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ABSTRACT. We study a class of orthonormal exponential bases for the space
L2[0,1] and introduce the concept of spectral sequences. We characterize
piecewise linear spectral sequences with the knot at 1/2 and investigate the
non-continuity of the piecewise linear spectral sequences. From a special con-
struction of a piecewise constant spectral sequence, the classical Walsh system
is recovered.

1. INTRODUCTION

The classical Fourier functions F := {e,, : n € Z}, where Z :={...,-1,0,1,...}
and e, (t) := 2™t € I := [0,1], form an orthonormal basis for the space L?(I).
This basis plays an important role in many areas of mathematics and engineering.
However, since the Fourier basis functions have constant frequencies, it has serious
limitations in some applications. In particular, when a signal is non-linear and non-
stationary, the classical Fourier basis does not give a satisfactory representation of
such a signal [4]. Finding a better basis has been a main research subject in har-
monic analysis, approximation theory and signal analysis, such as window Fourier
bases, Gabor bases, wavelet bases (cf., [2, Bl 6] 00]) and intrinsic mode functions
recently studied in [T} 4].

The main purpose of this paper is to study a class of orthonormal exponential
bases having non-constant frequencies. Specifically, we develop orthonormal bases

(1.1) fn =€ neZ,

for L2(I), where the frequency functions g,, are piecewise linear on I. We anticipate
that the non-constant frequency functions g, will allow us to better represent cer-
tain signals. In fact, as we will show in the last section of this paper, when g,, are
chosen as some piecewise constant functions, the basis f,,, n € Z, turns out to be
the well-known Walsh system (cf., [§]). In other words, the classical Walsh system
is an orthonormal exponential basis having piecewise constant frequency functions.
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2298 YOUMING LIU AND YUESHENG XU

Therefore, these bases unify the classical Fourier basis and the Walsh system, as
well as many other interesting bases.

We now introduce the concept of spectral sequences. A sequence of real-valued
functions g, n € Z, defined on I, is called a spectral sequence of I if the exponential
function system f,, n € Z, defined by (LI) in terms of g,, is an orthonormal basis
for L?(I). In some sense, the notion of spectral sequences is a generalization of the
spectral sets, which attracted significant attention in recent years (see, for example,
[5, 9] and the references cited therein).

We organize this paper into five sections. In Section 2, we describe two classes
of piecewise linear spectral sequences. We establish in Section 3 characterizations
of piecewise linear spectral sequences with the knot at 1/2. Can we construct
continuous non-trivial piecewise linear spectral sequences? We answer this question
in Section 4 by providing a negative result. In Section 5, we construct a special
piecewise constant spectral sequence and identify it with the classical Walsh system.

2. TWO CONSTRUCTIONS

We describe two constructions of piecewise linear spectral sequences g, with the
knot at 1/2. We first present a simple technical lemma that will be used frequently
in this paper.

Lemma 2.1. Let ¢ € R be a fized number. For any o € Z, let I(a,c) =
1,
fcc+2 e?matdt. Then, the integral I(a,c) = 0 if and only if a € 2Z\{0}.

2miac

Proof. A direct computation confirms that I(a,c) = £ (e — 1), for a # 0,

2mia
from which this lemma follows. O

Throughout this paper, we are interested in frequency functions having the form

~ ant+b,, te]0,0),
(21) gn(t) - { Cnt+dn, te [9a 1];

where a,,, by, cn,d, € R and 6 € (0,1). These frequency functions define basis
functions f,, by equation ([TI).
Next, we present two classes of spectral sequences having the form given by (Z1I)
in which a,, = ¢,, and § = 1/2. The first class takes the form that
(2.2)
[ 2nt+b,, te]0,3), [ 2nt+by, telo,3),
gan(t) { Int+dn, te€ [%,Zi], and gon41(t) { ot +d, + 3, te [%,ﬁ].

Our first theorem ensures that the set of functions g,, n € Z, is a spectral
sequence.

Theorem 2.2. If g,, n € Z is defined by [Z2), then it is a spectral sequence of I.

Proof. We prove that the corresponding system f,,, n € Z, is an orthonormal basis
for L?(I). The orthonormality of the functions f,, n € Z, follows directly from
I1(2n,0) =0 and I(2n,1/2) = 0 for each n € Z\{0}, which are ensured by Lemma
2.1.

It remains to prove the completeness of the system. To do this, we assume that
f € L*(I) such that

(2.3) (f,fn)y =0, forall ne Z,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PIECEWISE LINEAR SPECTRAL SEQUENCES 2299

and we wish to show that f = 0. Using assumption (23)) and the definition of

gn, it can be verified that [? f(t)e > dt = 0 and fll f(t)e 2™ gt = 0. By
2

changes of variables, we obtain that for each n € Z,

1 n ) 2 t .
(2.4) / f (—) e~ 2™t g — (0 and / f <—> e~ Zmint g — ().
0 2 1 2

Since the system e, n € Z, forms an orthonormal basis for both spaces L?(I) and
L?[1,2], it follows from (Z4) that f = 0. O

Next, we study systems f,, n € Z, associated with a different choice of exponents
gn. Specifically, for a,,b, € R and for a fixed ¢ € R, we set
(2n + ¢)t + by, tel0,1),
(2n+ o)t + b, + 155, te[3,1).
The next theorem ensures that g,, n € Z, defined by (23] is a spectral sequence
of I.

