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RODRIGUES TYPE FORMULA
FOR ORTHOGONAL POLYNOMIALS ON THE UNIT BALL
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ABSTRACT. For a class of weight functions invariant under reflection groups
on the unit ball, a family of orthogonal polynomials is defined via a Rodrigues
type formula using the Dunkl operators. Their properties and their relation
with several other bases are explored.

1. INTRODUCTION

Let I = R[zy,...,24] denote the space of polynomials in d variables and I1¢
denote the subspace of polynomials of degree at most n. We will use the standard
multi-index notation. For a € N¢ and z € R, 2% = 2{* ---25* is a monomial of
degree |a| = a1 + ... + aq4.

The classical orthogonal polynomials on the unit ball B¢ = {z : ||z|| < 1}, where
||| is the Euclidean norm of z, are orthogonal with respect to the weight function

(L1) Wa@) = (1= el ze Bl u>-1/2.

The study of these polynomials can be traced back to Hermite; see [1] and [5]
Chapt. 12]. Among the first orthogonal bases on B? being studied is the one given
by the Rodrigues type formula

(1.2) Ua(e) = (1= |l|?) 720 (1 — [l )™+, a e NG,

where 0; = 0/0x; and 9% = Oy --- 957, and a family of polynomials that are
biorthogonal to U,.

The purpose of this paper is to consider the analogues of U, for orthogonal
polynomials on B? with respect to a class of weight functions invariant under a
reflection group. We first define the weight function. Let G be a finite reflec-
tion group with a fixed positive root system R;. Let o, denote the reflection
along v € Ry, that is, xo, =  — 2(x,v)/||v||? for z € R? with the inner product
(x,y) = E?Zl z;9;. Thus, G is a finite orthogonal group generated by the reflections
{0y : v € R;}. Let k be a multiplicity function defined on R, that is, x : R4 — R
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1966 YUAN XU

is a G-invariant function. We assume that x(v) > 0 for all v € R;. Then the

function
(1.3) he(z) = I [, o))", zeR?,
vER
is a positive homogeneous G-invariant function of order v := v, = > Ry Kv-

For example, if G is the symmetric group, then h,(z) = ngiqu |z; — x| and
v =d(d —1)k/2. In this paper we consider the reflection invariant weight function
W, on the unit ball

L) Weu@) =R@A 272 zeB p>-1/2

where h2 is as in (L3)). If k = 0, then W, ,,(z) becomes W, (z) in (LI).

The weight function h, was introduced by Dunkl for the purpose of studying the
orthogonal structure for polynomials on the unit sphere S4~1 = {z € R? : ||z| = 1}
with respect to the measure h2(x)dw, where dw is the rotation invariant measure
on S%~!. The main ingredient in the study is a family of commuting differential-
difference operators, D;, called Dunkl’s operators ([2]),

(z,v)

Dif(x)=0if(x)+ Y ko

vERY

<eivv>v 1<i<d,

where e; = (0,...,0,1,0,...,0) with 1 in the i-th component. The set {D; : 1 <
1 < d} generates a commutative algebra of operators containing the h-Laplacian
A =D?+...+D2 Let P denote the space of homogeneous polynomials of degree
n in d variables. If p € PY, then

/ p@)g(@)h(2)dw =0,  VgeTd
Sd—l

if and only if Ayp = 0. The space H2(h2) := P4 Nker Ay, is called the space of h-
harmonic polynomials of degree n. If k(v) = 0, it agrees with the space of ordinary
harmonic polynomials HZ := P2 Nker A, where A denote the ordinary Laplacian
A = 9% + ...+ 0% For the extensive study of h-harmonics and the related work,
see ] and the references therein.

