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POLYNOMIAL GAUSS SUMS
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ABSTRACT. A recent bound for exponential sums by Friedlander, Hansen and
Shparlinski is extended to twisted exponential sums with general polynomial
arguments. As a by-product a new result about perfect powers in certain
products of polynomials is established.

1. INTRODUCTION

Denote by Z; the residue ring modulo ¢t and by U; its group of units, that
is, the collection of residue classes which are relatively prime to t. A sequence

Z = (z1,...,27) of T elements from Z; is called K-invariant if K C U, is such
that the sequence kz1,...,kzr, taken modulo ¢, is a permutation of the original
sequence z1, ...,z for each k € K.

For a prime p and an integer a, define the additive character
Y(z) = exp(2miaz/p)

of F,,. We also use x(z) to denote a multiplicative character of F7, extended to the
whole field F,, by setting x(0) = 0. As usual x is said to be of order s if s is the
smallest positive integer for which x* = xo, the trivial multiplicative character. (We
refer to [5] for an exhaustive description of multiplicative and additive characters,
and other important notions of the theory of finite fields.)

Let ¥ be an integer of multiplicative order ¢ > 1 modulo p. Given two polyno-
mials f(X),g(X) € Fp[X] and additive and multiplicative characters ) and x over
F,, we define the twisted exponential sum

(1) Sz(x¥if,9) = Y x(f (97) ¥ (9(97))
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2226 S. D. COHEN ET AL.

over a K-invariant set Z for some set K. (Of course, this sum also depends on
but perhaps the notation is already sufficiently complicated.)

In the special case that f(X) = g(X) = X, if ¥ is a primitive root and Z = U,
this is simply the Gauss sum. Further, when g(X) = X and f(X) = 1, such sums
have been estimated in [2| B]. Here that method is modified to yield bounds for
the more general sums S z(x, ¢; f,g). We remark that when the additive character
influences the sum in a nontrivial way, then these sums can be treated in exactly
the same way as the sums from [2| [3]. However, in the other case, that is, when
either v is trivial or g(X) is constant, one needs to use some new arguments to
establish the applicability of the Weil bound. We anticipate that the ensuing result
(Lemma [I]) may have some other applications.

2. PRELIMINARIES

We start with the following statement which may be of independent interest.

Lemma 1. Let s > 1 be an integer with ged(s,p) = 1. Also, for some m > 1,
let {k1,....km} be a set of m distinct positive integers with ged(kj,p) = 1 for
each j < m and let {dy,...,dn} be a further set of positive integers. Suppose that
f(X) € Fp[X] is a polynomial indivisible by X. We define

m

F(X) =[] r(xt)s.

j=1

If F(X) is an s-th power of a polynomial in F,[X], then there is a factorisation
s = sodo and a polynomial fo(X) € Fp[X] such that f(X) = fo(X)® and dy divides
d; for each j <m.

Proof. The proof proceeds by induction on s. First it is established for s prime,
and then, using induction, for s composite.

Assume first that s is prime. Without loss of generality we can suppose that the
standard decomposition of f(X) in terms of distinct polynomials, irreducible over
F,[X], can be expressed as

T
f(X)ZHfi(X)t"’, 1<t;<s,i=1,...,7,
i=1

and also that 1 < d; < s, 7 =1,...,m. Since the ki, ..., ky, are distinct, we can
also suppose that k1 > ... > k,,. Moreover, let e; be the order of the irreducible
polynomial f;(X), 1 <4 < r. Because polynomials f;(X) are irreducible, this is
also the order of each of the roots of f;, 1 < i < r. We can suppose the latter are
ordered so that e; > ... > e,.

Evidently, the order of any root (or irreducible factor) of f;(X*i), 1 < i < r,
1 <j <m,is a divisor of kje; (that is itself divisible by e;). Certainly it does not
exceed kje;. Now, the result of Butler [1] implies, for example, that the polynomial
f1(X*) has at least one irreducible factor of order kie;/l for each divisor [ of
k1 relatively prime to e;. Take [ = 1 to deduce the existence of an irreducible
factor g(X) of fi(X*) of order precisely kie; > kje;, i > 1, j > 1. Further,
fi(XF), o f.(XF) are pairwise relatively prime (since fi, ..., f, are). It follows
that the irreducible polynomial g(X) is not a factor of any polynomial f;(X"/)
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except f1(X*1). Accordingly, g appears in the product I with precise multiplicity
t1dy, and this is indivisible by s. The result for s prime follows.

