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ON IDENTITIES IN GROUPS OF FRACTIONS
OF CANCELLATIVE SEMIGROUPS

S. V. IVANOV AND A. M. STOROZHEV

(Communicated by Jonathan I. Hall)

Abstract. To solve two problems of Bergman stated in 1981, we construct
a group G such that G contains a free noncyclic subgroup (hence, G satisfies
no group identity) and G, as a group, is generated by its subsemigroup that
satisfies a nontrivial semigroup identity.

1. Introduction

A semigroup S is called cancellative if for arbitrary a, b, x ∈ S either of equalities
xa = xb, ax = bx implies that a = b.

A semigroup S is said to satisfy the left (resp. right) Ore condition if for arbitrary
a, b ∈ S there are x, y ∈ S such that xa = yb (resp. ax = by).

It is well known that a cancellative semigroup S with the left (or right) Ore
condition embeds in a group F(S) = S−1S = SS−1 of its fractions (see [M53],
[NT63], [CP67, Theorem 1.23]; recall that, in general, a cancellative semigroup
need not embed in a group, see [M37]) and a group F(S) of fractions of S is unique
in the sense that if G is a group such that G contains S and G, as a group, is
generated by S, then G is naturally isomorphic to F(S). In particular, if S is a
cancellative semigroup satisfying a nontrivial identity, then S satisfies (both) Ore
conditions and so S embeds in the group F(S) of its fractions.

If S is an abelian cancellative semigroup, then the group of its fractions is also
abelian. Following Mal’tsev [M53] (see also [NT63]), a semigroup is called nilpotent
of class n if S satisfies a semigroup identity of the form Xn ≡ Yn, where Xn, Yn

are words in letters x, y, u1, . . . , un, defined inductively by X0 = x, Y0 = y and, for
n ≥ 0, by Xn+1 = Xnun+1Yn, Yn+1 = Ynun+1Xn. In [M53], Mal’tsev proved that
if S is a nilpotent semigroup of class n, then F(S) is a nilpotent group of class n.
It was also shown in [M53] that a group K is nilpotent of class n (in the sense of
group theory) if and only if the identity Xn ≡ Yn holds in K.

In connection with the results stated above, Bergman [B81] posed the following
natural problem (which, in a different form, is also mentioned by Shevrin and
Suhanov in [SS89, Question 11.1]): Suppose a cancellative semigroup S satisfies a
nontrivial semigroup identity. Does then the group F(S) of fractions of S satisfy
all the semigroup identities that hold in S? Bergman [B81] also proposed a weaker
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problem: If a cancellative semigroup S satisfies a nontrivial semigroup identity,
must then the group F(S) of its fractions satisfy a nontrivial group identity?

Krempa and Macedońska [KM92] proved that if an identity of the form xnyn ≡
ynxn, n ≥ 1, holds in a cancellative semigroup S, then every semigroup identity of
S holds in F(S) (hence, both of Bergman’s problems have positive solutions for the
identity xnyn ≡ ynxn). Krempa and Macedońska [KM92] also observed that the
same result holds for the Mal’tsev nilpotent identity Xn ≡ Yn, n ≥ 1.

In this paper, we construct an m-generator group G = 〈ā1, . . . , ām〉, m > 1,
generated by ā1, . . . , ām, such that G contains a free noncyclic subgroup (hence,
no group identity holds in G) and the subsemigroup S = 〈ā1, . . . , ām〉+ of G, gen-
erated by ā1, . . . , ām, satisfies a nontrivial semigroup identity (namely, wL(x, y) ≡
wR(x, y); see (1)–(2) below). Since S is obviously cancellative and G, as a group,
is generated by S, it follows that both of Bergman’s problems are solved in the
negative.

It should be pointed out that, in the 1980s, Rips suggested a similar approach to
solve Bergman’s problems in the negative. However, to the best of our knowledge,
no details of his construction are available.