The theory of h-harmonics has also made it possible to study the orthogonal
structure of polynomials with respect to W, , on B?®. Initial work in this direction
has been carried out in [I2] [I3], which has led to new results even in the case of
the classical weight function W,,. In the present paper we show that the orthogonal
polynomials U, (x) in (L2) defined by the Rodrigues type formula can be extended
to the reflection invariant weight function Wy ,. That is, we define U, as follows:

Definition 1.1. For a € N, define
Ua(x) = (1 _ HJ?HQ)_H—H/Q'DO(O o HxHQ)laHH_l/Q-

We will show that U, () so defined are orthogonal polynomials with respect to Wy, ,,
on B?. Properties of these polynomials and their relations with other orthogonal
bases will be discussed. Let us mention that recently Dunkl and Dunkl-Cherednik
operators have been used to give the Rodrigues type formula for nonsymmetric Her-
mite and Laguerre polynomials with respect to reflection invariant weight functions
([8,10]) and for Macdonald’s polynomials ([7]).
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ORTHOGONAL POLYNOMIALS ON THE UNIT BALL 1967

2. RODRIGUES TYPE FORMULA AND ORTHOGONAL BASES

For n € N¢ let V4(W, ,,) denote the subspace of polynomials of degree exactly
n in II¢ that are orthogonal with respect to W, ,. A polynomial p € V4(W,, ) if
p € and [, p(x)q(2)W, ,u(z)dz =0 for all ¢ € IIZ_,. We show U, € VE(W,, ,.).

The definition of U, in Definition [[1] shows that it depends on x and p. In the
following proposition, we write U# := U, to emphasize its dependence on .

Proposition 2.1. Let a € N¢ and |a| = n. Then UF is a polynomial of degree n,
and we have a recursive formula

Ultye, (@) = =(2p+ Da UL (@) + (1 = [[]*) D UL ().

Proof. Since (1 — ||z||?)® is invariant under the reflection group, a simple computa-
tion shows that

DU (z) = 0; | (1 — ||z||2) V2| D1 — ||||2) /el Trt1/2
+(1— Hx”?)*ufl/?DaJrei(l _ Hx”2)|a\+u+1/2
= (2p + V(1 — [|l2]1*) UL (@) + (1 = [l2]|*) T UL, (2),

which proves the recursive relation. That U¥ is a polynomial of degree |a] is a
consequence of this relation (use induction if necessary). O

The following proposition plays a key role in proving that U, is in fact an or-
thogonal polynomial with respect to W, on B.

Proposition 2.2. Assume that p and q are continuous functions and p vanishes
on the boundary of BE. Then

/ Dip(a)g(x)h2 (x)de = — / p()Drg(a)h2 (2)d.
Bd Bd

Proof. The proof is similar to the proof of Lemma 3.7 of [3] (Theorem 5.1.18 of []).
We shall be brief. Assume k, > 1. Analytic continuation can be used to extend
the range of validity to x, > 0. Integration by parts shows

/ Bip()g(x)h2 (z)dz = — / p(2)0:(q(x)h2 (2))da
Bd

Bd
_ / ()l ) — 2 / (gl ()0 )
B B

Let D; denote the difference part of D;, D; = 0; + D;. For a fixed root v, a simple
computation shows that

D@ (w)is = [ pla) 3 woo LA g2 ),

Bd Bd vER, (z,v)

Adding these two equations and using the fact that

1

hy(2)0ihy(z) = Z /@vvimhi(x)

vERL

completes the proof. O

Theorem 2.3. For a € Ng, the polynomials U, are elements in V&‘(Wﬁ,u).
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1968 YUAN XU

Proof. Let n = |a|. For each 3 € Ng and |3| < n, we claim that
(2.1) DI (1 — [al|?)" 2 = (1 — ||| ) VP2 Q)
for some Qs € 112, This follows from induction. The case 3 = 0 is trivial with
Qo(x) = 1. Suppose the equation is true for |3] < n — 1. Then
DH+e (1~ P2 = D, [ (1 a2 /2)]
= 0; [ (1 = [l2l]2)" 2] Q) + (1 = [l2][2)" 2Dy Q)

= (1= ||| 1PH9=32 (0 — 6] + 1 — 1/2)2:Qp(x) + (1 — [|z*) DiQps ()]
= (1= [Jz|?)r= 1Pt nml2Qp (),

where Qg+, as defined above, is clearly a polynomial of degree |3| 4+ 1, which
completes the inductive proof. This formula shows, in particular, that the function
DP(1—||x|?)"*+#~1/2 vanishes on the boundary of B if | 3| < n. For any polynomial
p e I using Proposition repeatedly gives

n—1»

