
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 133, Number 7, Pages 1993–2003
S 0002-9939(05)07854-8
Article electronically published on February 15, 2005

EXISTENCE AND MAPPING PROPERTIES
OF THE WAVE OPERATOR FOR THE SCHRÖDINGER

EQUATION WITH SINGULAR POTENTIAL

VLADIMIR GEORGIEV AND ANGEL IVANOV

(Communicated by Christopher D. Sogge)

Abstract. We consider the Schrödinger equation in three-dimensional space
with small potential in the Lorentz space L3/2,∞ and we prove Strichartz-type
estimates for the solution to this equation. Moreover, using Cook’s method,
we prove the existence of the wave operator. In the last section we prove the
equivalence between the homogeneous Sobolev spaces Ḣs and Ḣs

V in the case

0 ≤ s < 3
2
.

1. Definitions and main results

Consider the following Schrödinger equation with potential perturbation:

i∂tu− ∆u+ V u = 0, ∆ = ∂2
x1

+ ∂2
x2

+ ∂2
x3
,(1.1)

u(0, x) = u0(x), x ∈ R
3.(1.2)

Here V = V (x) is a real-valued potential that satisfies the assumption

‖V ‖
L( 3

2 ,∞) ≤ δ0,(1.3)

where L(p,q) are standard Lorentz spaces and L(p,∞) is the weak Lp space (see [1]
for details). For δ0 > 0 sufficiently small one can define the bilinear form

Q(u, v) = (∇u,∇v)L2(R3) +
∫

R3
V (x)u(x)v(x) dx(1.4)

on Ḣ1(R3) (see section 3). The Friedrichs extension of the quadratic form (see [15],
[11] and [3]), implies that −� + V has dense domain D = H2(R3) such that, if
f ∈ D, then (−�+V )f ∈ L2 and V f ∈ L2. Moreover, −�+V with dense domain
D is a self-adjoint operator. The existence and mapping properties of the wave
operators

Ω± = s- lim
t→±∞ eitHe−itH0 ,(1.5)
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1994 VLADIMIR GEORGIEV AND ANGEL IVANOV

where H0 = −�, H = −� + V , are studied in [7]. The crucial assumption in [7],
[8], [14] is that V belongs to the Kato class (see for details (A.2) in [14] and the
introduction in [7]). It is easy to see that a potential of type

V (x) =
W ( x

|x|)

|x|2 ,(1.6)

where W ∈ L∞(S2), does not belong to Kato’s class (for example, we can take
W ( x

|x|) = 1).
Our main goal will be to prove the existence and mapping properties of the wave

operator Ω± for the larger class of potentials V , satisfying only (1.3). This problem
is closely connected with another classical problem, namely the Strichartz-type
estimates for the corresponding inhomogeneous Cauchy problem

i∂tu− ∆u = F, u(0) = f.(1.7)

We shall call the pair ( 1
p ,

1
q ) sharp admissible (see [9] for this notion and the prop-

erties of sharp admissible pairs) if it satisfies the condition:

3
4

=
1
p

+
3
2q
, 2 ≤ p ≤ ∞.(1.8)

Our main result is given in the next theorem.

Theorem 1.1. If (p, q) and (p̃, q̃) satisfy (1.8), then the solution to the Cauchy
problem

i∂tu−�u+ V u = F, (t, x) ∈ Rt × R
3
x, u(0, x) = f(x),(1.9)

satisfies the estimate:

(1.10) ‖u‖
Lp(Rt;L

(q,2)
x )

+ ‖u‖C(Rt;L2) ≤ C
(
‖F‖

Lp̃′(Rt;L
(q̃′,2)
x )

+ ‖f‖L2

)
.

