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EXISTENCE AND MAPPING PROPERTIES
OF THE WAVE OPERATOR FOR THE SCHRODINGER
EQUATION WITH SINGULAR POTENTIAL

VLADIMIR GEORGIEV AND ANGEL IVANOV

(Communicated by Christopher D. Sogge)

ABSTRACT. We consider the Schrédinger equation in three-dimensional space
with small potential in the Lorentz space L3/2:°° and we prove Strichartz-type
estimates for the solution to this equation. Moreover, using Cook’s method,
we prove the existence of the wave operator. In the last section we prove the
equivalence between the homogeneous Sobolev spaces H* and H v/ in the case
0<s<3.

1. DEFINITIONS AND MAIN RESULTS

Consider the following Schriédinger equation with potential perturbation:

(1.1) 0w — Au+Vu=0, Az(‘)ﬁl —|—8§2 —|—8§3,

(1.2) u(0,z) = uo(z), v € R3.

Here V = V(z) is a real-valued potential that satisfies the assumption
(13) IVI, 3.0 < o,

where L9 are standard Lorentz spaces and L) is the weak L? space (see [I]
for details). For dp > 0 sufficiently small one can define the bilinear form

(1.4) Q(u,v) = (Vu, V) 12(gs) —l—/ V(z)u(z)v(z)dx

RS
on H'(R?) (see section 3). The Friedrichs extension of the quadratic form (see [T5],
[T1] and [3]), implies that —A + V has dense domain D = H?(R3) such that, if
f €D, then (~A+V)f € L?and Vf € L? Moreover, —/A +V with dense domain
D is a self-adjoint operator. The existence and mapping properties of the wave
operators

(1.5) Qi = s- lim e!HemitHo
t— oo ’
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1994 VLADIMIR GEORGIEV AND ANGEL IVANOV

where Hy = —A, H = —A + V, are studied in [7]. The crucial assumption in [7],
[8], [14] is that V belongs to the Kato class (see for details (A.2) in [I4] and the
introduction in [7]). It is easy to see that a potential of type
(1.6) W)‘Wﬁ%

: x) = FER

where W € L°°(S?), does not belong to Kato’s class (for example, we can take
W ( |f:—|) =1).

Our main goal will be to prove the existence and mapping properties of the wave
operator 4 for the larger class of potentials V', satisfying only (I.3)). This problem
is closely connected with another classical problem, namely the Strichartz-type

estimates for the corresponding inhomogeneous Cauchy problem
(1.7) 0w — Au=F, u(0)=f.

We shall call the pair (%, %) sharp admissible (see [9] for this notion and the prop-
erties of sharp admissible pairs) if it satisfies the condition:

3 1 3
1.8 - =—-+4+—, 2<p< .
(1.8) 1=, tgp 2P
Our main result is given in the next theorem.

Theorem 1.1. If (p,q) and (p,q) satisfy (LI), then the solution to the Cauchy
problem

(1.9) i0u — Au+Vu=F,(t,x) € Ry x R2,  u(0,7) = f(),

satisfies the estimate:

(L10) Nl pyzem) + el < € (IF g pgon + 15152 -

Similar Strichartz type estimates have been discussed in [6] for the case of a
potential decaying rapidly at infinity. In [12] the case of potentials in the Kato
class is discussed. Since the Kato class is smaller than the Lorentz space L3/ it
is clear that the above result enables one to treat all small L3/2:° potentials outside
the Kato class, in particular potentials of type (LG). The case of the inverse square
potential is considered in [2], where similar Strichartz type estimates are established
under natural assumptions on the negative part of the potential.

The main idea is to check (LIQ) for the endpoints (p,q) = (2,6) and (p,q) =
(2,00) of the interval AE, where E = (3,2), 4 = (0,3) . Let us set LfL; ") =
Lp (Rt; Lg”)). Then we have to verify the inequality
(111) lulzzre < CUFI L, g
where u is a solution of the Schrodinger equation with zero initial data. A stronger
version of ([LIII), namely

(1.12) [ull 2o S CIFN g2 s

is valid for the case V' = 0 (see [9]). We can obtain the same estimate using the
Holder inequality in Lorentz spaces (see Lemma 4.2 in [I3]) and the assumption
(C3).
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EXISTENCE AND MAPPING PROPERTIES OF THE WAVE OPERATOR 1995

Our first goal as an application of the previous result is to obtain an existence
of the weak limit in L?:

(1.13) Qp = w- lim e e~iHo,
t— oo

Theorem 1.2. If the potential V € L) satisfies the assumption ([L3) with
8o > 0 sufficiently small, then for every f € L? there exists the weak limit

(1.14) im U@Uo(—1)f

in L? and the limit is unique.

