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THE THETA DIVISOR AND THE STICKELBERGER THEOREM
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(Communicated by David E. Rohrlich)

Abstract. This paper is devoted to studying certain trivial correspondences
provided by theta divisors and their relation to the Brumer-Stark conjecture.

1. Introduction

In the works [An2], [C] a proof is given of the Brumer-Stark conjecture in the
case of abelian extensions of Fq(t). It is obtained by considering Frobenius corre-
spondences attached to L-series and by proving that they are linearly equivalent to
trivial correspondences. In [An2], this result it is proved by considering the theory
of theta functions. In this paper we generalize these results for arbitrary curves;
we again obtain correspondences attached to L-series and, by using the fact that
two theta divisors are linearly equivalent, we prove that these correspondences are
linearly equivalent to trivial correspondences. For elliptic curves, we obtain ex-
plicit functions, which render these correspondences trivial. These results provide
us with another proof for the Brumer part of the Brumer-Stark conjecture in the
function field case (cf. [T], Conjecture 6.2, p. 107, and [H], Theorem 1.1). For the
extensions Hm/K, K is a global function field with a distinguished place, ∞, of
degree 1, and m is an effective divisor supported away ∞, where Hm is the maximal
abelian extension of the conductor m in which ∞ splits completely. I believe that
the interest of this proof lies in the study of the Brumer-Stark conjecture in the
non-abelian case for function fields, perhaps because it provides some information
about the number field case. All this work is strongly based on the results of [An1]
and perhaps these results give some hints to [An3].

2. Preliminaries about the generalized jacobian
and the theta divisor

Let X be a projective, smooth and absolutely irreducible curve over Fq (q = pm)
of genus g; ∞ is a rational point in X , A := H0(X \ {∞},OX), m is an ideal
in A, such that the effective divisor D(m) associated with m is of degree d + 1,
T = supp(m), Spec(AT ) = X \ T and K is the function field for X . R is an
Fq-algebra.

Let L be a line bundle over X × Spec(R). An m-level structure on L is a pair
(L, fm), where fm is an epimorphism of modules

fm : L → OX/m · OX ⊗ R.
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2208 A. ÁLVAREZ

We denote by fm(r) the m-level structure on L(r), given by the natural inclusion
L ↪→ L(r), and fm, r ∈ N. L(r) denotes L ⊗

OX

OX(r · ∞).

Given (L, fm), one defines

H0
m(X, (L, fm)) := {s ∈ H0(X, L) : fm(s) ≡ α mod m},

α ∈ Fq. The moduli scheme for the pairs (L, fm), with deg(L) = 0, is given by the
generalized jacobian Pic0

X,m; cf. [Se], chapter V.
By [Se], chapter IV, there exists a singular curve, Xm, that is only singular in a

point Q. Its normalized curve is X , and the conductor of ρ : X → Xm is given by
A/Fq + m. Moreover, there exists an equivalence between line bundles on Xm and
line bundles over X with m-level structures; see [F]. In this way, Pic0

Xm
= Pic0

X,m

and
H0

m(X, (L, fm)) = H0(Xm, L′),

(L, fm) being the m-level structure associated with the line bundle L′ on Xm. L′ is
said to be of degree 0 if ρ∗L′ = L is of degree 0.

We denote by Ir
m, O×

m the group of ideles of X outside T of degree r, and the
group of ideles outside T , without zeroes and poles, respectively. We denote by
K(X)×m the functions a ∈ K× with a ≡ α mod m, α ∈ Fq

×. One notes that the
rational points of Pic0

X,m are given by Gm := I0
m/K(X)×m · O×

m .
Given two divisors N, N̄ ∈ Im/O×

m (= fraction ideals on AT ), we say that they
are m-equivalent (cf. [Se], chapter V, no. 2) when [N − N̄ ] = 0 ∈ Gm. [N ] denotes
the equivalence class of N in Gm. The set of effective divisors m-equivalent to N is
given by the set

P(H0(Xm,OXm(N))) \ P(H0(X,OX(N − D(m)))).

OXm(N) denotes the line bundle on Xm associated with N . We denote by Lm(N, 0)
the cardinal of this last set.

µm denotes the natural morphism of forgetting level structures

µm : Pic0
X,m → Pic0

X .