Similar Strichartz type estimates have been discussed in [6] for the case of a
potential decaying rapidly at infinity. In [12] the case of potentials in the Kato
class is discussed. Since the Kato class is smaller than the Lorentz space L3/2,∞, it
is clear that the above result enables one to treat all small L3/2,∞ potentials outside
the Kato class, in particular potentials of type (1.6). The case of the inverse square
potential is considered in [2], where similar Strichartz type estimates are established
under natural assumptions on the negative part of the potential.

The main idea is to check (1.10) for the endpoints (p, q) = (2, 6) and (p, q) =
(2,∞) of the interval AE, where E = (1

2 ,
1
6 ), A = (0, 1

2 ) . Let us set Lp
tL

(q,r)
x =

Lp
(

Rt;L
(q,r)
x

)
. Then we have to verify the inequality

‖u‖L2
tL6

x
≤ C ‖F‖

L2
t L

6
5
x

,(1.11)

where u is a solution of the Schrödinger equation with zero initial data. A stronger
version of (1.11), namely

‖u‖L2L(6,2) ≤ C ‖F‖
L2L( 6

5 ,2) ,(1.12)

is valid for the case V = 0 (see [9]). We can obtain the same estimate using the
Hölder inequality in Lorentz spaces (see Lemma 4.2 in [13]) and the assumption
(1.3).
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EXISTENCE AND MAPPING PROPERTIES OF THE WAVE OPERATOR 1995

Our first goal as an application of the previous result is to obtain an existence
of the weak limit in L2:

Ω± = w- lim
t→±∞ eitHe−itH0 .(1.13)

Theorem 1.2. If the potential V ∈ L( 3
2 ,∞) satisfies the assumption (1.3) with

δ0 > 0 sufficiently small, then for every f ∈ L2 there exists the weak limit

lim
t→±∞U(t)U0(−t)f(1.14)

in L2 and the limit is unique.

The following a priori estimate,∫ T

0

〈f, U(τ)V U0(−τ)g〉L2 dτ ≤ C ‖f‖L2 ‖g‖L2 ,(1.15)

is the main step in the proof of Theorem 1.2. Our proof of (1.15) is based on the
application of the Strichartz estimate of Theorem 1.1. The existence of the strong
limit

Ω± = s- lim
t→±∞ eitHe−itH0(1.16)

is obtained under a stronger assumption on V , namely

‖|x|aV ‖L(q,∞) <∞,
1
q

=
2 − a

3
,(1.17)

where 1
2 < a < 2. It is obvious that if the potential V has the form (1.6), then

(1.17) is satisfied.

Theorem 1.3. If the assumptions (1.3) (1.17) are satisfied, then for every f ∈ L2

there exists the strong limit

lim
t→±∞U(t)U0(−t)f.(1.18)

The argument of the proof of this result is similar to the proof of Theorem 1.2.
Finally, we are looking for a maximal interval s ∈ [0, s0) such that

Ω± : Hs → Hs.(1.19)

The key point is to verify the equivalence Ḣs
V = Ḣs for s ∈ [0, s0), where Ḣs

V is
the closure of D

(
(−∆ + V )

s
2
)

with respect to the norm
∥∥(−∆ + V )

s
2 f

∥∥
L2 . From

Theorem 1.3 it follows that Ω± : L2 → L2. If we prove that Ḣs
V = Ḣs, then

immediately we may deduce (1.19). We have the following.

Theorem 1.4. If V satisfies (1.3) and δ0 is small enough, then Ḣs
V = Ḣs for

0 ≤ s < 3
2 .