The following a priori estimate,

T
(1.15) / . U@V Us(=r)g) 2 dr < Ol lgll 2

is the main step in the proof of Theorem Our proof of ([IR) is based on the
application of the Strichartz estimate of Theorem [LJl The existence of the strong
limit
(1.16) Qp =s- lim et emitHo

t—+oo

is obtained under a stronger assumption on V', namely

1 2-a
1.17 Ve <oo, —= ;
(1.17) NVl <00, == =3
where £ < a < 2. It is obvious that if the potential V has the form (LT), then

(CID) is satisfied.

Theorem 1.3. If the assumptions (IL3)) (LI7) are satisfied, then for every f € L?
there exists the strong limit

(1.18) lim U(t)Uo(—t)f.

t—+oo

The argument of the proof of this result is similar to the proof of Theorem
Finally, we are looking for a maximal interval s € [0, sg) such that

(1.19) QL : H® — H°.

The key point is to verify the equivalence H‘S, = H* for s € [0, 50), where H‘S, is
the closure of D ((—A + V)?) with respect to the norm ||(—A + V)%fHLZ' From

Theorem [ it follows that Qy : L? — L2 If we prove that H{ = H?, then
immediately we may deduce ([LI9). We have the following.

Theorem 1.4. If V satisfies (IL3) and &y is small enough, then Hy = H® for
0<s<3i.

2. FRIEDRICHS EXTENSION OF Ay = A -V

Let us consider the quadratic form
(21) B = (V¥ P + | V@IS da.

In this case we can use the KLMN theorem (see theorem 10.17 in [I1] vol.2). Due
to this theorem it is sufficient to verify the estimate

@2 [ VOU@P <o [ 9/ b,
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1996 VLADIMIR GEORGIEV AND ANGEL IVANOV

with @ < 1 and f € H!. Indeed, the assumption (I3]) and the Holder inequality in
Lorentz spaces (see Theorem 3.4 in [10]) imply that

@3 |vivid|,, <c|VIVT] . 17les < Collfllen

Using the Sobolev embedding (see [1]) H'(R?)  L(®2(R?), we get || fl| 2 <
Collfll s s0

e [velrePe= ViV, < cc Vi@l

If §p is such that 200Cy < 1, ie. dp < 1/(CC1) = 1/(2C1), where C = 2 is the
constant from the Holder inequality (see [10], Theorem 3.4) and C} is the constant
from the Sobolev embedding, then we can conclude due to the KLMN theorem that
there exists a self-adjoint operator —A + V| such that

(2.5) (A +V) £, o = [V F@)]2 + / V(@) f (@) de.

(Note that we can take b = 0 in (22) and ((=A+V)f, f) > 0 for sufficiently small
50.)

,(3,50)

3. STRICHARTZ ESTIMATE FOR THE SCHRODINGER EQUATION

Using the Friedrichs extension of Ay = A — V we can represent the solution to
(LI as
(3.1) u(t) = U(t)ug, U(t) =e 4V,

Since Ay is self-adjoint, U(t) is a unitary group in L? and we have the classical
conservation of the charge,

(32) U (#)uoll 2> = lluoll 2 -

Our next step is to establish the endpoint estimate for (I); namely, we shall show
that

(33) ull 2 s < C||F||L?ng -

Indeed, we can rewrite the equation in (C9) as follows:

(3.4) 0 — Au = I,

(3.5) u(0,2) =0,
where F; = F' — Vu. Applying the Strichartz estimate for (3:4) and (B35) we have
that the inequality

(3.6) lull 200 < Co ||F1||L%L§:g,2>

is satisfied (see [9]). Since

(37) 1Bl g < NIy g + 1V, g

FLa5
we are in a position to apply the Holder estimate:

(3-8) Vg <20Vl

< Lo [ll o2 < 200 flull o2 -
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EXISTENCE AND MAPPING PROPERTIES OF THE WAVE OPERATOR 1997

If 0¢ is such that 25oCy < 1 (Cs is the constant in (B6)), then from (B8, (B71)
and (B8) we see that

Cy
<~ _F .
||u||L%Lg = 1= 25,0y I ”L%L§

Using the theorem of Calderdn (see for instance Lemma 2.5 in [10]),

(3.9)

di\ T

(3.10) o < ()™ Tl
ford>d;, 1<p<oo,weget

1\ 3
(3.11) lll e = lull g0 < <§> lull oo
and
(3.12) 1l =IFl L, @0 2 IFI L oo
so we arrive at

1

(3.13) lullgae <2 (3) 11,4
In order to obtain the estimate
(3.14) lall oo < Pl e

we will decompose the function u into two parts, i.e. u = w1 + ug, where the
functions u; and us are solutions to the following equations:

(3.15) 10puy — Auy = F,
(3.16) u1(0) = 0;

and respectively

(3.17) 10ug — Aug = —Vu,
(3.18) u2(0) = 0.

