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ABSTRACT. We examine a nonlinear strongly resonant elliptic problem driven
by the p-Laplacian and with a discontinuous nonlinearity. We assume that the
discontinuity points are countable and at them the nonlinearity has an upward
jump discontinuity. We show that the problem has at least two nontrivial
solutions without using a multivalued interpretation of the problem as it is
often the case in the literature. Our approach is variational based on the
nonsmooth critical point theory for locally Lipschitz functions.

1. INTRODUCTION

Let Z C RY be a bounded domain with a C?-boundary 9Z. We consider the
following nonlinear Dirichlet Problem:

(1) { —div(|Dz(2)[P~2Dx(2)) — M|z(2)|P~22(2) = f(z,2(2)) a.e. onZ }
$|8Z = 0.
The special feature that this problem has, is that the nonlinearity f: ZxR — R
is discontinuous in the second variable. More precisely, we assume that f(z,-) is
discontinuous on a sequence {r, },>1 with no finite accumulation point. Also, we

x
assume that we have “strong resonance” at infinity, namely if F(z,z) = [ f(z,7)dr
0

is the corresponding potential function, we have F(z,x) — Fy(z) as  — +oo and
lim f(z,2) = 0. Strongly resonant problems, are more difficult to deal with, since

|| —o00

they exhibit a lack of compactness. They were first studied by Thews [14], Bartolo-
Benci-Fortunato [3] (who coined the term “strong resonance”) and Ward [I5]. The
problems studied in these works are semilinear (i.e. p = 2), with a continuous non-
linearity independent of z. “Discontinuous” strongly resonant semilinear problems,
were investigated by Arcoya-Canada [1] using the dual variational principle. Their
equation is semilinear and the discontinuous right-hand side nonlinearity, which is
independent of z, satisfies a certain type of perturbed monotonicity. In contrast
here the equation under consideration is driven by the p-Laplacian and we do not
impose any kind of monotonicity condition on f(z,-). We only require that at the
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discontinuity points f(z,-) has an upward jump discontinuity. Moreover, here we
establish the existence of at least two nontrivial solutions. For additional works
dealing with discontinuous elliptic problems, we refer to Stuart [12], Chang [4],
Costa-Goncalves [6], Badiale [2], Kourogenis-Papageorgiou [10] and the references
therein. With the exception of Stuart [12], in all the other works the authors pass
to a multivalued problem (by filling in the gaps at the discontinuity points) in order
to obtain existence results. In addition, none of the above works deal with strongly
resonant problems.

2. MATHEMATICAL BACKGROUND

Our approach is variational based on the nonsmooth critical point for locally
Lipschitz functions (see Chang [4] and Kourogenis-Papageorgiou [10]). If X is a
Banach space, a function ¢ : X — R is said to be locally Lipschitz, if for every
x € X there exists a neighborhood U of x and a constant ky > 0 such that
lo(y) — ()] < kylly — v|| for all y,v € U. For such a function we define the
generalized directional derivative at € X in the direction h € X, by

p(a’ + Ah) — (')
\ :

©%(x; h) = limsup
IAI(})QE
The function h — °(x;h) is sublinear, continuous. So we can define the set
dp(x) = {z* € X*: (x*,h) < ¢°(x;h) for all h € X }.

Here by (-,-) we denote the duality brackets for the pair (X, X*). Evidently,
Op(z) is nonempty, convex and w*-compact and it is called the generalized (or
Clarke) subdifferential of ¢ at z € X. If ¢ is also convex, then it coincides with
the subdifferential in the sense of convex analysis given by O.¢o(x) = {a* € X* :
(z*,y —z) < p(y) — ¢(z) for all y € X}. If ¢ € CH(X), then dp(z) = {¢'(x)}. If
©,1% : X — R are both locally Lipschitz and A € R, then 9(¢ + ¢) C dp + 91 and
d(Ap) = Ady. For details see Clarke [5] and Denkowski-Migérski-Papageorgiou [7].

Given a locally Lipschitz function ¢: X — R, x € X is a critical point of ¢, if
0 € Op(x). Tt is easy to see that a local extremum (i.e. a local minimum or a local
maximum), is a critical point. We say that ¢ satisfies the nonsmooth C.-condition
if every sequence {z,}n>1 C X such that ¢(z,) — c and (1 + ||z, |)m(z,) —
0 (m(xy) = inf{||z*| : * € dp(z)}) has a strongly convergent subsequence.

