(E), for all E ∈ Σ.

Proof. The proof follows from Theorem 2.3 and Theorem 2.4. �

3. Compactness

In this section, we give a necessary and sufficient condition for the compactness
of composition operators on Lpq(µ), 1 < p < ∞, 1 ≤ q ≤ ∞. Also, we discuss the
compactness of the composition operators on rearrangement invariant spaces X on
a non–atomic measure space.

Theorem 3.1. Let CT be a composition operator on the Lorentz spaces Lpq(µ), for
1 < p < ∞, 1 ≤ q ≤ ∞, induced by a non–singular measurable transformation T
on Ω and let {An} be all the atoms of Ω with µ(An) = an > 0, for each n. Then
CT is compact if and only if µ is purely atomic and

bn =
µT−1(An)

µ(An)
→ 0.

Proof. We have Ω = Ω1 ∪ Ω2, Ω1 ∩ Ω2 = ∅, where µ1 = µ |Ω1 is non–atomic and
µ2 = µ |Ω2 is atomic so that µ = µ1 + µ2. Since µ ◦ T−1 � µ, so by the Radon–
Nikodym theorem, there exists h ∈ L∞(Ω, Σ, µ) such that h is locally integrable on
Ω1 and

(3.1) µ ◦ T−1(E) =
∫

E

h(t) dµ, for E ∈ Σ ∩ Ω1.

Let E = {x ∈ Ω1 : h(x) > 0}. Then E ∈ Σ ∩ Ω1.
Firstly, we prove that µ(E) = 0. Suppose µ(E) 
= 0. So there is some ε > 0 such

that
Eε = {x ∈ X1 : h(x) ≥ εp} ∈ Σ ∩ Ω1 with µ(E) > 0.

Since (Ω1, Σ∩Ω1, µ1) is non–atomic, we have µ(F ) = µ1(F ) whenever F ∈ Σ∩X1.
So we can choose a contracting sequence {En} of subsets of Eε such that for some
n◦ ∈ N, we have

0 < µ(En) = µ1(En) < 1/n, for all n > n◦.

For each n ∈ N, define

fn(x) =
χEn(x)
‖χEn‖pq

, x ∈ X.

Then fn → 0 weakly, ‖fn‖pq = 1 and

(CT fn)(x) =
χT−1(En)(x)
‖χEn‖pq

, x ∈ X.
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For n > n◦, we have

‖CT fn‖pq =
‖χT−1(En)‖pq

‖χEn‖pq
=

(µT−1(En)
µ(En)

)1/p

=
(∫

En
h(t) dµ

µ(En)
)1/p ≥ ε,

which implies that CT fn 
→ 0 strongly. This contradicts the compactness of CT .
Thus µ(E) = 0. Therefore,

µ ◦ T−1(X1) = 0 =
∫

X1

h(t) dµ(t) ≥ εpµ(X1).

Hence µ is purely atomic.
Next, we claim that bn → 0. Suppose the contrary. Then there exists some ε > 0

such that bn ≥ ε, for all n ∈ N. Let Ω =
⋃∞

n=1 An, where each An is an atom. For
each n ∈ N, let

fn =
χAn

‖χT−1(An)‖pq
.

Then for each n, we have

‖fn‖pq =
‖χAn‖pq

‖χT−1(An)‖pq
= (

µ(An)
µ(T−1(An))

)1/p

= 1/b1/p
n ≤ 1/ε1/p

and ‖CT fn‖pq = 1.
Also for n 
= m, since CT fn and CT fm have disjoint supports, we have

‖CT fn − CT fm‖pq = ‖CT fn + CT fm‖pq.

Thus,

1 =
1
2
‖CT fn + CT fn‖pq

=
1
2
‖CT fn − CT fm + CT fn + CT fm‖pq

≤ 1
2
(‖CT fn − CT fm‖pq + ‖CT fn + CT fm‖pq)

= ‖CT fn − CT fm‖pq,

which contradicts the compactness of CT . Hence bn → 0.
Conversely, since (Ω, Σ, µ) is atomic with atoms An and bn → 0, note that f and∑
f(An)χAn are equal µ–a.e. For each N ∈ N, define C

(N)
T by

C
(N)
T f =

∑
n≤N

f(An)χT−1(An).