<

Using the estimates [[u1|2p02 < C[[Fll 1. and [Juzp2p02 < C||Vu||L%L )

6
5
x

Cdo [lull 13762, we may conclude that the following estimate for u is true:

(3.19) lullzre < C (1PNl gz + o llull 2pe2)

Hence, for sufficiently small o, we have [lul| 2762 < C||F|[;1,2. The obvious
estimate [[ul[;276 < C'llullz702 gives the desired result.
Further, we have the following energy estimate for (T9)):
(3.20) [ull oz < CIFlpypz -
Turning to the estimate

(3.21) s <CIFI, g

5
x

we put Vu on the right-hand side of the equation and use the free Strichartz estimate

[ullpoorz SNE =Vl oo STFN L e +1Vull,pe SIFI,., ¢ + lullpops. Now
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1998 VLADIMIR GEORGIEV AND ANGEL IVANOV

from the inequality (BI3) we obtain (B21I)). Interpolating between the estimate
(BZI) and the estimate (B20), we get

(3.22) ||U||L;>OL3 <C ”F”Lf/ LZ/ )

for any admissible pair (p,q) . On the other hand, interpolation between the esti-

mates (BI3) and BI) gives us

(3.23) lull Lo e < C”F”Lg’Lg’ '

Thus we can conclude that

(3.24) ||U||Lng <C ”F”Lf/LZ/ :

Using the TT* argument due to [4], we get also the estimate
(3.25) lullprrg < Clluollze
for the solution of (LJ). Thus Theorem [[Tlis proved.

Corollary 3.1. Under the assumptions of Theorem 1.1 we have

Hell o 021,202 + ellogoriine)

(3.26) < CIFN Ly o gy sty + €1z

4. EXISTENCE OF THE WAVE OPERATOR

Let U(t) = eV and Uy(t) = e~ be the perturbed and free propagators
respectively.

Proof of Theorem [[2A. The proof is based on Cook’s method (see [LI], vol.3), i.e.
we shall use the relation

(4.1) Ut)Uo(—t) = U(s)Up(—s) = i/t U(r)VUy(—7)dr.

To show the existence of the limit (I.I4)), it is sufficient to show that for any couple
f,g € L? we have the estimate

(4.2) / . U@V Us(=r)g) 12 dr < O]l llgll 2

with constant C' independent of T, f, g. Indeed, the property (£2)) implies that for
every sequence t, | oo the elements 1, = U(t,)Uo(—t,)f € L? have a weak limit
1, € L2 The inequality (2] enables us to show the existence of the weak limit
(E&1). Indeed, for some other sequence ¢, T oo we have ¢, = U(t, )Uo(—t',) f € L?
and 1, has a weak limit ¢,, € L2 Then (¢, %) — |[v]® and (¥s,1),) —
(4, 1h4x). On the other hand, @2), (@) show that (¢, ¥n) — (¢, ¥, is small as

n — 00, SO

(4.3) [l = (e, o) 2
and in a similar way we get
(4.4) [snl® = Wy ) 2.
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EXISTENCE AND MAPPING PROPERTIES OF THE WAVE OPERATOR 1999

Combining (A3) and (H4), one obtains ¢, = 1., and it remains to show (Z2). To
verify (@2)), we rewrite the integral on the left-hand side of ([@2]) as

IV 11, sign V) VIO (7)) 2 e
(45) <[ HWU<—T>fHL2Hmw)(—ﬂgHLz dr.

so the Cauchy inequality in 7 implies that we have to show

(16) [ Voo, ar <oz,

(17) [ V7o, o < ol

It is sufficient to show only one of them, for example the first one. To this end, we
note that /|V|] € L(3:>) 50 applying the Holder inequality for Lorentz spaces, we

get
s |VViveEns| , <e|VIVE] o IR e
SO . .
[ [Viiwens], ar
0
(4~9) < C/OT ||U(_T)f||2L(6,2) dr=C ”U(_T)f||2L2([0,T];L(6,2)) .

Applying the Strichartz estimate (LI0), we get ”U(_T)f”iz([O,T];L(GW) < [ fll .2
This proves ([&6) and completes the proof of the theorem. ([l

Proof of Theorem [[33. Since U(t) and Uy(t) are unitary operators in L? | it is suf-
ficient to show the existence of a strong limit in (ILIR) for f € D, where D C L? is
a dense domain. For example, we could take

(4.10) D ={feL?:suppf C {|z| < R}}.
We shall show in this case that there exists C' = C(R) so that

T
(4.11) / |0V Uo(=7)fll 2 dr < C |1 £l,2

It is clear that this estimate implies (I.I8). Since U(7) is a unitary operator in L2,