Now suppose s is composite. Let sg be the maximal divisor of s such that
F(X) = fo(X)%, fo(X) € Fp[X]. We can assume sg # s (otherwise the result is
trivial). Further, if sy > 1, we can use induction applied to fo with s replaced by
s/sp to obtain the result. Hence we can suppose sg = 1.

Next, suppose dy = ged(dy, ..., dm,s) > 1. If dy = s, then again the result is
trivial. Further, if 1 < dy < s, we replace s by s/dy and each d; by d;/dy. Apply
induction to conclude that F' cannot be an s-th power.

Consequently, we may suppose sg = dg = 1. Now take any prime divisor [ of
s and set w = s/l. Thus 1 < w < s (since s is composite). Trivially, f(X) =
g(X)" for some polynomial g(X) € F,[X] and an integer u|w, only if u = 1, and

ged(dy, ... dm, w) =1 (since the corresponding assertions hold for s instead of w).
By induction, with s replaced by w, F' cannot be a w-th power and therefore cannot
be an s-th power. ([

We now recall Lemma 2 from [2].

Lemma 2. Suppose that I C U, is a set of cardinality | K| = K. Then, for any
fized 6 > 0 and any integer h > t° there exists an integer r € Uy such that the

congruence
rk=y (mod t), ke K, 0<y<h-1,
has h
L.(h) > -

solutions, where the implied constant depends on §.

We also need the Weil bound for character sums (see Theorem 3 of Chapter 6
of H]).

Lemma 3. Let F(X) be a non-zero rational function over Fy, of degree m and let
G(X) be polynomial over I, of degree n. Let x be a multiplicative character of I,
of order s > 1 and let ¢ be an additive character of F,. Assume that at least one
of the following holds:
e cither x is nmon-trivial and F is not an s-th power of a rational function
over the algebraic closure of IFp;
e or 1 is non-trivial and G is not constant modulo p.

Then

S (P @)(G@)| < (m+n—1)pH2

€Ly

3. MAIN RESULTS

The following bound! is our main result. It provides a direct generalization of
Lemma 4 from [2].

Theorem 4. Let Z = (z1,...,2r) be a K-invariant sequence of elements of Z;
with respect to the set K C Uy of cardinality K = |K| and let N be the number of

LAt the risk of stating the obvious we mention that, by an expression such as N1/21’7 we mean
N1/(2¥) and not N¥/2.
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solutions of the congruence zg = z, (mod t), 1 < €,r <T. Let f(X) and g(X) be
two polynomials over F,, each of degree at most D. Assume that at least one of the
following holds:

e cither the multiplicative character x is non-trivial of order s and f is not
an s-th power of a rational function over the algebraic closure of Fp;
e or v is non-trivial and g is not constant modulo p.

Ift > p'/?*e then for any integer v > 1 the bound
|SZ(X7w, f7 g)| < Dl/ZVNl/ZuTl—l/uK—1/2(1/+1)t1/2up1/4(u+1)
holds, where the implied constant depends on € and v.

Proof. Fix some € > 0 and put
h— [tK—y/(u+1)p—1/2(y+1)] .

In this case

h > tl/(u+1)p71/2(u+1) > pE/(VJrl)’

thus Lemma [2 applies.

We select 7 as in Lemma 2l Let £ denote the subset of K which satisfies the
corresponding congruence and let L = | L].

Define Q(z) as the number of elements z € Z with z = z (mod t). Note that

> Q@)=T

TELy

and

Z Q(z)* = N.