One can consider the theta divisor on Pic0
X , Θ(g + d, m) defined by

Θ(g + d, m) = {L ∈ J with H0(X, L(g + d)(−D(m))) �= 0}.
Definition 2.1. We define the theta divisor, Θm, as the closed subscheme of Pic0

X,m

defined by the (L, fm), such that

H0
m(X, (L(g + d − 1), fm(g + d − 1))) �= 0.

In the following proposition we prove that, µ−1
m Θ(g + d, m) is linearly equivalent

to Θm. Owing to a subsequent calculation, we shall assume d ≥ g, although the
result is true for any d ∈ N. We show which is the meromorphic function, b, on
Pic0

X,m such that D(b) = Θm−µ−1
m Θ(g+d, m). Here, D(b) denotes the Weil divisor

associated with b.

Proposition 2.2. γ−1(µ−1
m (Θ(g + d, m))) is linearly equivalent to γ−1(Θm) over

S, γ being a morphism of schemes γ : S → Pic0
X,m.

Proof. Let (M, gm) be the m-level structure given by γ. Let p2 be the natural
projection X × S → S. As d ≥ g, p2∗M(g − 1 + d) and p2∗M(g + d) are locally
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THE THETA DIVISOR AND THE STICKELBERGER THEOREM 2209

free over OS , of ranks d and d + 1, respectively. We can normalize M such that
p2∗(M/M(−∞)) is trivial. We thus have the exact sequence of OS-modules

0 → p2∗M(g − 1 + d) → p2∗M(g + d)
η→ OS → 0.

Bearing in mind this exact sequence, one can obtain an open covering of S, {Uy}y∈S,
bases {s1

y, · · · , sd
y} and {s1

y, · · · , sd
y, ey} for p2∗M(g − 1 + d)Uy and p2∗M(g + d)Uy

respectively, where, fixing ξ ∈ H0(S,OS)×, η|Uy
(ey) = ξ|Uy

.
γ−1(Θm) and γ−1(µ−1

m (Θ(g +d, m))) are defined over Uy by the zero locus of the
functions of H0(Uy,OS)

b1
y := det(p2∗gm(g − 1 + d)(s1

y), · · · , p2∗gm(g − 1 + d)(sd
y), 1)

and

b2
y := det(p2∗gm(g + d)(s1

y), · · · , p2∗gm(g + d)(sd
y), p2∗gm(g + d)(ey)),

respectively, where p2∗gm(r)(si
y) are the values of si

y over H0(Uk,OS)⊗A/m, via the
morphism p2∗gm(r) : p2∗gm(r) → H0(Uy,OS) ⊗ A/m induced by gm. To calculate
this determinant, we choose a basis in A/m. By the choice of this basis, it is not
hard to prove that b1

y/b1
ȳ = b2

y/b2
ȳ ∈ H0(Uy ∩ Uȳ,OS) for each y, ȳ ∈ S. We thus

have
D(b1

y/b2
y) = γ−1(Θm) − γ−1(µ−1

m (Θ(g + d, m))).

�

3. Elliptic sheaves of rank 1

Definition 3.1 ([Dr]). An A-elliptic sheaf of rank 1 over R is a diagram of line
bundles over X × Spec(R),

L
i �� L(1)

F#L

t
����������

,

satisfying:
a) For any z ∈ Spec(R), deg(Lz) = 0.
b) j∞∗(L(1)/L) is a rank-one free module over R. j∞ is the inclusion ∞ ×

Spec(R) ↪→ X × Spec(R).
F# denotes (Id×F )∗, F : Spec(R) → Spec(R) being the q-Frobenius morphism.

The latter elliptic sheaf will be denoted by (L, i, t).

Definition 3.2. An m-level structure for an A-elliptic sheaf of rank 1 over R,
(L, i, t), is an m-level structure for L such that the following diagram is commuta-
tive:

F#L
t ��

F#fm

��

L(1)

fm(1)�������������

OX/m · OX ⊗ R

.

This elliptic sheaf with an m-level structure is denoted by (L, i, t, fm).
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2210 A. ÁLVAREZ

Let us consider the Lang isogeny Id − F : Pic0
X,m → Pic0

X,m; αm : Spec(AT ) →
Pic0

X,m is the Abel morphism given by the m-level structure

(OX×Spec(AT )(∞− ∆T ), fm(1)),

where this level structure is obtained from the exact sequence of OX×Spec(AT )-
modules (Spec(AT ) = X \ T )

0 → OX×Spec(AT )(−∆T ) → OX×Spec(AT )
δm→ j∗j∗AT → 0,

j : Spec(AT ) → X being the natural inclusion and δm the multiplication morphism.
There exists a fine moduli, Ym, for the A-elliptic sheaves of rank 1 with m-level

structures. This moduli is affine; Ym = Spec(Bm). It is obtained by

Ym = Spec(AT ) �
Pic0

X,m

Pic0
X,m.