2. Friedrichs extension of �V = �− V

Let us consider the quadratic form

B(f, f) = (∇f,∇f)L2(R3) +
∫

R3
V (x)|f(x)|2 dx.(2.1)

In this case we can use the KLMN theorem (see theorem 10.17 in [11] vol.2). Due
to this theorem it is sufficient to verify the estimate∫

R3
V (x)|f(x)|2 dx ≤ a

∫
R3

|∇f(x)|2 dx + b ‖f‖2
L2(R3)(2.2)
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1996 VLADIMIR GEORGIEV AND ANGEL IVANOV

with a < 1 and f ∈ H1. Indeed, the assumption (1.3) and the Hölder inequality in
Lorentz spaces (see Theorem 3.4 in [10]) imply that∥∥∥√

|V |f
∥∥∥

L2
≤ C

∥∥∥√
|V |

∥∥∥
L(3,∞)

‖f‖L(6,2) ≤ Cδ0 ‖f‖L(6,2) .(2.3)

Using the Sobolev embedding (see [1]) Ḣ1(R3) ⊂ L(6,2)(R3), we get ‖f‖L(6,2) ≤
C1 ‖f‖Ḣ1 , so∫

V (x)|f(x)|2 dx =
∥∥∥√

|V |f
∥∥∥2

L2
≤ C2δ20C

2
1 ‖∇f(x)‖2

L2 .(2.4)

If δ0 is such that 2δ0C1 < 1, i.e. δ0 < 1/(CC1) = 1/(2C1), where C = 2 is the
constant from the Hölder inequality (see [10], Theorem 3.4) and C1 is the constant
from the Sobolev embedding, then we can conclude due to the KLMN theorem that
there exists a self-adjoint operator −� + V , such that

((−� + V ) f, f)L2 = ‖∇f(x)‖2
L2 +

∫
V (x)|f(x)|2 dx.(2.5)

(Note that we can take b = 0 in (2.2) and ((−∆ + V )f, f) ≥ 0 for sufficiently small
δ0.)

3. Strichartz estimate for the Schrödinger equation

Using the Friedrichs extension of �V = �− V we can represent the solution to
(1.1) as

u(t) = U(t)u0, U(t) = e−it�V .(3.1)

Since �V is self-adjoint, U(t) is a unitary group in L2 and we have the classical
conservation of the charge,

‖U(t)u0‖L2 = ‖u0‖L2 .(3.2)

Our next step is to establish the endpoint estimate for (1.9); namely, we shall show
that

‖u‖L2
tL6

x
≤ C ‖F‖

L2
t L

6
5
x

.(3.3)

Indeed, we can rewrite the equation in (1.9) as follows:

i∂tu−�u = F1,(3.4)

u(0, x) = 0,(3.5)

where F1 = F − V u. Applying the Strichartz estimate for (3.4) and (3.5) we have
that the inequality

‖u‖
L2

tL
(6,2)
x

≤ C2 ‖F1‖
L2

t L
( 6
5 ,2)

x

(3.6)

is satisfied (see [9]). Since

‖F1‖L2
t L

(6,2)
x

≤ ‖F‖
L2

t L
( 6
5 ,2)

x

+ ‖V u‖
L2

t L
( 6
5 ,2)

x

,(3.7)

we are in a position to apply the Hölder estimate:

‖V f‖
L( 6

5 ,2) ≤ 2 ‖V ‖
L( 3

2 ,∞) ‖u‖L(6,2) ≤ 2δ0 ‖u‖L(6,2) .(3.8)
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If δ0 is such that 2δ0C2 < 1 (C2 is the constant in (3.6)), then from (3.6), (3.7)
and (3.8) we see that

‖u‖L2
t L6

x
≤ C2

1 − 2δ0C2
‖F‖

L2
t L

6
5
x

.(3.9)

Using the theorem of Calderón (see for instance Lemma 2.5 in [10]),

‖u‖L(p,d) ≤
(
d1

p

) 1
d1

− 1
d

‖u‖L(p,d1)(3.10)

for d > d1 , 1 < p <∞, we get

‖u‖L2
t L6

x
= ‖u‖

L2
t L

(6,6)
x

≤
(

1
3

) 1
3

‖u‖
L2

t L
(6,2)
x

(3.11)

and

‖F‖
L2

t L
6
5
x

= ‖F‖
L2

t L
( 6
5 , 6

5 )
x

≥ ‖F‖
L2

t L
( 6
5 ,2)

x

,(3.12)

so we arrive at

‖u‖L2
t L6

x
≤ C2

(
1
3

) 1
3

‖F‖
L2

tL
6
5
x

.(3.13)