[ Va0~ iy de = [ [0 Py e e
Bd B
= (1" [ D)1~ el e =,

which implies Dp(x) =0 as p € ¢ _;. O

since D; : P — PI_,,

By definition, U, is orthogonal to polynomials of lower degree. However, if
|a| = |5, Uy and Ug are not necessarily orthogonal. In fact, they are not and there
is another family of orthogonal polynomials in V¢(W,, ) that are biorthogonal to
U,. For its definition, we need the projection operator projf : P VAW, ).
This operator has an explicit formula ([12]). For p € PZ,

1
(2.2) projpap(a) = 3 —
0<j<n/2 413.(—71 - A= 1% + 1)]

Al p(z),

where A = ,+(d—1)/2 and (a); = a(a+1) ... (a+j—1) is the Pochhammer symbol.
Let Vi, be the intertwining operator between the family of partial derivatives and
Dunk!’s operators, which is a linear operator uniquely determined by ([3])

Vil =1, V. P4 =pd, DV, =V.0;, 1<i<d.

The explicit formula of Vj;, however, is known only in the case of the group Zg and
S5, the symmetric group of three variables. For each 3 € Ng, the function V2P is
a homogeneous polynomial of degree |3|. Define

1 ,
Rs(x) := proji® Vi {z"} =V, Z — AgP |,
I(—=n — \ — .
0<j<n/2 Yjil(—n—A—p+1);

where the second equality follows from (2:2)) and the fact that AV, = V. A. Clearly
Rp is an orthogonal polynomial of degree n with respect to W, , and {Rs : |8| = n}
is a basis of V4(W, ). It turns out that Rg and U, are biorthogonal. For o € N¢,
write a! = aq!... a4l
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ORTHOGONAL POLYNOMIALS ON THE UNIT BALL 1969

Theorem 2.4. The two families {U, : |a| = n,a € Nd} and {R,, : |a| = n,a € Ng}
are biorthogonal with respect to Wy, ,, on B®; more precisely,

(h+1/2)n

= = —_— n '

ax /Bd Ua(2)Ra(2)Wy y(x)dr = Aaba,p, Ay = (-1)"a! D+ pt 12,
In particular, {U, : |a| = n} is a basis for V(W ).

Proof. Since both U, and V3 are orthogonal polynomials with respect to Wy ,,, we
only need to consider the case that they are both polynomials of degree n. Let
o, € N¢ and |a| = |3|. Following the proof of Proposition 23, we have

/ ()h2 (@) (1~ [lal|2) = 2da
/ D7 [Ry(a)) (1~ [al)" 21 )
= (1) [ DY Vi) (1= el )
= dapol(-1)a [ (= ol 0 ),

since Rg(z) = 2%+ lower degree polynomials and D*V,.2” = V,0%" = ald, sV, 1
= aldy,g. The constant is computed by

1
[ a= ey = [t [ )
Bd 0 §da-1
r d/2)r 1/2
QF(’Y + u+ (d + 1)/2) gd—1
_ (n+1/2), ot
A+p+1/2)n "
since a,;! is just the above integral with n = 0. Finally, it follows from the biorthog-

onality that the set {U, : |a| = n} is linearly independent, so that it is a basis of
V(Wi p)- .

For our next property of U, (), we will need the reproducing kernel P, (z,y) of
V4(W, ). This kernel is characterized by the property that

Qy, /Bd P(z,y)q(y)W u(y)dy = q(x), Vg € VAW, ).

It is shown in [12] that the kernel enjoys a closed formula given by
n+A+p
— e,

A+p

<V | [ O+ o T RPVIS TR - 2 at] o)

where ¢, =1/ fil(l —t2)#~1dt and V,; acts on the variable represented by the dot
in the formula. This closed formula for the reproducing kernel has been used to
study summability of the Fourier orthogonal expansion on the unit ball. It follows
from the biorthogonal property of {U,} and {Rg} that

(2.4) Pu(z,y) = > AJ'Ra(x)Ua(y).

|al=n

(2.3) Pa(z,y) =
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1970 YUAN XU

Indeed, multiplying the right-hand side of the above equation by Rg(y) and inte-
grating, the result is Rg(y) by the biorthogonality, which shows that the right-hand
side satisfies the reproducing property. Since the kernel is unique, it has to equal
the left-hand side.