P ic0
X,m is a Pic0

X,m-scheme via the Lang isogeny; cf. [Se].
From the definition of Ym, there exists a morphism πm : Ym → Spec(AT ), and we

obtain the abelian extension of group Gm, K → Hm. Hm denotes the function field
for Ym, and it is the ray class field for the module m at ∞(= the maximal abelian
extension of conductor m in which ∞ splits completely); cf. [H], [Se], chapter IV.
The action of [N ] ∈ Gm over Ym is defined by the tensorial product over (L, i, t, fm)
of the m-level structure associated with [N ]. We denote by σN := ([N ], Hm/K)
the automorphism associated with [N ]. ( , Hm/K) denotes the Artin symbol.
The Frobenius element for x ∈ Spec(AT ), σx, is given by [tx], where tx is a local
parameter for x.

We can now obtain the T (= supp(m))-incomplete L-function evaluator at s = 0:

θHm/K,T =
∏

x∈X\T

(1 − σx · tdeg(x))−1
t=1.

Similar to [An1], 4.1.1, bearing in mind that that σ∞ acts trivially on Ym, we obtain

θHm/K,T =
∑

[N ]∈Gm

σN · (
2g+d−1∑

i=0

Lm(N, i) · ti +
∑

j≥0

qg+j · t2g+d+j)t=1,

where Lm(N, i) denotes the cardinal of the set of effective divisors on X supported
away from T (or equivalently the ideals on AT ) and m-equivalent to N + i ·∞. One
can choose N ∈ [N ] supported away from ∞.

3.1. The theta divisor and elliptic sheaves of rank 1. Let us consider the
morphism defined in [An1], 4.1, this time in the case of level structures, βm :
Ym × Ym → Pic0

X,m, over the rational points given by

βm((L, i, t, fm), (M, ī, t̄, f̄m)) := (M∨ ⊗
OX

L, f̄∨
m ⊗ fm).

Let N be a divisor of degree 0, supported away from T and ∞. For easy notation,
we shall denote H0

m(N) := H0
m(OX ,OX(N)) = H0

m(OXm ,OXm(N)) and H0(N) :=
H0(OX ,OX(N)). Let us denote by FN

i the Weil divisor on Ym × Ym given by the

graph of the composition of morphism F
i· · ·F and σN . Let us denote by F i

N the
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THE THETA DIVISOR AND THE STICKELBERGER THEOREM 2211

transpose correspondence of F−N
i . Then, by [An1], 4.1.1, β−1

m (µ−1
m (Θ(g + d, m))) is

∑

[N ]∈Gm

(
g+d−1∑

i=0

C(i, N) · F g+d−i−1
N +

g−1∑

j=1

C(g + d + j − 1, N) · FN
j ).

Here,

C(i, N) = #P(H0(OX(i + 1)(N − D(m)))

and

C(g + d + j − 1, N) =
#P(H0(OX(g + d + j)(N − D(m))) − 1 − · · · − qj−1

qj
.

In the case of β−1
m (Θm), one obtains a similar result:

Lemma 3.3. If (L, i, t, fm) and (M, ī, t̄, f̄m) are elliptic sheaves with level structures
with M(1)/t(F#M) 	 L(1)/t(F#L) and defined over a field k, then there exists
[N ] ∈ Gm with σN (L, i, t, fm) = (M, ī, t̄, f̄m).

Proof. From the commutative diagram

Ym
��

πm

��

Pic0
X,m

Id−F

��
Spec(AT )

αm �� Pic0
X,m,

we deduce that πm(L, i, t, fm) is given by the point where L(1)/t(F#L) is concen-
trated, and we conclude the proof because πm is a Galois covering of group Gm. �

Proposition 3.4. β−1
m (Θm) is a Weil divisor on Ym × Ym, given by

∑

[N ]

(
g+d−1∑

i=0

Cm(i, N) · F g+d−i−1
N +

g∑

j=1

Cm(g + d + j − 1, N) · FN
j ).