In order to obtain the estimate

‖u‖L2
t L6

x
≤ C ‖F‖L1

t L2
x

(3.14)

we will decompose the function u into two parts, i.e. u = u1 + u2, where the
functions u1 and u2 are solutions to the following equations:

i∂tu1 − ∆u1 = F,(3.15)

u1(0) = 0;(3.16)

and respectively

i∂u2 − ∆u2 = −V u,(3.17)

u2(0) = 0.(3.18)

Using the estimates ‖u1‖L2
t L6,2

x
≤ C ‖F‖L1

t L2
x

and ‖u2‖L2
t L6,2

x
≤ C ‖V u‖

L2
t L

6
5 ,2
x

≤
Cδ0 ‖u‖L2

t L6,2
x

, we may conclude that the following estimate for u is true:

‖u‖L2
t L6,2

x
≤ C

(
‖F‖L1

t L2
x

+ δ0 ‖u‖L2
t L6,2

x

)
.(3.19)

Hence, for sufficiently small δ0, we have ‖u‖L2
t L6,2

x
≤ C ‖F‖L1

t L2
x
. The obvious

estimate ‖u‖L2
t L6

x
≤ C ‖u‖L2

t L6,2
x

gives the desired result.
Further, we have the following energy estimate for (1.9):

‖u‖L∞
t L2

x
≤ C ‖F‖L1

t L2
x
.(3.20)

Turning to the estimate

‖u‖L∞
t L2

x
≤ C ‖F‖

L2
t L

6
5
x

,(3.21)

we put V u on the right-hand side of the equation and use the free Strichartz estimate
‖u‖L∞L2 � ‖F − V u‖

L2L
6
5

� ‖F‖
L2L

6
5

+ ‖V u‖
L2L

6
5

� ‖F‖
L2L

6
5

+ ‖u‖L2L6 . Now
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1998 VLADIMIR GEORGIEV AND ANGEL IVANOV

from the inequality (3.13) we obtain (3.21). Interpolating between the estimate
(3.21) and the estimate (3.20), we get

‖u‖L∞
t L2

x
≤ C ‖F‖

Lp̃
′

t Lq̃
′

x

,(3.22)

for any admissible pair (p̃, q̃) . On the other hand, interpolation between the esti-
mates (3.13) and (3.14) gives us

‖u‖L2
t L6

x
≤ C ‖F‖

Lp̃
′

t Lq̃
′

x

.(3.23)

Thus we can conclude that

‖u‖Lp
t Lq

x
≤ C ‖F‖

Lp̃
′

t Lq̃
′

x

.(3.24)

Using the TT ∗ argument due to [4], we get also the estimate

‖u‖Lp
t Lq

x
≤ C ‖u0‖L2(3.25)

for the solution of (1.9). Thus Theorem 1.1 is proved.

Corollary 3.1. Under the assumptions of Theorem 1.1 we have

‖u‖
Lp

(
[0,T ];L

(q,2)
x

) + ‖u‖C([0,T ];L2)

≤ C ‖F‖
Lp̃

′
([0,T ];L

(q̃′ ,2)
x )

+ C ‖f‖L2 .(3.26)

4. Existence of the wave operator

Let U(t) = e−it�V and U0(t) = e−it� be the perturbed and free propagators
respectively.