(E1T) follows from
T
(4.12) | W= ls ar < €l

To this end we apply the Holder inequality, combined with (I.I7) and get
(413)  [VUo(=7)fll e < M2Vl piaoor 1217 Uo(=7)f || o2y »

where

1 2-a 1
(4.14) - -
q
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2000 VLADIMIR GEORGIEV AND ANGEL IVANOV

For a € (0,2) it is clear that —% + ¢ € (0,1) is equivalent to a > % . Now one can
show that the limit in (@1]) is strong using the Kato - Jensen inequality (see [5])

_ C
(4.15) l1e1=200() 1 2 < 5 ]
Interpolation between this inequality and the classical dispersive estimate for Up(7),
C
(4'16) HUO(T)fHL(POvQ) < 3_3 ”.f” (ph.2) ,2 < po < 00,
T2 PO Lo
gives us
Ca c a
(4'17) |||£E| UO(T)fHL(p,z) < Ta+%7% |||{E| f”L(p/,z) ;
2<p<oo , 0<a<2.

Now applying [{I7), we get

T t
1
(4.18) / IV ITo(=) ] dr < / L aelesl,, ar

3.3
o2y

Since suppf C {|z| < R} and p' < 2, we get [z f]l .- < C(R) || fll,> and we need

only the condition a+ 3 — % > 1 for some a, p satisfying (I4). The last inequality

is equivalent to a + % — % —a>1 < 2> 1. Since this inequality is obvious,

the condition is satisfied for 2 > a > 1. Hence ([@I8) shows that ([I2) is fulfilled.
This completes the proof. O
5. EQUIVALENCE OF H{, AND H® FOR n =3
To show that H‘S, = H* for s < % we will prove the following.
Lemma 5.1. I}, = H'.

Proof. Tt is sufficient to apply the argument of section 2. O

Corollary 5.1. (=A+ V)2 H' - L2 and (A + V) H* — L% for0< s <
1.

Further we need the following.
Lemma 5.2. |||V|s/2f||L2 <C|fllge foro<s< 3.

Proof. Applying the Holder inequality for Lorentz spaces and using the fact that

5/2 s/2
V172 200 < CIVIEG o, < Co'?, we got
(5.1) Ivirzs| <o ivier?|| e £l e
1 s 1
2 —=-+- = 2 .
(5.2) =5ty a=6€(2)
Now we can apply the Sobolev embedding (see [1]) H* C L(%?) for F=%+ %, and
we et [[|V]/2 ]| . < O8*Cr [ 5. 0
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EXISTENCE AND MAPPING PROPERTIES OF THE WAVE OPERATOR 2001
Proof of Theorem [[L4. Take 1 < s < % We shall use the identity
2|7 1
|[Ca+v 2| | = (a+VyIT o+ V),

= ((_A + V)Silfa (_A)f)L2 + ((_A + V)871f7 Vf)L2
= (2= (=n+ V)i f (- 0)2))

L2
(5.3) + (VI 2=+ V) s VIVEEF)
Let we set
= ((=0) " Pa+ V)P )
I = (V=20 + VY fsen VIVIS)

Now we can apply the second conclusion of Corollary B.1] and, using the fact that
$<2-s<1, we get ||(—A)(2_S)/Qg||L2 <Cl(-a+ V)(Q_S)/QgHLQ. Now taking
g=(—A+V)*"1f we get

G4)  |aE oy <cfEasvrey)
Hence
(5.5) 1 < 0l 11

Now we are ready to estimate the term Is. We have

(5.6) L] < |vie2ea vy o

Since 2 — s € (0, %), we can apply Lemma [5.2] and get

61 |veras vy <o ea vy

and H|V|s/2fHL2 < C||f|lgs- We estimate the right-hand side of (5.7)) using (5.4)
and find

68) | ar vy <ollcasvrry

From (54), (57) and (G.8) we obtain

(5.9) [Lo| < C [ fllgrg 1111z -
This estimate, (5.4) and (53] lead to
(5.10) 11 < ClF Mg 11 g -
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2002 VLADIMIR GEORGIEV AND ANGEL IVANOV

Hence
(5.11) Il < CNF e

for 0 < s < 2. To show the opposite inequality, we modify (53)) as follows:

lares|, = (arr o,
= ((_A)S_lfv (_A + V)f) L2 ((_A)S_lfv Vf) L2
= ((Ca+V) 2y (A + V) |

(5.12) — (VIR =y s VIV

Let we set
Iy = (A + V)20 (A + V)P

L= (VI"=2(=0) f. s VIVIL2F)

Since 2—s € (0,1) we can use Lemma B and find [|(—A + V)@=9)/2(=A)~ 7|,
< O (=AY ] yar 50 s < Cllfllg
and find || < 053/22” flI%.. So for 6, > 0 small enough we get ||f]|%. <
C N\ fllgs If e + Coo || £l 7y and || fll g < C ||f||HV Thus we complete the proof
of Theorem O

| fll g=- For the term I, we apply Lemma
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