“Cm( , )” ∈ Z are calculated in the following proposition.

Proof. Bearing in ming the last lemma it suffices to prove that if

((L, i, t, fm), (M, ī, t̄, f̄m)) ∈ β−1
m (Θm)

is defined over a geometric point Spec(k(s)), then either there exists i with 0 ≤ i ≤
g + d − 1 and (F#)i(L(1)/F#L) 	 M(1)/F#M , or there exists 1 ≤ j ≤ g with
(F#)j(M(1)/F#M) 	 L(1)/F#L. Recall that F#(L, i, t, fm) is again an elliptic
sheaf with an m-level structure.

Because of the definition of H0
m(Xs, ) and since we have

H0
m(Xm ⊗ k(s), M∨ ⊗

OXs

L(g + d − 1), f̄∨
m ⊗ fm) �= 0,
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2212 A. ÁLVAREZ

there exists either a morphism h : M → L(g + d − 1)(−D(m)) or a commutative
diagram

M
h ��

f̄m

����������������� L(g + d − 1)
fm(g+d−1)

����������������

OX/m · OX ⊗ k(s)

F#M(−1)

t̄

��

F#h(−1) ��

F#f̄m(−1)
���������������

F#L(g + d − 2).

t(g+d−1)

��

F#fm(g+d−2)
		��������������

In the first case, we conclude because of [An1], 3.3.1. In the second case, we obtain
a morphism of modules

h · t̄ − t(g + d − 1) · F#h(−1) : F#M(−1) → L(g + d − 1)(−D(m)).

If h · t̄−t(g+d−1) ·F#h(−1) = 0, it is not hard to prove that there exists i, 0 ≤ i ≤
g+d−1, with (F#)i(L(1)/F#L) 	 M(1)/F#M . If h· t̄−t(g+d−1)·F#h(−1) �= 0,
we again use [An1], 3.3.1. �

To calculate the integers Cm(i, N) and Cm(g + d + j − 1, N), it suffices to bear
in mind in [An1] the following considerations: Let R be an Fq-finite local algebra,
h(z) ∈ R[z]. Then, given [D] ∈ Gm, where D is supported away from ∞, one
can obtain in an analogous way to [An1], 1.5, a line bundle, Fm(D, h(z)), over
Xm × Spec(R). Let Am be the line bundle over Xm × Spec(AT ) defined by the
morphism

αm : Spec(AT ) → Pic0
X,m.

Then, as in [An1], 1.6,

Fm(D, 1 − t.z) 	 (Id × ι)∗(AT ⊗ p∗1OXm(D)),

where R = Fq[t]/tr and ι is given by OXm → R, 1/T → t; 1/T is a local parameter
for ∞ ∈ Xm, and p1 is the natural projection Xm × Spec(R) → Xm. For OXm(D),
there exists an Fq-subspace W ⊂ Fq((1/T )) with

H0
m(X,OX(D)) = H0(Xm,OXm(D)) = W ∩ Fq[[1/T ]].

One can obtain a similar result for the cohomology group H1. As in [An1], 1.8, by
the Riemann-Roch Theorem for Xm (cf. [Se] chapter IV, no. 6), there exists a basis
{wi}i∈N for W ⊂ Fq((1/T )), such that wi is monic,

−g − d < deg(wi) ≤ deg(wi+1) and deg(wi − T i) ≤ g + d

for each i. In this way, one can obtain τ(D, h(z)) ∈ R. Analogously, one can
obtain τW (t, x, y) defined in [An1], 2.3. If we consider Spec(R) → Pic0

X,m, given
by (Id × ι)∗(Am ⊗ p∗1OXm(D)(−deg(D))), then Spec(R) ×Pic0

X,m
Θm ⊂ Spec(R)

is given by τ(D, h(z)). One finishes by considering in [An1], 3.4.1, the following
changes: R = Fq[t, x, y]/(tr, xr , yr);

ιm : Spec(R) → Spec(AT ) × Ym × Ym

is the unique closed immersion such that

ιm(t, x, y)0 = (∞, (N1, Ym/X)∞̃, (N2, Ym/X)∞̃)
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THE THETA DIVISOR AND THE STICKELBERGER THEOREM 2213

and
t = ι∗m · p∗1T−1, x = ι∗m · p∗1π∗

mT−1, y = ι∗m · p∗1π∗
mT−1,

where D1 and D2 are divisors of degree 0 supported away from T ; D1 − D2 is
m-linearly equivalent to D; ∞̃ is defined in [An1], 3.4; and ( , Ym/X) is the Artin
symbol. If we consider

αm · p1 + βm · p23 : Spec(AT ) × Ym × Ym → Pic0
X,m,

then via the morphism (αm · p1 + βm · p23) · ιm, Spec(R) ×Pic0
X,m

Θm ⊂ Spec(R) is
given by τW (t, x, y).