It is well known that (—Ap, Wol’p(Z)) (i.e. the negative p-Laplacian with Dirich-
let boundary conditions), has a first eigenvalue A; > 0, which is also simple, isolated,
and has a variational characterization

o b= 1220

[dF

sz e WyP(Z), :c;éO}

The infimum is realized at the normalized principal eigenvalue uy, wu; € Cé & (Z)
with 0 < 8 < 1 and uy(z) > 0 for all z € Z. Also since A\; > 0 is isolated and
if V= {2z € Wy?(2): [,x(z)ui(2)?"'dz = 0} (a topological complement of the
eigenspace Ruy), then

| D[]
rx eV, z#0| > A

(3) A2 = inf [

[dF
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If p = 2, then A > 0 is the second eigenvalue of (= H(Z)). If p # 2, we do
not know if this is the case. For further details see Lindqvist [I1] and Denkowski-
Migérski-Papageorgiou [§].

3. MULTIPLE SOLUTIONS

T
In what follows F(z,2) = [ f(z,r)dr and C = {rp}p>1 € R with no finite

0
accumulation point. Our hypotheses on the discontinuous nonlinearity f are the
following:

H(f): f: Z xR — R is a function such that

(i) f is sup-measurable (i.e. for all z: Z — R measurable, the function
z — f(z,2(z)) is measurable);
(ii) for almostall z € Z, © — f(z,x) is continuous in R\ C and has upward
jump discontinuity at all z € C;

(iii) for every M > 0, there exists ap; € L* (Z) (1 <s<p'—-1,14+1=

Ne N>
1, p* = N-p 1 p>7 such that for almost all z € Z and all
400 I N<p

|x| < M we have |f(z,z)| < am(z);

(iv) there exist Fy € L'(Z) such that F(z,2) — Fi(z) uniformly for
almost all z € Z and f(z,2) — 0 a.e. on Z as |z| — oo;

(v) for almost all z € Z and all € R, F(z,2) < (Az — \1)|z|P;

(vi) there exist f_ < 0 < (4 such that

0< / Fi(z)dz < / F(z,B+ui(z))dz.
z z
We consider the energy functional ¢: WO1 P(Z) — R defined by
1 A
o) = 2 IDslly — il = [ F(aae)ds 2 W2,
p p z
We know that @ — [, F(z,2(z))dz and @ — () are locally Lipschitz on

WP (Z) (see Denkowski-Migérski-Papageorgiou [7]).

Proposition 1. If hypotheses H(f) hold, then ¢ satisfies the nonsmooth C.-
condition, for ¢ < — [, Fi(z)dz.

Proof. Consider a sequence {z, }n>1 € Wy *(Z) such that (1 + [|z,|)m(z,) — 0
and @(z,) — ¢, with ¢ < — [, Fi.(z)dz. Since dp(z,) € W~ 19(Z) (% + % =1) is
weakly compact and the norm functional is weakly lower semicontinuous, we can
find x} € 0p(zy) such that m(z,) = ||z} ||, n > 1. We have

vt = A(zn) — M|on P22, — Up, n > 1

Here A: WyP(Z) — W~19(Z) is the nonlinear operator defined by

(A@)y) = [ IDalP2(D, Dyeviz, 2,y € WEP(2)
A

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2372 S. TH. KYRITSI AND N. S. PAPAGEORGIOU

(hereafter by (-, ) we denote the duality brackets for the pair (VVol’p(Z)7 w—ti(7)))
and U, € L (Z), with U, (z) € OF (z,x,(2)) a.e. on Z. (see Denkowski-Migérski-
Papageorgiou [7], p. 617). It is easy to check that A is demicontinuous, monotone,
hence maximal monotone (see Denkowski-Migérski-Papageorgiou [§], p. 37).