Let Ky (z,y) = Vi.({z,y)"™)/n!. It is known ([3]) that

(2.5) Kn(z,D")p(y) = p(z),  VpePL

where D) means that D; is taken with respect to the variable y and K, (x, D(y))

is the operator formed by replacing y; by D§y) in K, (x,y). A bilinear form (p, )y,
is defined on P? by

(p,q)n =p(D)g(x),  p.qe Py

This form is symmetric in the sense that (p,¢)n = {(q,p)n ([3]). We have the
following lemma that will be useful below.

Lemma 2.5. Let o € N with |a| =n and q € P§ with j < n. Then

(@) [aw) VP y)" 7| = (n = j)la(D)a".

Proof. Let 3 € N¢ and || = j. As a function in y, ¥V, (x,y)" "7 is a polynomial
in PZ. Using the fact that the bilinear form is symmetric, we get

(DY) [y Vi, y)" ] /(n = 5)! = (¥, ¥’ Koy (z, 9))n
= (YKo 1p)(2,9), y*)n = K ip)(z, DY)Dy* = D,

where the last step follows from the equation (ZZF) with p(y) = DPy* and n replaced
by n —j. O

Proposition 2.6. Let a € N& and |a| = n. Then

. 2"(p+1/2)n n—j1 _ N
Ua(fﬂ)fog%:gnm(—l) (1 =[]’ A

In particular, Uy (z) = (=1)"2"(u + 1/2)p2* + (1 — ||2]|?)Q(z), where Q € T4 _,
Proof. Since D*Rg(y) = alda. g, applying (D®))® to the equation (Z4) gives
A a(x) = (DY) Py (2,y).

We then use the expression of P,(z,y) in (Z3). Since the leading coefficient of
CX(t) is (A\)n2"/n!, it follows that P,(x,y), as a function of y, satisfies

n+ A+ (A4 p)p2"
A+ p n! "

x Vi V_ (2, ) + /T — 22V = gD (1 — )2 Ldt| (y) + . ..
e 2 ( ) (U= 227 Vie [0 = ) )] (o)

0<2j<n

Po(z,y) =

+ polynomial of lower degree in v,
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ORTHOGONAL POLYNOMIALS ON THE UNIT BALL 1971

where we have used the binomial formula and the fact that f_ll (11—t 1dt =0
if j is odd, and b; is given by

Lo 1/2);
b :cl/ i1 - yigy = 2
D S ES TR
Consequently, since D¥p(x) = 0 for any p € 1%, m < |a|, we have
_ At p+1) 1/2); .
;) = CHEE L 5 )7< ~ ]2y
n! 0<j<n N + 1/2)
x (D) [(1 = [lylI?Y Vi ((2,)" ) ()] -
Using Lemma Z8 with ¢(y) = ||y||*’, we have
(DY) [ = lyl?Y Vi (&, )" ) ()] = (=1 (@) [yl Vis (2, )" ) ()]
= (1) (n — 2j)1A7 2.
Putting these equations together we conclude

A+ pu+ 1)n2ncu Z (—1)/ o ((1/2) (1- ||37H2)jA;an-

U. =A
a(2) “ aln! 052 w+1/2);

Using the identity (2j)! = 227(1/2),5! to simplify the constants completes the proof.
O

‘We note that the expansion is still implicit in a way, since the computation of
Aj z* can be difficult. In the case of classical orthogonal polynomials on B?, A,
becomes A, and the multinomial formula gives

e j . -7 el 'Oé' o
N = (0 +...+ 07" = ) ﬂl825 =2 Bl (a —2p)! i
1B1=3 |B1=3

from which the explicit formula of U, () for W, follows. Since Dunkl’s operators
commute, the multinomial formula can also be used to expand Apz®. However,
we do not have a nice formula for D%z, This is a polynomial of degree |a| — |3
in z. For |a| = |8 it is equal to (z*,2”)), and is easily seen to be a polynomial
in variable k. However, we do not know an explicit formula for this quantity. We
mention the following recursive formula, which can be used to compute DSz of
lower degree.