From these results, we have, as in [An1], 4.1.1, that

Cm(i, N) = #P(H0
m(OX(i)(N)) for 0 ≤ i ≤ g + d − 1

and

Cm(g + d + j − 1, N) =
#P(H0

m(OX(g + d + j − 1)(N))) − 1 − · · · − qj−1

qj

with 1 ≤ j ≤ g.
Now, for easy notation let us denote hN

i = dimFqH
0(OX(i)(N − D(m))), then:

Theorem 3.5. The Weil divisor on Ym × Ym

∑

[N ]

(
g+d−1∑

i=0

Lm(N, i) · F g+d−1−i
N +

g∑

j=1

Lm(N, g + d + j − 1)
qj

· FN
j )

+
∑

[N ]

(−
g+d−1∑

i=0

δ̄hN
i ,hN

i+1
· qhN

i · F g+d−1−i
N −

g∑

j=1

δ̄hN
g+d+j−1,hN

g+d+j
· qhN

g+d+j−1−j · FN
j )

is linearly equivalent to zero. δ̄ := 1 − δ, with δ the Kronecker symbol.

Proof. From Proposition 2.2, β−1
m (µ−1

m (Θ(g + d, m))) is linearly equivalent to
β−1

m (Θm). We conclude, because β−1
m (Θm) − β−1

m (µ−1
m (Θ(g + d, m))) is

∑

[N ]

(
g+d−1∑

i=0

((Cm − C)(i, N)) · F g+d−1−i
N +

g∑

j=1

((Cm − C)(g + d + j − 1, N)) · FN
j )

with

(Cm − C)(i, N) = Lm(N, i) + #P(H0(OX(i)(N − D(m))))

− #P(H0(OX(i + 1)(N − D(m))))

and

(Cm − C)(g + d + j − 1, N) = Lm(N, g + d + j − 1)

+#P(H0(OX(g + d + j − 1)(N − D(m)))) − #P(H0(OX(g + d + j)(N − D(m)))).

C(2g + d − 1, N) = 0. �

Now let us consider the Weil divisors on Ym × Ym as correspondences and hence
as endomorphisms of Pic0

Ỹm
(Fq) = Pic0(Hm), where Ỹm is the Riemann variety for

Hm. F k
N and FN

k give the endomorphisms σN and qk ·σN over L ∈ Pic0(Hm), with
qk · σN (L) := (σ∗

NL)⊗qk

. Recall that σN ∈ Gm acts on Ym. In this way, by the
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2214 A. ÁLVAREZ

last theorem the correspondence β−1
m (Θm) − β−1

m (µ−1
m (Θ(g + d, m))) acts trivially

on Pic0(Hm), and from this one deduces that

∑

[N ]

(
2g+d−1∑

k=0

Lm(N, k) −
g−1∑

i=0

qi) · σN

acts trivially over Pic0(Hm). Apparently, this theorem gives an explicit proof of
the Cayley-Hamilton theorem for the Frobenius morphism acting on the Q[Gm]-
module Corr(Ym)/ ∼= correspondences of Ym modulo vertical and horizontal ones
and linear equivalence. As a consequence of this last theorem we have:

Theorem 3.6 (Brumer). (q − 1)θHm/K,T annihilates the Picard group Pic0(Hm).

Proof. Since

θHm/K,T =
∑

[N ]∈Gm

(
2g+d−1∑

i=0

Lm(N, i) +
∑

j≥0

qg+j) · σN

we have

θHm/K,T −
∑

[N ]

(
2g+d−1∑

k=0

Lm(N, k) −
g−1∑

i=0

qi) · σN = (1 − q)−1 ·
∑

[N ]

σN .