We claim that {x,}n>1 C Wol’p(Z) is bounded. Suppose that it is not true.
We may assume that ||z,|| — oco. Set y, = Ty m = 1. We can say that
Yn = yin WyP(Z), yn — y in LP(Z) and in L¥ (Z), yn(z) — y(z) a.e. on
Z, |yn(2)| < k(2) a.e. on Z with k € L™(Z) and m = max{p, s}. From the choice
of {zn}n>1 C WoP(Z), we have

[[n]? p Y [P = P’

(4) for some M; > 0, alln > 1.

Using hypotheses H(f)(iv), (iii) and the mean value theorem for locally Lip-
schitz functions (see Denkowski-Migérski-Papageorgiou [7], p. 609), we can see
that for almost all z € Z and all # € R, |F(z,7)| < a(z) with a € L'(Z). So

|/, F(Hzg’f’ﬂf))dz‘ < ””xa”nlp — 0 as n — o0o. Therefore, if we pass to the limit as

n — oo in (@) we obtain

IDyllp < Adllyllp
= 1 Dyllb = Adllyllh (see @), hencey =0 or y=du.

If y = 0, then ||Dyy,l|l, — 0 and so y, — 0 in Wy?(Z), a contradiction to the
fact that ||yn|| = 1 for all n > 1. So y = fuy. Assume y = uy (the reasoning is
similar if y = —uq). Since ¢(z,) — ¢, given € > 0 we can find ng = ng(e) > 1 such
that for all n > ng we have

1 A
c—e<p(x,) = 5||Dxn||g - ?1||xn||§ —/ F(z,xn(z))dz <c+e,
z

(5) = —/ZF(z,xn(z))dz <c+e (see @).

Because we have assumed that y = uy and ui(z) > 0 for all z € Z, it follows
that z,(z) — 400 a.e. on Z and so F(z,2,(2)) — F4(2) a.e. on Z. Then by
virtue of the dominated convergence theorem, we have that |, 7 F(z, xn(z))dz —
J; Fy(z)dz, and so from (B) it follows that

—/ Fi(z)dz < c+e.
z

Since ¢ > 0 was arbitrary, we let € | 0 and have ¢ > — fz F. (z)dz, a contradiction
to the choice of ¢. This means that {z, },>1 C Wy (Z) is bounded and so we may
assume that x, —— z in Wy*(Z) and z,, — z in LP(Z) and in L*(Z) (recall

s < p*). From the choice of the sequence {2, }n>1 C Wy"*(Z), we have

‘ (A(zn), xn — ) — /\1/ |20 [P 22 (2, — 2)dz — / Un (20, — x)dz‘ < é&n,
z z

with &, | 0.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



STRONGLY RESONANT ELLIPTIC PROBLEMS 2373

Evidently, [, |@n|P™ 22y (xy — 2)dz, [, Un(xy, —2)dz — 0 as n — oco. So it
follows that

lim (A(xy,),z, —x) =0.

n—oo

Since A is maximal monotone, it is generalized pseudomonotone (see Denkowski-
Migérski-Papageorgiou [§], p. 58), and so (A(zy,), Tn) — (A(x), z), hence || Dz, ||, —
| Dz||,. Since Dx,, — Dz in LP(Z,RN) and LP(Z,RY) is uniformly convex, from
the Kadec-Klee property it follows that Dz, — Dz in LP(Z,RY), and so z,, — z
in Wy?(2). O

Let V = {z € WyP(Z): [,zu} 'dz = 0}. We know that W, ”(Z) = Ru; @ V.

Let G4 = {ﬂul +viveV, > O} and G_ = {ﬂul +uviveV, < O}. These are
closed, half spaces and from hypothesis H(f)(vi), we have

(6) iélfga < - /F(ﬁiul(z))dz < 0.
+
Proposition 2. If hypotheses H(f) hold, then ir‘}fgo =0.

Proof. By virtue of hypothesis H(f)(v) and (@), for every v € V, we have

1 A1
p(v) = = Doy = —|[v[[} —/ F(z,0(2))dz
p p VA

o — N N — N\
z( ; )wuz—( ; )nvng:o

:>11‘}fg0:0.

Now we are ready for the multiplicity result concerning problem ().

Theorem 3. If hypotheses H(f) hold, then problem () has at least two nontrivial
solutions.