Now we will give details of our construction. Consider the following positive
words:

(1) wL(x, y) = (xdyd)n+12
x(xdyd)n+22

x . . . (xdyd)n+(h0−1)2x(xdyd)n+h2
0x

and

(2) wR(x, y) = x(xdyd)n−h2
0(2h0−3)x(xdyd)n+(2h0−1)2x(xdyd)n+(2h0−2)2 . . .

. . . x(xdyd)n+(h0+2)2x(xdyd)n+(h0+1)2 ,

where h0 = h/2, d, n are sufficiently large positive integers (with n � d � h � 1).
Observe that it follows from the equality 12 + 22 + · · · + k2 = k(2k+1)(k+1)

6 that
the sum of exponents on x (resp. y) in wL(x, y) is equal to that on x (resp. y) in
wR(x, y). Note that the word

(3) w(x, y) = wL(x, y)wR(x, y)−1

was introduced in [OS96] to construct the first example of a finitely generated
group G0 such that G0 satisfies a nontrivial semigroup identity (namely, wL(x, y) ≡
wR(x, y)) and G0 is not a periodic extension of a locally nilpotent group. However,
the parameter h, used in the construction of w(x, y) in [OS96], should actually read
h/2 and so we put h0 = h/2 in (1), (2) (recall that, according to the condition R
of [O89, Sect. 25], every 2-cell of second type must have exactly h long sections).

We also recall that the question on the existence of a finitely generated group
that satisfies a nontrivial semigroup identity and is not a periodic extension of a
locally nilpotent group was asked by Longobardi, Maj and Rhemtulla [LMR95]
and goes back to a result of Rosenblatt [R74] (rediscovered in [LMR95]) that a
finitely generated solvable group which contains no free subsemigroups of rank 2 is
nilpotent-by-finite. Here is our main result.

Theorem. There exists an m-generator torsion-free group G = 〈ā1, . . . , ām〉, m ≥
2, such that G contains a subgroup isomorphic to a free group of rank 2 (e.g., gen-
erated by ā1ā

−1
2 ā1 and ā2ā

−1
1 ā2) and the nontrivial semigroup identity wL(x, y) ≡

wR(x, y) (see (1)–(2)) holds in the subsemigroup S = 〈ā1, . . . , ām〉+ of G, generated
by ā1, . . . , ām.
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2. Inductive construction

To prove this Theorem, we will inductively construct a presentation for the group
G by means of generators and defining relations and use the geometric machinery of
graded diagrams, developed by Ol’shanskii [O85], [O89] and refined by the authors
in [IS03], to study this group. In particular, we will use the notation and termi-
nology of [O89], and all notions that are not defined in this paper can be found in
[O89].

As in [O89], we will use numerical parameters

α � β � γ � δ � ε � ζ � η � ι

and h = δ−1, d = η−1, n = ι−1 (h, d, n were already used in (1)–(2)) and employ
the least parameter principle (LPP) (according to LPP a small positive value for,
say, ζ is chosen to satisfy all inequalities whose smallest (in terms of the relation
�) parameter is ζ).

Let A = {a1, . . . , am} be an alphabet, m > 1, and let F (A) be the free group in
A. Elements of F (A) are referred to as words in A±1 = A∪A−1 or just words. We
will say that U ∈ F (A) is a positive word if U has no occurrences of a−1

1 , . . . , a−1
m . A

word V will be called regular if at least one of V , V −1 contains a positive subword
of length 3.

Denote G(0) = F (A) and let the set R0 of defining words of rank 0 be empty.
To define the group G(i) by induction on i ≥ 1, assume that the group G(i − 1) is
already constructed by its presentation

G(i − 1) = 〈A ‖ R = 1, R ∈ Ri−1〉.
Let Xi be a set of words (in A±1) of length i, called periods of rank i, which is
maximal with respect to the following two properties:

(A1) If A ∈ Xi, then A (that is, the image of A in G(i − 1)) is not conjugate in
G(i − 1) to a power of a word of length < |A| = i.