Proof of Theorem 1.2. The proof is based on Cook’s method (see [11], vol.3), i.e.
we shall use the relation

U(t)U0(−t) − U(s)U0(−s) = i

∫ t

s

U(τ)V U0(−τ) dτ.(4.1)

To show the existence of the limit (1.14), it is sufficient to show that for any couple
f, g ∈ L2 we have the estimate∫ T

0

〈f, U(τ)V U0(−τ)g〉L2 dτ ≤ C ‖f‖L2 ‖g‖L2(4.2)

with constant C independent of T, f, g. Indeed, the property (4.2) implies that for
every sequence tn ↑ ∞ the elements ψn = U(tn)U0(−tn)f ∈ L2 have a weak limit
ψ∗ ∈ L2. The inequality (4.2) enables us to show the existence of the weak limit
(4.1). Indeed, for some other sequence t

′
n ↑ ∞ we have ψ

′
n = U(t

′
n)U0(−t′n)f ∈ L2

and ψ
′
n has a weak limit ψ∗∗ ∈ L2. Then (ψ∗, ψn) → ‖ψ∗‖2 and (ψ∗, ψ

′
n) →

(ψ∗, ψ∗∗). On the other hand, (4.2), (4.1) show that (ψ∗, ψn)− (ψ∗, ψ
′
n) is small as

n→ ∞, so

‖ψ∗‖2 = (ψ∗, ψ∗∗)L2(4.3)

and in a similar way we get

‖ψ∗∗‖2 = (ψ∗, ψ∗∗)L2 .(4.4)
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Combining (4.3) and (4.4), one obtains ψ∗ = ψ∗∗, and it remains to show (4.2). To
verify (4.2), we rewrite the integral on the left-hand side of (4.2) as∫ T

0

|〈
√
|V |U(−τ)f, sign(V )

√
|V |U0(−τ)g〉L2 | dτ

≤
∫ T

0

∥∥∥√
|V |U(−τ)f

∥∥∥
L2

∥∥∥√
|V |U0(−τ)g

∥∥∥
L2

dτ,(4.5)

so the Cauchy inequality in τ implies that we have to show∫ T

0

∥∥∥√
|V |U(−τ)f

∥∥∥2

L2
dτ ≤ C ‖f‖2

L2 ,(4.6)

∫ T

0

∥∥∥√
|V |U0(−τ)g

∥∥∥2

L2
dτ ≤ C ‖g‖2

L2 .(4.7)

It is sufficient to show only one of them, for example the first one. To this end, we
note that

√|V | ∈ L(3,∞), so applying the Hölder inequality for Lorentz spaces, we
get ∥∥∥√

|V |U(−τ)f
∥∥∥

L2
≤ C

∥∥∥√
|V |

∥∥∥
L(3,∞)

‖U(−τ)f‖L(6,2) ,(4.8)

so ∫ T

0

∥∥∥√
|V |U(−τ)f

∥∥∥2

L2
dτ

≤ C

∫ T

0

‖U(−τ)f‖2
L(6,2) dτ = C ‖U(−τ)f‖2

L2([0,T ];L(6,2)) .(4.9)

Applying the Strichartz estimate (1.10), we get ‖U(−τ)f‖2
L2([0,T ];L(6,2)) ≤ ‖f‖L2 .

This proves (4.6) and completes the proof of the theorem. �

Proof of Theorem 1.3. Since U(t) and U0(t) are unitary operators in L2 , it is suf-
ficient to show the existence of a strong limit in (1.18) for f ∈ D, where D ⊂ L2 is
a dense domain. For example, we could take

D = {f ∈ L2 : suppf ⊂ {|x| ≤ R}}.(4.10)

We shall show in this case that there exists C = C(R) so that∫ T

1

‖U(τ)V U0(−τ)f‖L2 dτ ≤ C ‖f‖L2 .(4.11)

It is clear that this estimate implies (1.18). Since U(τ) is a unitary operator in L2,
(4.11) follows from ∫ T

0

‖V U0(−τ)f‖L2 dτ ≤ C ‖f‖L2 .(4.12)

To this end we apply the Hölder inequality, combined with (1.17) and get

‖V U0(−τ)f‖L(2,2) ≤ ‖|x|aV ‖L(q,∞)