Then for each λ > 0, we have

µ
( CT −C

(N)
T )f

(λ) ≤
∑

n>N,|f(An)|>λ

µ(T−1(An) )

≤ ( sup
n>N

bn )
∑

|f(An)|>λ

µ(An) = ( sup
n>N

bn )µf (λ).
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Therefore
‖CT − C

(N)
T ‖ ≤ ( sup

n>N
bn)1/p → 0

as N → ∞. Since CT is the limit of finite rank operators C
(N)
T , it is compact. �

Theorem 3.2. Let X be a rearrangement invariant Banach function space over
a non–atomic measure space (Ω, Σ, µ) with a concave fundamental function ϕX .
Let T : Ω �→ Ω be a non–singular measurable transformation. Then there is no
non–trivail compact composition operator on X.

Proof. Suppose CT is a non–trivial compact composition operator on X. Since CT

is bounded and T is non–singular, there exists some h ∈ L∞(Ω, Σ, µ) such that h
is locally integrable on Ω and

µ ◦ T−1(E) =
∫

E

h(t) dµ, for each E ∈ Σ.

Let E = {x ∈ Ω : h(x) ≥ 0}. Then µ(E) = 0. If not, then there is some ε > 0 such
that

Eε = {x ∈ Ω : h(x) > ε} ∈ Σ with µ(Eε) > 0.

Without loss of generality, we assume that ε ∈ (0, 1). Since (Ω, Σ, µ) is non–
atomic, we can extract a contracting sequence {En} of subsets of Eε such that
0 < µ(En) < 1/n, for each n > n◦, for some n◦ ∈ N. For each n ≥ 1, set

fn(x) =
χEn(x)
‖χEn‖X

, x ∈ X.

Then fn → 0 weakly, ‖fn‖X = 1 and

(CT fn)(x) =
χT−1(En)(x)
‖χEn‖X

.

For n > n◦, using the concavity of ϕX we see that

‖CT fn‖X =
‖χT−1(En)‖X

‖χEn‖X
=

ϕX(µ(T−1(En)))
ϕX(µ(En))

=
ϕX(

∫
En

h(t) dµ)

ϕX(µ(En))
≥ ϕX(εµ(Em))

ϕX(µ(Em))
≥ ε.

This implies that CT fn 
→ 0 strongly, which contradicts the compactness of
CT . �

4. Spectrum

In this section, we examine the spectrum σ(CT ), the approximate spectrum
σap(CT ), the point spectrum σp(CT ) and the compression spectrum σc(CT ) of a
bounded composition operator CT on a general Banach function space X induced
by a non–singular measurable transformation T : Ω �→ Ω. Let U denote the open
unit disc and ∂U be the unit circle in the complex plane C. These results generalise
the results of Ridge [17]. Using the fact that the norm ‖.‖X is increasing on X, the
following results generalise the results of [17] without any extra effort.

Theorem 4.1. σap(CT ) ∩ ∂U is a union of subgroups of ∂U.

Corollary 4.2. σp(CT ) ∩ ∂U is a union of subgroups of ∂U.
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Theorem 4.3. σap(CT ) \ ∂U has circular symmetry about 0.

Corollary 4.4. σp(CT ) \ ∂U has circular symmetry about 0.

Corollary 4.5. The residual spectrum σc(CT ) \ σap(CT ) \ ∂U (and σ(CT ) \ ∂U)
has circular symmetry about 0.

Corollary 4.6. If CT is a compact composition operator on X, then σ(CT ) \ {0}
is a finite subset of ∂U. So, CT = A + N, where A is of finite rank and N is
quasinilpotent.

Theorem 4.7. If X is a Banach lattice on a finite measure space, then σp(CT )\{0}
is either connected or is contained in ∂U.

5. Examples

Example 5.1. Let T : R �→ R be a monotonic function. Then T induces a
composition operator on the Lorentz spaces Lpq(µ), for 1 < p < ∞, 1 ≤ q ≤ ∞ if
and only if 1

T ′ is essentially bounded, where T ′ denotes the derivative of T. In this
case, we have

‖CT ‖ = ‖ 1
T ′ ‖∞.