TELy

We also have Q(kz) = Q(z) for any k € K since repetitions in Z are preserved
under the permutation of Z generated by multiplication by k € K. Therefore

Sz(uvifg) = 3 X (F W) (g (97))

Z2s€EZ

= > Q)X (f (@) v(g(¥))

T €Lyt

_ % 3 QUex)x (f (9%)) v (g (9%))

k€ L x€ly

= 23 Y QX () v (s ()

ke L €7y

= 230 XX (9)) 6 (g (94))

€Ly ke L
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Two applications of the Holder inequality yield
S 2(06 93 £, 9) >

<L‘2”<ZQ

TELt

DX (f () v (g (9™))

ke L

;

S (1 (04)) (g w'”))\)

TE€Lyt ke L
<L) Q@) <Z QW) D2 x(F () v (9 (0%))
TELyt T €Lyt c€Zs |kE L
QVNTQV 2 Z Z ﬁkx)) w (g (ﬁkx))
r€ZLy |kE L

Let d = (p—1)/t. Then for each power V%, x € Z;, there exist precisely d values
of z € U, such that ¥* = 2¢ (mod p). Therefore,

D

T €Lyt

2v

> x(F (@) v (g (9))

ke L

— g1 Z

zEUp

<d')

2ELp

2v

2ox () v (e (=)

ke L

2v

dJ

xZX(ﬁfzdkL

Z€EZ i=1

Do x(F (") v (9 (™)
<Y Y

ke L
v .
) (S o)
i=1
Jiyesjv€ LK1, kvEL

Y Y
S (T5 ) ¢ (St o).

1o g € LK1,k €
z€EZL

because ged(r, t) = 1.

We need to bound the inner sum. For those configurations where each of the
integers (k1,...,ky,j1,...,Jv) occurs at least twice, we shall use the trivial bound.
This gives a contribution of O(L"p).

The generic situation, where the above does not occur, trivially happens in at
most L?” ways, and for each of these terms we wish to apply Lemma Bl In the case
where we assume the additive character acts non-trivially that bound automatically
applies due to our assumptions about ¥ and g, since in particular we know that
(k1,...,ky) is not a permutation of (ji,...,Jj.).
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In the remaining case the multiplicative character acts non-trivially, due to our
assumptions about x and f. Here, because we know that at least one of the integers
k;, j; occurs with multiplicity one in the configuration, it follows from Lemma [I]
that Lemma [3] applies.

Thus, in either case, each such term gives a contribution of O(Ddhpl/ 2). Hence

ISz06: f9)l < L7d 'NT*? (L”p+ L2”Ddhp1/2>
< NT?72 (L*”t+ thl/z) .

Therefore Sz(x,¥; f,g) < NY2TI=Vv (L=121/2v 4 p1/2v Dl/2vpl/av) — Basic
manipulations and Lemma[2 yield the desired result. O

4. APPLICATIONS

There are many examples of specific sequences Z to which Theorem [ applies.
We provide bounds for the same sequences considered in [2]. In particular, for an
integer n > 2 and A € U; of multiplicative order T" modulo ¢, we define

Sabevifig) = Sox(£(o7)) v (9 (v7")).

xELt

Sn0Gvifg) = Y x (f (19”">) ¢ (g (19’”)) :

Ur(x,¥; f,9) = i:X(f(ﬁAw))w(g(ﬁv))'

For these sequences one now derives from Theorem H complete analogues of
Theorems 6, 7 and 8 of [2] which for the sake of completeness we now formulate in
the following form.

Theorem 5. Let f(X) and g(X) be two polynomials over F,, each of degree at most
D. Assume that at least one of the following holds:

e cither the multiplicative character x is non-trivial of order s and f is not
an s-th power of a rational function over the algebraic closure of Fp;
e or 1 is non-trivial and g is not constant modulo p.

Let n > 2 and let A € Uy be of multiplicative order T modulo t. Then for any
integer v > 1, the following bounds hold:
Su(x, 0 fr9) < #¥/4p/Ete,

y 3/4pL/8te if n =2 ort is cube-free,
Sul i fr9) < { tloampa(n)/2te  otherwise,

(]}\(><7,¢);‘]¢~7 g) < Tl_(2u+1)/QV(V+1)t1/2Vp1/4(V+1),

where a(n) is given by

_ [n/2] -1
o) = R

and the implied constant depends on € and v.
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