∥∥|x|−aU0(−τ)f
∥∥

L(p,2) ,(4.13)

where

(4.14)
1
q

=
2 − a

3
,

1
p

=
1
2
− 1
q

= −1
6

+
a

3
.
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For a ∈ (0, 2) it is clear that − 1
6 + a

3 ∈ (0, 1) is equivalent to a > 1
2 . Now one can

show that the limit in (4.1) is strong using the Kato - Jensen inequality (see [5])
∥∥|x|−2U0(τ)f

∥∥
L2 ≤ C

τ2

∥∥|x|2f∥∥
L2 .(4.15)

Interpolation between this inequality and the classical dispersive estimate for U0(τ),

‖U0(τ)f‖L(p0,2) ≤ C

τ
3
2− 3

p0

‖f‖
L(p

′
0,2) , 2 ≤ p0 ≤ ∞,(4.16)

gives us
∥∥|x|−aU0(τ)f

∥∥
L(p,2) ≤

C

τa+ 3
2− 3

p

‖|x|af‖
L(p′

,2) ,(4.17)

2 ≤ p <∞ , 0 ≤ a ≤ 2.

Now applying (4.17), we get
∫ T

1

‖|V |U0(−τ)f‖L2 dτ ≤
∫ t

1

1

τa+ 3
2− 3

p

‖|x|af‖
Lp

′ dτ.(4.18)

Since suppf ⊂ {|x| ≤ R} and p
′
< 2, we get ‖|x|af‖

Lp
′ ≤ C(R) ‖f‖L2 and we need

only the condition a+ 3
2 − 3

p > 1 for some a, p satisfying (4.14). The last inequality
is equivalent to a + 3

2 − 3
p − a > 1 ⇔ 2 > 1. Since this inequality is obvious,

the condition is satisfied for 2 > a > 1
2 . Hence (4.18) shows that (4.12) is fulfilled.

This completes the proof. �

5. Equivalence of Ḣs
V and Ḣs for n = 3

To show that Ḣs
V = Ḣs for s < 3

2 we will prove the following.

Lemma 5.1. Ḣ1
V = Ḣ1.

Proof. It is sufficient to apply the argument of section 2. �

Corollary 5.1. (−� + V )1/2 : Ḣ1 → L2 and (−� + V )s/2 : Ḣs → L2 for 0 ≤ s ≤
1.

Further we need the following.

Lemma 5.2.
∥∥|V |s/2f

∥∥
L2 ≤ C ‖f‖Ḣs for 0 ≤ s < 3

2 .

Proof. Applying the Hölder inequality for Lorentz spaces and using the fact that∥∥|V |s/2
∥∥

L( 3
s

,∞) ≤ C ‖V ‖s/2

L( 3
2 ,∞)

≤ C
s/2
0 , we get

∥∥∥|V |s/2f
∥∥∥

L2
≤ C

∥∥∥|V |s/2
∥∥∥

L( 3
s

,∞)
‖f‖L(q,2) ,(5.1)

1
2

=
s

3
+

1
q
, q = 6 ∈ (2,∞) .(5.2)

Now we can apply the Sobolev embedding (see [1]) Ḣs ⊂ L(q,2) for 1
2 = s

3 + 1
q , and

we get
∥∥|V |s/2f

∥∥
L2 ≤ Cδ

s/2
0 C1 ‖f‖Ḣs . �
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Proof of Theorem 1.4. Take 1 < s < 3
2 . We shall use the identity

∥∥∥(−� + V )s/2f
∥∥∥2

L2
=

(
(−� + V )s−1f, (−� + V )f

)
L2

=
(
(−� + V )s−1f, (−�)f

)
L2 +

(
(−� + V )s−1f, V f

)
L2

=
(
(−�)1−s/2(−� + V )s−1f, (−�)s/2f

)
L2

+
(
|V |1−s/2(−� + V )s−1f, sgn V |V |s/2f

)
L2
.(5.3)

Let we set

I1 =
(
(−�)1−s/2(−� + V )s−1f, (−�)s/2f

)
L2
,

I2 =
(
|V |1−s/2(−� + V )s−1f, sgn V |V |s/2f

)
L2
.