We conclude by the existence theorem of class field theory. If L ∈ Pic0(Hm), then
we have that

⊗
[N ] σ

∗
NL is a principal divisor D(α) with α ∈ K×. �

We can say something about the Stark part of the Brumer-Stark conjecture. If
u is a divisor on Hm of degree 0, then by the last theorem (q − 1)θHm/K,T (u) =
D(hq−1 · α), with h ∈ Hm and α ∈ K×, thus Hm((hq−1 · α)1/q−1) = Hm(α1/q−1).
Hm(α1/q−1)/K is abelian because K(α1/q−1)/K and Hm/K are abelian extensions.
In [H] a complete proof is given for arbitrary divisors by using Drinfeld modules.

3.2. An explicit computation. Let consider us X = C an elliptic curve. We
take m = md+1

x , d ≥ 2, mx a maximal ideal in A with x rational and tx a local
parameter. With the above notations we have that the element θHm/K,T of Q[Gm]
is

(
d∑

i=0

∑

[N ]∈Gm
Lm(N,i)>0

ti · σN +
∑

[N ]∈Gm
Lm(N,d+1)>0

qhN
d+1td+1 · σN +

∑

[N ]∈Gm

qtd+2

1 − qt
· σN )t=1.

Recall that hN
i = dimFqH

0(OX(i)(N − (d + 1)x)). On Spec(Hm ⊗ Hm) the Weil
divisor

d∑

i=0

∑

[N ]∈Gm
Lm(N,i)>0

F i
N +

∑

[N ]∈Gm
Lm(N,d+1)>0

qhN
d+1−1 · FN

1

−
∑

[N ]∈Gm

δ̄hN
d ,hN

d+1
· F 0

N − δ̄hN
d+1,hN

d+2
· q · FN

1

is trivial (cf. Theorem 3.5). Thus, (q−1)θHm/K,T acts on Pic0(Hm) as
∑

[N ]∈Gm
σN .

Bearing in mind Proposition 2.2, we calculate the function that makes this Weil
divisor linearly trivial.
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Let us consider the diagram

C
T∞ ��

Id−F+∞
��

Pic0
C(	 C)

Id−F

��
C

T∞ �� Pic0
C(	 C),

where T∞(x) = x − ∞. C is a fine moduli for the elliptic sheaves of rank 1.
Let us denote by (L, i, t) a universal elliptic sheaf. Let us consider (L, i, t) :=
(L, i, t)|Spec(K) and s1, s2 and s̄1, s̄2 a basis of global sections for L(2) and L∨(2),
respectively, such that s1 and s̄1 are sections of L(1) and L∨(1), respectively. We
denote by pij : C × C × C → C × C the natural projections and

∪ : H0(p∗12L(i)) ⊗ H0(p∗13L
∨(j)) → H0(p∗12L ⊗OC⊗K⊗K p∗13L

∨(i + j))

the cup product.

Lemma 3.7. There exists an open subset U ⊆ Spec(K ⊗ K) where

(p∗12s1 ∪ p∗13s̄1)U , (p∗12s2 ∪ p∗13s̄1)U , (p∗12s1 ∪ p∗13s̄2)U

is a basis for H0(C × U, p∗12L ⊗OC⊗K⊗K p∗13L
∨(3)).

Proof. Let us consider the elliptic sheaves given by (OC , i, t) and (OC(∞−x), i, t),
i = t being the natural inclusions. 2∞ − xy is linearly equivalent to y ∈ C. We
consider H0(OC(2∞)) = 〈1, f2〉 and H0(OC(y + ∞)) = 〈1, e〉, e, f2 ∈ K. One
checks that 1 ∪ 1, 1 ∪ f2, e ∪ 1 is a basis for H0(OC(y + 2∞)).

We are finished, because these elliptic sheaves give a rational point (z1, z2) ∈
C × C and hence p∗12L|(z1,z2) = OC(∞ − x) and p∗13L∨

|(z1,z2)
= OC , and by using

the Grauert theorems the OC×C -module

p23∗(p∗12L ⊗OC×C×C p∗13L∨)(3)
p23∗p∗12L(2) ∪ p23∗p∗13L∨(1) + p23∗p∗12L(1) ∪ p23∗p∗13L∨(2)

is zero over an open neighbourhood of (z1, z2). �

The following lemma is deduced from [Dr], [Mu].

Lemma 3.8. dimKH0(C ⊗ K, L(h)) = h (h ≥ 0) and if H0(C ⊗ K, L(1)) = 〈s1〉,
then {s1, t(F#s1), · · · ,

h−1

t(F# · · · t(F#s1) · · · )} is a basis for H0(C ⊗ K, L(h)).