Proof. Let ¢, : Wy*(Z) - R =R U {+0oo} be defined by

plx) ifzeGy
xTr) =

P+ (@) {—l—oo otherwise.
Evidently, ¢ is lower semicontinuous and bounded below (see () and recall that
for almost all z € Z and all z € R, |F(z,2)| < a(z) with a € L'(Z)4; see the
proof of Proposition ). Invoking the generalized Ekeland variational principle (see
Denkowski-Migdérski-Papageorgiou [8], p. 97), we can find {y,}n>1 C intG4 such
that

@(yn) = ¢+(yn) | Inf @, =infy and
Wy P (2) Gy

(7)

Yn) = Yn) < v)+ ————— v —yn for all v € WYP(Z).
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Since y,, € intGy, for every h € Wy*(Z), we can find ty > 0 such that for all
t € (0,t7], we have y, +th € G4. In (@) let v =y, +th, t € (0,¢;]. We have

— < =
A+ D) ; (snce ¢+la, =)
al 0
———— < 0" (Yn; h).
(1 +[lynl])
Invoking Lemma 3.1 of Szulkin [I3], we can find v}, € W—19(Z) with ||u}| < 1,

such that

(up, ) < (1 + [lynl)¢°(yn; h)  for all b € WyP(Z).
It follows that v} = m € dp(xy), n > 1 and so (1 + ||zn|])m(z,) <

(1 + ||lzalDlvi] € 2 — 0asn — oco. Since inf ¢, = gf@ < p(Brur) =

n 1
Wo'?(2)
— [, F(z, Byui(2))dz < — [, Fy(z)dz (see hypothesis H(f)(iv) and recall that
[Dui|b = Arllu1|[h), we can apply Proposition [[] and assume that y, — y in

Wy (Z). Then we have ¢ (y) < inf ¢, (y,) (since ¢, is lower semicontinuous)

and y € G4. Therefore ¢4 (y) = o(y) = icl;lf . If y € 0G4 =V, then by Proposi-
+

tion [ we have ¢(y) > 0, a contradiction to (B). So y € intG4 and it follows that

y is a local minimizer of ¢, which implies that 0 € dp(y). From this inclusion it
follows that

(8) Aly) =1
with @ € L* (Z) and

U we) ac. on {y ¢ C},
©) (2) € {[f(z,y(z)_),f(z,y(z)"’)] a.e. on {y € C'}

(see Hu-Papageorgiou [9], p. 317). Recall that C' = {r,},>1 is the set of discon-
tinuity points at which f(z,-) has an upward jump discontinuity (see hypothesis
H(f)(ii)). Since y € intG is a local minimizer of ¢, for € > 0 small we have

oy +eur) — o(y) 1[||D(y+6u1)||§— Dyl

0< =
€ P €

1

_E/Z (F(Z,y+gu1) —F(z,y))dz.

Passing to the limit as ¢ | 0, we obtain
0 = (@A)~ [ G
= [ G- e uE (o ©)
= [ @@ -1y uEd: e @)

{yeC?

Because u(z) < f(z,y(2)") a.e. on Z (see (@), it follows that
(10) u(z) = f(z,y(2)") ae. on Z.
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Also, since y € intG4, for € > 0 small x —euy € G4, and so because iélf(p = (y),
+

we have
0 < Ply—ewm)—ely) 1 [IID(y —eur)||5 — (| Dyl[p
- € p €
_é /Z (F(z, y—eur) — F(z, y))dz7
0 < A)—u)+ [ e (i
= [ GeuE) —iunEe e © ad @)
{yeC}
Since f(z,y(z)7) < u(z) a.e. on Z (see (@), it follows that
(11) u(z) = f(z,y(2)") a.e. on Z.

From (I0) and () and because f(z,y(z)”) < f(z,y(z)") a.e. on {y € C}, we
infer that ‘{y € C}‘N = 0 (by | - |x we denote the Lebesgue measure on RY).
Therefore, y(z) ¢ C a.e. on Z and this combined with the inclusion 0 € 9p(y),
implies that y is a nontrivial solution of problem ().

Similarly, working on G_ and defining ¢_ in an analogous way we obtain v €
intG_ such that p(v) = icl;lf w. Since v € intG_, icr;lfgo = ¢(v) and 0 € 9p(v),

working as above we show that v(z) ¢ C a.e. on Z, and so it is a nontrivial solution
of problem ([IJ). O
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