Now we can apply the second conclusion of Corollary 5.1 and, using the fact that
1
2 < 2 − s < 1, we get

∥∥(−�)(2−s)/2g
∥∥

L2 ≤ C
∥∥(−� + V )(2−s)/2g

∥∥
L2 . Now taking

g = (−� + V )s−1f , we get
∥∥∥(−�)(2−s)/2(−� + V )s−1f

∥∥∥
L2

≤ C
∥∥∥(−� + V )s/2f

∥∥∥
L2
.(5.4)

Hence

|I1| ≤ ‖f‖Ḣs
V
‖f‖Ḣs .(5.5)

Now we are ready to estimate the term I2. We have

|I2| ≤
∥∥∥|V |(2−s)/2(−� + V )s−1f

∥∥∥
L2

∥∥∥(V )s/2f
∥∥∥

L2
.(5.6)

Since 2 − s ∈ (0, 3
2 ), we can apply Lemma 5.2 and get

(5.7)
∥∥∥|V |(2−s)/2(−� + V )s−1f

∥∥∥
L2

≤
∥∥∥(−�)(2−s)/2(−� + V )s−1f

∥∥∥
L2

and
∥∥|V |s/2f

∥∥
L2 ≤ C ‖f‖Ḣs . We estimate the right-hand side of (5.7) using (5.4)

and find ∥∥∥|V |(2−s)/2(−� + V )s−1f
∥∥∥

L2
≤ C

∥∥∥(−� + V )s/2f
∥∥∥

L2
.(5.8)

From (5.4), (5.7) and (5.8) we obtain

|I2| ≤ C ‖f‖Ḣs
V
‖f‖Ḣs .(5.9)

This estimate, (5.4) and (5.3) lead to

(5.10) ‖f‖2
Ḣs

V
≤ C ‖f‖Ḣs

V
‖f‖Ḣs .
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Hence

‖f‖Ḣs
V
≤ C ‖f‖Ḣs ,(5.11)

for 0 ≤ s < 3
2 . To show the opposite inequality, we modify (5.3) as follows:

∥∥∥(−�)s/2f
∥∥∥2

L2
=

(
(−�)s−1f, (−�)f

)
L2

=
(
(−�)s−1f, (−� + V )f

)
L2 −

(
(−�)s−1f, V f

)
L2

=
(
(−� + V )1−s/2(−�)s−1f, (−� + V )s/2f

)
L2

−
(
|V |1−s/2(−�)s−1f, sgn V |V |s/2f

)
L2
.(5.12)

Let we set

I3 =
(
(−� + V )1−s/2(−�)s−1f, (−� + V )s/2f

)
L2
,

I4 =
(
|V |1−s/2(−�)s−1f, sgn V |V |s/2f

)
L2
.

Since 2−s ∈ (0, 1) we can use Lemma 5.1 and find
∥∥(−� + V )(2−s)/2(−�)s−1f

∥∥
L2

≤ C
∥∥(−�)s/2f

∥∥
L2 , so I3 ≤ C ‖f‖Ḣs

V
‖f‖Ḣs . For the term I4 we apply Lemma

5.2 and find |I4| ≤ Cδ
s/2
0 ‖f‖2

Ḣs . So for δ0 > 0 small enough we get ‖f‖2
Ḣs ≤

C ‖f‖Ḣs ‖f‖Ḣs
V

+ Cδ0 ‖f‖2
Ḣs and ‖f‖Ḣs ≤ C ‖f‖Ḣs

V
. Thus we complete the proof

of Theorem 1.4. �
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