(A2) If A, B are distinct elements of Xi, then A is not conjugate in G(i − 1) to
B or B−1.

If the images of two words X , Y are equal in the group G(i− 1), i ≥ 1, then we
will say that X is equal in rank i− 1 to Y and write X

i−1= Y . Analogously, we will
say that two words X , Y are conjugate in rank i − 1 if their images are conjugate
in the group G(i − 1). As in [O89], a word A is called simple in rank i − 1, i ≥ 1,
if A is conjugate in rank i − 1 neither to a power B�, where |B| < |A| nor to a
power of period of some rank ≤ i − 1. We will also say that two pairs (X1, X2),
(Y1, Y2) of words are conjugate in rank i − 1, i ≥ 1, if there is a word W such that
X1

i−1= WY1W
−1 and X2

i−1= WY2W
−1.

Consider the set of all possible pairs (X, Y ) of words in A±1. This set is par-
titioned by equivalence classes C�, 	 = 1, 2, . . . , of the equivalence relation ∼
defined by (X1, Y1) ∼ (X2, Y2) if and only if the pairs (Xd

1Y d
1 , w(X1, Y1)) and

(Xd
2Y d

2 , w(X2, Y2)), where w(x, y) is given by (3), are conjugate in rank i− 1. It is
convenient to enumerate (in some way)

CAf ,1, CAf ,2, . . .

all classes of pairs (X, Y ) such that w(X, Y )
i−1

�= 1 and XdY d is conjugate in rank
i − 1 to some power Af , where A ∈ Xi and f are fixed.
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It follows from definitions that every class CAf ,j contains a pair

(XAf ,j , ȲAf ,j)

with the following properties. The word XAf ,j is graphically (that is, letter-by-
letter) equal to a power of BAf ,j , where BAf ,j is simple in rank i− 1 or a period of
rank ≤ i−1; ȲAf ,j ≡ ZAf ,jYAf ,jZ

−1
Af ,j

, where the symbol “≡” means the graphical
equality, YAf ,j is graphically equal to a power of CAf ,j , where CAf ,j is simple in rank
i−1 or a period of rank ≤ i−1. We can also assume that if D1 ∈ {A, BAf ,j , CAf ,j}
is conjugate in rank i − 1 to D±1

2 , where D2 ∈ {A, BAf ,j , CAf ,j}, then D1 ≡ D2.
Finally, the word ZAf ,j is picked for fixed XAf ,j , YAf ,j so that the length |ZAf ,j| is
minimal (and the pair (XAf ,j, ZAf ,jYAf ,jZ

−1
Af ,j

) belongs to CAf ,j). Similar to [O85],
[O89], [IS03], the triple (XAf ,j , YAf ,j, ZAf ,j) is called an (Af , j)-triple corresponding
to the class CAf ,j (in rank i − 1).

Now for every class CAf ,j, where A is a regular word, we pick a corresponding
(Af , j)-triple

(XAf ,j , YAf ,j , ZAf ,j)

in rank i− 1 and construct a defining word RAf ,j of rank i as follows. Pick a word
WAf ,j of minimal length so that

Xd
Af ,jȲ

d
Af ,j

i−1= WAf ,jA
fW−1

Af ,j
.

Let TAf ,j be a word of minimal length such that

TAf ,j
i−1= W−1

Af ,j
XAf ,jWAf ,j .

According to (3) (see also (1)–(2)), we set

(4) RAf ,j = A(n+12)fTAf ,jA
(n+22)fTAf ,j . . . A(n+(h0−1)2)fTAf ,jA

(n+h2
0)fTAf ,j

A(−n−(h0+1)2)fT−1
Af ,j

A(−n−(h0+2)2)fT−1
Af ,j

. . . A(−n−(2h0−2)2)fT−1
Af ,j

A(−n−(2h0−1)2)fT−1
Af ,j

A(−n+h2
0(2h0−3))fT−1

Af ,j
.