If Γ is the pull-back of the diagonal divisor via the morphism

Id × (Id − F + ∞) : Spec(K)× C → C × C,

then L(1) 	 OC⊗K(Γ). In this way, L∨(1) 	 OC⊗K(2)(−Γ). Let s1 be the unique,
up to constants, global section on L(1) over C ⊗ K. Therefore, div(s1) = Γ. Let

sh be the global section on L(h) defined by
h−1

t(F# · · · t(F#s1) · · · ).
Now let us calculate s̄1, s̄2. By considering s1 = 1, we bear in mind the isomor-

phism ρ : L∨(1) 	 OC⊗K(2)(−Γ) given by L(1) 	 OC⊗K(Γ). Therefore, ρ(s̄1) = u
and u = λ + µ · f2 ⊗ 1, with f2 ∈ H0(OC(2)). λ, µ ∈ K are obtained such that via
the epimorphism

OC⊗K → OC⊗K(2)/OC⊗K(−Γ),
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λ + µ · f2 ⊗ 1 is 0. In this way, we can take µ = 1 and λ = −1⊗ f ′
2; f ′

2 denotes the
value of f2 via the morphism Id − F + ∞. By choosing f3 ∈ H0(OC(3)), one can
calculate s̄2 analogously.

We use the same notation for the pull-back of sections “sh” and s̄1, s̄2 to C⊗Hm.
By [Al] (Remark 3.1) we have that

gm(sh) = νqh−1

1 + νqh−1

2 tx + · · · + νqh−1

d+1 tdx ∈ Hm[tx]/td+1
x .

νj is an mj
x-torsion element for the A-elliptic module, associated with the elliptic

sheaf (L, i, t), now considered on Hm to obtain a level structure gm; cf. [Dr], [Mu].
We have a commutative diagram

L ⊗OC⊗Hm
L∨(3) ∼ ��

gm⊗g∨
m(3)

��

OC(3) ⊗ Hm

π


�������������

Hm[tx]/td+1
x

with π being the natural epimorphism OC(3) → Fq[tx]/td+1
x . Therefore, we have

g∨m(s̄1).gm(s1) = π(f2) − f ′
2 and g∨m(s̄2).gm(s1) = π(f3) − f ′

3

in the ring Hm[tx]/td+1
x . Thus, we can obtain g∨m(s̄1) and g∨m(s̄2) as elements in

Hm[tx]/td+1
x .

Bearing in mind Lemma 3.7,

(p∗12s1 ∪ p∗13s̄1)U , (p∗12s2 ∪ p∗13s̄1)U , (p∗12s1 ∪ p∗13s̄2)U , · · · , (p∗12sd−1 ∪ p∗13s̄2)U

is a basis for H0(C×U, p∗12L⊗OC⊗K⊗K p∗13L
∨(d+1)). By using Proposition 2.2, if we

denote sm
k = gm(sk)⊗1 and s̄m

k = 1⊗ g∨m(s̄k) as elements within Hm ⊗Hm[tx]/td+1
x ,

then

b1
U = det((sm

1 · s̄m
1 ), (sm

2 · s̄m
1 ), (sm

1 · s̄m
2 ), (sm

2 · s̄m
2 ), · · · , (sm

d−2 · s̄m
2 ), 1) ∈ Hm ⊗ Hm

and

b2
U = det((sm

1 · s̄m
1 ), (sm

2 · s̄m
1 ), (sm

1 · s̄m
2 ), · · · , (sm

d−2 · s̄m
2 ), (sm

d−1 · s̄m
2 )) ∈ Hm ⊗ Hm.

This determinant is obtained considering in Fq[tx]/td+1
x the basis 1, tx, · · · , tdx.

It should be noted that for each z ∈ Spec(Hm ⊗ Hm), (sm
d−1 · s̄m

2 )z is a global
section of (p∗12L⊗ p∗13L

∨)z(d + 1) but is not a global section of (p∗12L⊗ p∗13L
∨)z(d).

Thus, in Proposition 2.2, η(sm
d−1 · s̄m

2 ) is a unit in Hm ⊗Hm. In this way, D(b1
U/b2

U )
is the trivial Weil divisor given in Theorem 3.5.

For X = P1, explicit calculations are made in [An2], chapter 6, by considering
level structures at ∞.
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