Example 5.2. If T : R �→ R is a polynomial, then T ′ 
= 0 at every point of R
if and only if T is monotonic and 1

T ′ is bounded. Therefore, if T : R �→ R is a
polynomial of even degree, then T does not induce a bounded composition operator
on Lpq(µ), for 1 < p < ∞, 1 ≤ q < ∞.

Example 5.3. Let Ω = R, Σ = Borel σ–algebra, µ = Lebesgue measure. If t ∈ R
is fixed, define Tt : Ω �→ Ω by Tt(x) = x + t, for each x ∈ Ω. Then µ ◦ T−1

t � µ and
‖CTt‖ = 1 on Lpq(µ), for 1 < p < ∞, 1 ≤ q < ∞. Using [10, Proposition 3.1] with
E◦ = [t/2, t], we see that σp(CTt) = {λ ∈ C : | λ |< 1}. Also, it can be easily seen
that the family {CTt : t ≥ 0} is a strongly continuous semigroup on Lpq(µ); see [13,
p. 34 ].

Example 5.4. Let Ω = R, Σ = Borel σ–algebra, µ = Lebesgue measure. If t > 0
is fixed, we define T : Ω �→ Ω by

T (x) =
{

x + t if x > 0,
x − t if x ≤ 0.

Then, again µ ◦ T−1 � µ and ‖CT ‖ = 1 on Lpq(µ), for 1 < p < ∞, 1 ≤ q < ∞ and
σp(CT ) = {λ ∈ C :| λ |< 1}.

Acknowledgements

The authors are grateful to the referee for the valuable suggestions and com-
ments.

References

1. C. Bennett and R. Sharpley, Interpolation of operators, Pure and Applied Mathematics 129,
Academic Press, London 1988. MR0928802 (89e:46001)

2. P. S. Bourdon and J. H. Shapiro, Cyclic phenomenon for composition operators, Memoirs of

the AMS, 1996.
3. P. L. Butzer and H. Berens, Semigroups of operators and approximation, Die Grundlehren

der mathematischen Wissenschaften in Einzeldarstellungen Band 145, Springer–Verlag, New
York 1967. MR0230022 (37:5588)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=0928802
http://www.ams.org/mathscinet-getitem?mr=0928802
http://www.ams.org/mathscinet-getitem?mr=0230022
http://www.ams.org/mathscinet-getitem?mr=0230022


2118 RAJEEV KUMAR AND ROMESH KUMAR

4. J. T. Campbell and J. E. Jamison, The analysis of composition operators on Lp and the Hopf
decomposition, J. Math. Anal. Appl. 159, (1991), 520–531. MR1120950 (92h:47036)

5. C. C. Cowen and B. D. MacCluer, Composition operators on the spaces of analytic functions,
CRC Press, Boca Raton, 1995. MR1397026 (97i:47056)

6. Y. Cui, H. Hudzik, R. Kumar and L. Maligranda, Composition operators in Orlicz spaces, J.
Austral. Math. Soc. 76 (2004), no. 2, 189–206. MR2041244 (2004m:47046)

7. U. Krengel, Ergodic theorems, Walter de Gruyter, Berlin, 1985. MR0797411 (87i:28001)
8. S. G. Krein, Ju. I. Petunin and E. M. Semenov, Interpolation of linear operators, AMS

Translation of Math. Monographs 54, Providence, RI 1982.
9. Rajeev Kumar and Romesh Kumar, Composition operators in Lorentz spaces, (Preprint)

10. R. Kumar, Composition operators on Orlicz spaces, Integral Equations and Operator Theory
29 (1997), 17–22. MR1466857 (98k:47056)

11. A. Lambert, Hyponormal composition operators, London Math. Soc. 18, (1986), 395–400.
MR0838810 (87h:47059)

12. J. Lindenstrauss and L. Tzafriri, Classical Banach spaces II, Function Spaces, Springer Verlag,
Berlin–New York 1979. MR0540367 (81c:46001)