It follows from definitions that the word RAf ,j is conjugate in rank i−1 (by W−1
Af ,j

)

to the word w(XAf ,j, ȲAf ,j)
i−1

�= 1.
The set Si of defining words of rank i consists of all possible words RAf ,j given

by (4) (over all equivalence classes CAf ,j, where A ∈ Xi is a regular word). Finally,
we put Ri = Ri−1 ∪ Si and set

G(i) = 〈A ‖ R = 1, R ∈ Ri〉.(5)

The inductive definition of groups G(i), i ≥ 0, is now complete and we can consider
the limit group G given by defining words of all ranks j = 1, 2, . . .

G = G(∞) = 〈A ‖ R = 1, R ∈
∞⋃

j=0

Rj〉.(6)
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3. Proof of the Theorem

First we will establish several lemmas.

Lemma 1. The presentation (5) of G(i) satisfies the condition R of [O89, Sect.
25].

Proof. Recall that in article [OS96] the free group F (A)/w(F (A)) of the variety of
groups, defined by the identity w(x, y) ≡ 1 (see (3)), is constructed. The inductive
construction of a presentation for the group F (A)/w(F (A)) in [OS96] is analogous
to our construction of the group G = G(∞) (the only difference is that A ∈ Xi

is arbitrary in [OS96] and now we require that A be regular) and many technical
results of [OS96] are reproved in our situation without any changes. In particular,
repeating the arguments of the proofs of Lemmas 4–6 in [OS96], we can prove
Lemma 1. �

Now suppose that X, Y are some words such that [X, Y ] = XY X−1Y −1
i

�= 1.
Conjugating the pair (X, Y ) in rank i, if necessary, we can assume that X ≡ BfB ,
Y ≡ ZCfC Z−1, where each of B, C is either simple in rank i or a period of some
rank ≤ i and, when BfB , CfC are fixed, the word Z is picked to have minimal
length. We also consider the following equality:

XdY d i= WAAfAW−1
A ,

where A is either simple in rank i or a period of some rank ≤ i and the conjugating
word WA is picked (when A is fixed) to have minimal length. Without loss of
generality, we can also assume that if D1 ∈ {A, B, C} is conjugate in rank i to
D±1

2 , where D2 ∈ {A, B, C}, then D1 ≡ D2.

Lemma 2. In the foregoing notation, the following inequalities hold:

0 < |fA| ≤ 100ζ−1, max(|BdfB |, |CdfC |) ≤ ζ−2|AfA |, |Z| < 3ζ−2|AfA |.
Proof. These inequalities are proved analogously to inequalities (13)–(14) of
Lemma 6 [IS03] (see also Lemma 3 in [S94]). �

Lemma 3. Let X̃ and Ỹ be positive words. Then w(X̃, Ỹ ) = 1 in the group G(∞)
given by presentation (6).

Proof. Arguing on the contrary, assume that

(7) w(X̃, Ỹ ) �= 1

in G(∞). Let A be a period of some rank such that AfA for some fA is conjugate
in G(∞) to X̃dỸ d. (The existence of such an A follows from definitions; see also
Lemma 18.1 in [O89].) Note that, in view of (7), [X̃, Ỹ ] �= 1 in G(∞). Hence, by
Lemma 2, we can replace the pair (X̃, Ỹ ) by a conjugate in the group G(∞) pair
(X, Y ) such that X ≡ BfB , Y ≡ ZCfC Z−1, and XdY d = WAAfAW−1

A in G(∞),
where B, C are some periods and the inequalities of Lemma 2 hold. (Note that
X, Y need not be positive words.) In particular,

(8) |XdY d| ≤ |BdfB | + |CdfC | + 2|Z| < 8ζ−2|AfA |.
Let ∆̃ be a reduced annular diagram of rank ĩ for conjugacy of X̃dỸ d and AfA .