Proposition 2.7. Let a, 3 € N&, |B] < |a|. If a; > 0, then

DBz = g, DPx® ¢ 4 By DO g2 4 Z Ky (v, €;) Pg o (D)x® ™,
vER

where P, (y) = (y° —(y0,)?)/(y, 04) is a homogeneous polynomial of degree | 3| —

Proof. We use the product rule of Dunkl’s operators ([4} p. 157])

Di(f9)(2) = 9@)Dif (@) + (@)0ig(x) + 3 o (50,) (o, er) L= 9T

vERL
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1972 YUAN XU

Using the fact that D; K,,(z,y) = 2;K,_1(7,y), the product rule with g(y) = y°
and f(y) = K|a|—|g/(®,y) shows that

DY [y Kol 191 (2, 9)] = 4 wiKa) 511 (2. 9) + Kja|-j5)(2.1) By~

B8 _ B

Yy (yav)

+ E ,'<;vK|(,‘_‘5|(x,yav)@),ei)i@j o) .
U€R+ !

Let ¢qp(z) = (D(y))" (YKo 15/(z,y)]. Since K,(zw,yw) = K,(z,y) for all
w € G, applying (D( ))" ¢ to the above equation gives

(ba,ﬁ(x) = xi¢a—e,¢,l3(£) + ﬁi(boc—e,;,ﬁ—e,z (J?) + Z Ry <'U7 67;> Z Cr¢oz—e7¢,7'(x0"u)7

vER I71=I8-1
where (y° — (yo,)?)/{z,v) = Z|T|=\5|_1 ¢y, By Lemma R3] ¢05(z) = D727,
which gives the stated formula. ([

3. RELATION TO AN ORTHONORMAL BASIS

The biorthogonality of two bases is useful for finding the orthogonal expansions
of a function. For example, for f € L*(W, ,), the Fourier orthogonal expansion of
f in terms of the basis {U,} is given by

= Z Z boz,nAgonz(x)a boz,n = Qg /Bd f(x)Ra(x)W&ll(x)dx7

n=0 \a|:n

where the equality holds in the L? norm. That the coefficient b, ,, is given as above
can be easily seen upon integrating the expansion of f(x)R,(x) over B Thus,
the biorthogonality provides an easy way to compute the Fourier coefficient b, 5, in
the expansion with respect to U, (x). Note that R, depends on the intertwining
operator V,.. The following formula proved in [I] is useful for computing integrals
of Vi, f, which works despite the lack of an explicit formula for V.

Lemma 3.1. For a continuous function f on B¢,

[ V@l @) = B, [ @) = ol

where the constant By can be determined by setting f(x) = 1.
We use this lemma to work out the expansion in one particular case. Let Cy/ (n ’T)( t)

be polynomials defined by the generating function

1
1
. — I 1 (;m—)
C“/_l (1—2xt+t2)“( +)( dt = ZC

These are orthogonal polynomials with respect to the welght function w, -(t) =
|t|?7(1—t2)"~1/2 on [—1,1] and they are related to the Jacobi polynomials ple?) (t).
In particular,

(u Do (H+T)n (u—1/2,7—1/2) (042 _
(3.1) Co ™ (t) = 7(7_ 1/2) P} (2t* —1).

It is known that an orthonormal basis of V4(W,, ,) is given by

(32) {fin@) = mCY N (|lal)Sh(2) : Sh e Hi_oy (), 0<2j <n},
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in which 0_2 is the L*(wy i, [—1,1]) norm of Cyf (o= 2j+)‘)( t) and {S}h} is an or-

thonormal basis of He ,.(h2). In particular, the polynomial C’Q(Z/\)(Ha:H) is an

n—2j
element of V§ (W, ,); hence it can be written in terms of U, (x).

Proposition 3.2. The following expansion holds:

oSN (|l=))) nl

o cIN ) a1/ Z /3'”25 g

Proof. The fact that {U, : |a| = 2n} is a basis of Vg, (W, ) shows that we can
write

CEN(lal) = 3 baAZ Ua(

|a|=2n

Using the biorthogonality in Proposition 24 and the fact that R, (x) = Vi.a® +.. .,
we can compute the coefficient b, as follows:

TP _
ba = arp /B O () Ra(@)h (@) (1 — [l de
TID a _
=t [ CE Vel R @)1 o]y
1
= b / PO () (1= ) 2
0
o [ V)@ el
gd—1
using the polar coordinates z = ra’, r > 0 and 2’ € S4~!, where
by = 1// Y24y

and

cn=1/ R (2" )dw(z).
Sdfl
The first integral can be computed using the L? norm and the leading coefficient
BT of CT (4 (cf. [, p. 27)),

1
b,{,u/o r2"+d*1+27C§Z’)‘) (r)(1 — r?2)P=12gy

1 2
— (7)1 (ks N) 2\p—1/2 (M 1/2)71()‘ M)n
- bmlt (k ) /0 {CQn (7‘)} (1 r ) dr = ()\ [ 1)2n

The integral of V., x® can be computed using Lemma B.T]
en [, VelOIE R = [ 2”01 Py
gd—1 B

where a, = 1/ [.(1 — ||z[|?)""'dz, which shows that the integral is zero if one
of a; is odd. If & = 273, then the integral over B? can be evaluated using polar
coordinates and the result is

RL .13/ 2 J)/ w:ﬂ
ch/smvﬂ({} )@ () d A +1/2)5°
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Putting these equations together, we have proved that

P 3 e O

|Bl=n

Using the formula of C(” ’)‘)( 1) ([, p. 27]) and simplifying the coefficients completes
the proof. 0

Let us write the expansion explicitly. Using the multinomial formula and the
Rodrigues type formula of Ug(z), we see that the equation ([B-3) gives

CQ(ZA)(HQTH) 1 1/2 2 2 —1/2
= (1= fJ]f?) Y D P(1— flaf?)>rtrt/
) T D >
1

= W(l = [ll?) "2 AR (L = ()PP,

In particular, if K = 0 and d = 1, so that A = 0, then C’é’;o)(HxH) becomes the
Gegenbauer polynomial C4, () and the above formula is precisely the Rodrigues
formula for the Gegenbauer polynomials. Furthermore, in polar coordinates, the
h-Laplacian can be written as

9% 22x+10 1

or? v or g2 o

where Ay, o is the spherical part of the operator which has h-harmonics as eigen-
functions. More precisely, if S? € H%(h2), then

(3.5) ApoSH(z) = —n(n +20)S" (z).

(3.4) Ap =

This leads to the following Rodrigues type formula for C(” /\)( t).

Proposition 3.3. Forn >0,

(1, A)
CQI;L : (T) — 1 . (1 _ TQ)—;J,-{-l/Q (d_22 + 22 2A d ) (1 _ 7‘2)2n+u_1/2.
clEN 1y (pt1/2)2n2%" dr rodr

By the relation ([B.1]), this gives a Rodrigues type formula for the Jacobi polyno-
mials, which can be rewritten as

+1), _ d? 264+1d "
P(aﬂ) 2 2 _ 1) = (a 1— 2\—a [ 2 el 1 — 2 2n+o¢.
w2 ) (a+ 1)2nn!22"( ) dr? r dr ( )

In fact, this formula was discovered by Koornwinder [6] in the course of giving an
analytic proof for his addition formula for the Jacobi polynomials.

It is possible to derive a Rodrigues type formula for other elements in the or-
thonormal basis (3:2)). We have the following.

Proposition 3.4. Let S!_,; be an h-spherical harmonic in HE(h2). Then

L,n—2j54+A

G T el g

C§?7n_2j+/\)(1) n—2j
1

= s (- Il AL = el )]

n—2j
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Proof. Let g be a differentiable function defined on [0, 1] and S € HZ (h2). We
claim that

d? 2 +2m+1d

A [o(lal)she)] = Shie) (577 + Yo r=lal.

r dr

Indeed, since S is a homogeneous polynomial of degree r, S” (x) = r™Sh (')
under the polar coordinates. Therefore, using (B4) and (B3),

A [o(lel)sh @] = (55 + 224 ) (ma(0) - S

—m(m 4 2\)g(r)r™ 28" (2)

> 22 +2m+1d e o
[(ﬁﬂLir %> 9(7“)}7“ S (@),

where the second equality follows from a simple computation. Clearly, we can use
the formula repeatedly to get

. 2 m J
A R !

r dr

Applying the above formula with g(r) = (1 — #2)%*+#=1/2 and m = n — 2j, the
stated formula follows from Proposition 3.3l O
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