13. R. Nagel and K. J. Engel, One parameter semigroups for linear evolution equations, Graduate
Texts in Math., Springer–Verlag, New York 2000. MR1721989 (2000i:47075)

14. S. Petrovic, A note on composition operators, Mat. Vestnik 40 (1988), 147–151. MR0979931

(90c:47056)
15. M. M. Rao, Applications of Orlicz spaces, Marcel Dekker, New York 2002.
16. W. C. Ridge, Characterisation of abstract composition operators, Proc. Amer. Math. Soc. 45

(1974), 393–396. MR0346585 (49:11310)
17. W. C. Ridge, Spectrum of composition operators, Proc. Amer. Math. Soc. 37 (1973), 121–127.

MR0306457 (46:5583)
18. W. Rudin, Real and complex analysis, 3rd edition, New York 1987.
19. J. H. Shapiro, Composition operators and classical function theory, Springer–Verlag, New

York 1993. MR1237406 (94k:47049)
20. R. K. Singh and A. Kumar, Compact composition operators, J. Austral. Math. Soc. 28 (1979),

309–314. MR0557280 (81g:47033)
21. R. K. Singh and J. S. Manhas, Composition operators on function spaces, North Holland

Math. Studies 179, Amsterdam 1993. MR1246562 (95d:47036)
22. H. Takagi and K. Yokouchi, Multiplication and composition operators between two Lp-spaces,

in: Function Spaces (Edwardsville, IL 1998), Contemp. Math. 232, Amer. Math. Soc., Prov-
idence, RI 1999, 321–338. MR1678344 (2000g:47037)

23. X. M. Xu, Compact composition operators on Lp(X, Σ, µ), Adv. in Math. (China) 20 (1991),
221–225 (Chinese). MR1121561 (92e:47057)

Department of Mathematics, University of Jammu, Jammu-180 006, India
E-mail address: raj1k2@yahoo.co.in

Department of Mathematics, University of Jammu, Jammu-180 006, India
E-mail address: romesh jammu@yahoo.com

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=1120950
http://www.ams.org/mathscinet-getitem?mr=1120950
http://www.ams.org/mathscinet-getitem?mr=1397026
http://www.ams.org/mathscinet-getitem?mr=1397026
http://www.ams.org/mathscinet-getitem?mr=2041244
http://www.ams.org/mathscinet-getitem?mr=2041244
http://www.ams.org/mathscinet-getitem?mr=0797411
http://www.ams.org/mathscinet-getitem?mr=0797411
http://www.ams.org/mathscinet-getitem?mr=1466857
http://www.ams.org/mathscinet-getitem?mr=1466857
http://www.ams.org/mathscinet-getitem?mr=0838810
http://www.ams.org/mathscinet-getitem?mr=0838810
http://www.ams.org/mathscinet-getitem?mr=0540367
http://www.ams.org/mathscinet-getitem?mr=0540367
http://www.ams.org/mathscinet-getitem?mr=1721989
http://www.ams.org/mathscinet-getitem?mr=1721989
http://www.ams.org/mathscinet-getitem?mr=0979931
http://www.ams.org/mathscinet-getitem?mr=0979931
http://www.ams.org/mathscinet-getitem?mr=0346585
http://www.ams.org/mathscinet-getitem?mr=0346585
http://www.ams.org/mathscinet-getitem?mr=0306457
http://www.ams.org/mathscinet-getitem?mr=0306457
http://www.ams.org/mathscinet-getitem?mr=1237406
http://www.ams.org/mathscinet-getitem?mr=1237406
http://www.ams.org/mathscinet-getitem?mr=0557280
http://www.ams.org/mathscinet-getitem?mr=0557280
http://www.ams.org/mathscinet-getitem?mr=1246562
http://www.ams.org/mathscinet-getitem?mr=1246562
http://www.ams.org/mathscinet-getitem?mr=1678344
http://www.ams.org/mathscinet-getitem?mr=1678344
http://www.ams.org/mathscinet-getitem?mr=1121561
http://www.ams.org/mathscinet-getitem?mr=1121561

	1. Introduction
	2. Boundedness
	3. Compactness
	4. Spectrum
	5. Examples
	Acknowledgements
	References