By Theorem 22.4 in [O89] applied to ∆, we have

(9) (1 − β)|AfA | ≤ |X̃dỸ d|.
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It follows from the definition of the word w(x, y) (see (3)) that the sums of
exponents on x and y in w(x, y) are 0. Since all defining words of presentation
(6) are values of w(x, y), these defining words are in the commutator subgroup of
F (A). Hence, the total sum σ(X̃dỸ d)+σ(A−fA) of exponents on letters a1, . . . , am

in words X̃dỸ d and A−fA is equal to 0. Let σ+(AfA) denote the sum of all positive
exponents on letters a1, . . . , am in AfA . Since X̃dỸ d is conjugate in G(∞) to AfA

and X̃d, Ỹ d are positive words, it follows that

(10) σ+(AfA) ≥ |X̃dỸ d|.
In view of inequalities (9)–(10), we further have

(11) σ+(AfA) ≥ (1 − β)|AfA |.
Assume that A is not regular. Then the sum of the positive exponents on

a1, . . . , am in AfA/|fA| is at most 2
3 (|A| + 1). Therefore, σ+(AfA) ≤ 2

3 |fA|(|A| + 1)
and, in view of (11), we get 2

3 (|A| + 1) ≥ (1 − β)|A|, which implies that |A| < 3
(LPP). On the other hand, it follows from Lemma 2 that

|A| ≥ |fA|−1ζ2|Xd| ≥ 100−1ζ3d > 3

(LPP: ζ � η = d−1). This contradiction to |A| < 3 shows that A is regular.
Now we consider a reduced annular diagram ∆ of some rank i′ for conjugacy

of XdY d and AfA . By Lemma 1 and by Lemma 22.1 in [O89], ∆ can be cut into
a simply connected diagram ∆1 along a simple path t which connects points on
distinct components of ∂∆ with |t| < γ|∂∆|. Therefore, in view of estimate (8),

|∂∆1| < (1 + 2γ)|∂∆| = (1 + 2γ)(|XdY d| + |AfA |)
< (1 + 2γ)(8ζ−2 + 1)|AfA | < 103ζ−3|A| < 1

2n|A|

(LPP: γ � ζ � ι = n−1). Then, by Lemma 1 and by Lemmas 20.4 and 23.16 in
[O89] applied to ∆1, the diagram ∆1 contains no 2-cells of rank ≥ |A|, whence ∆1,
∆ are diagrams of rank |A| − 1. Since A ∈ X|A| is a regular word, it follows from
the construction of defining words of rank |A| that there will be a defining word

in S|A| which guarantees that w(X, Y )
|A|
= 1. Consequently, w(X̃, Ỹ ) = 1 in G(∞)

and a contradiction to assumption (7) proves Lemma 3. �

Proof of the Theorem. It follows from definitions, Lemma 1 and Lemma 25.2 in
[O89] that the group G = G(∞) = 〈a1, . . . , am〉, given by presentation (6), is
torsion-free. By Lemma 3, the subsemigroup S = 〈a1, . . . , am〉+ of G, generated
by a1, . . . , am, satisfies the nontrivial semigroup identity wL(x, y) ≡ wR(x, y). It
remains to show that G contains a subgroup isomorphic to a free group of rank 2.
To do this, consider words V1 = a1a

−1
2 a1 and V2 = a2a

−1
1 a2. Assume that there is a

nonempty cyclically reduced word U(V1, V2) in V ±1
1 , V ±1

2 such that U(V1, V2) = 1
in the group G = G(∞). Then we can consider a reduced disk diagram ∆ of positive
rank, the label of whose boundary ∂∆ is U(V1, V2). It follows from the definition of
defining words of G = G(∞) and Theorem 22.2 in [O89] applied to ∆ that U(V1, V2)
is a regular word. This, however, is obviously false. This contradiction shows that
the subgroup 〈V1, V2〉 of G is free of rank 2 and the Theorem is proved. �
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