Theorem 2.3. If g,, n € Z, is defined by (2.3), then it is a spectral sequence of I.

(2.5)  gon(t) :==2nt+a, and gony1(t) = {

Proof. Again, by using Lemma 2.1, it can be easily verified that the functions f,
associated with the exponents g, defined by equations (2.5) are orthonormal on
interval I.

To prove the completeness of the system, we let f € L%(I) satisfy (Z.3). A simple
computation leads to the equation (f, f2,) = e~ 2™ (f e3,). Now let ¢, denote
the Fourier coefficients of function f, i.e., ¢, := (f,e,), n € Z. Thus, 23) and
the equation above imply that ¢y, = 0 for all n € Z. The Fourier series of f then
becomes f = ZnEZ Con+1€2n+1, Which, with the well-known Carleson theorem,

imphes that
f (t+ %) = Z C2n+1e*2wi(2n+1)(t+%)

nez

—ir(2n+1) _

for almost every ¢t € I. Using the simple fact that e —1, we derive from

the last formula that for almost every ¢t € I

(2. r(t+3)=-ro.

On the other hand, by the definition of g2,41 we conclude that

1—

3 , 1 , .
(2.7)  (f, fon+1) :/ f(t)e_Qm[(QnJrc)Hb"]dt+/ f(t)em2milCnte)tbnt 55l gy,
0 3

In the second term, we replace variable ¢ by ¢ 4+ 1/2 and it reduces to

1

(2.8) [ (1 ) eremtemans s g
0

_ _e—2wibn /5 f (t + %) e—27ri(2n+c)tdt.
0

Substituting equations (Z8) and Z8) into (ZX) we conclude that (f, fant1) =
. 1 .
2e~2mibn [2 f(t)e~ 22+t Tt follows from this equation and (Z3) that

Lr¢
/ s (—) e—2mil )t gy — .
O 2
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We introduce a new function defined by f(t) = f (%) e~2m3t t ¢ I, and conclude

from the completeness of the classical Fourier basis and from the fact that fe L)
that f =0 on /. Thus, f = 0 on [0, 3]. Again, by (Z8), we have f = 0 on I. This
completes the proof. O

We remark that these two classes of bases include the classical Fourier basis as a
special case. In fact, if we choose a,, = b, =0 and ¢ =1 in (Z3), then the classical
Fourier basis e,, is recovered.

To close this section, we consider the construction of real trigonometric bases
with non-constant frequency functions. The classical Fourier basis e,, n € Z, has
its real trigonometric polynomial bases for L?(I). We are interested in the question
of whether the two families of exponential bases constructed in this section have
their real trigonometric counterparts which form bases for space L?(I). We shall
show that the real trigonometric form of the first family forms a basis for L2(I) but
that of the second family does not in general. Given a sequence of functions g,
n € Z, we define their real trigonometric form T,, by

(2.9) To(t) :==1, Tan_1(t) :=V2sin2mg,(t),
Ton(t) := V2cos2mg,(t), neN:={1,2,...}.

Theorem 2.4. Let g, n € Z, be defined by [22). Then, the system T,,, n € Ny :=
NU {0}, defined by (Z3), forms an orthonormal basis for L*(I).

Proof. Using the definition of the functions g,, it is easy to verify that for each
n € Ng, T}, is normal. The orthogonality of T, follows from the fact that for any
¢,d € R and n € N the following equations hold:
c+%
/ cos2m(2nt + d)dt = 0
and

c+%
/ sin 27 (2nt + d)dt = 0.

To show the completeness of T;,, n € Ny, we assume that fol f(t) cos2mga, (t)dt =
0 and fol f(t)cos2mgani1(t)dt = 0 for f € L?(I). These with the definition of g,

imply that
1/2 1
(2.10) f(t) cos2m(2nt + by,)dt = f(t) cos2m(2nt + dy,)dt = 0.
0 1/2
Likewise, equations fol f(t)sin2mgan(t)dt = 0 and fol f(t)sin2migan1(t)dt = 0
imply that
1/2 1
(2.11) f(t)sin 27 (2nt + by, )dt = f(t)sin2m(2nt + d,,)dt = 0.
0 1/2

On the other hand, we note that the classical system 1, cos 2mnt, sin 27mnt,n € N, is
complete in the space L%[a, a+1] for any o € R. Hence, system 1, cos 4mnt, sin 47nt,
n € N, is complete in the space L%[a, a + 1/2]. Furthermore since for each 3, € R
and n € Z, there hold the formulas

cos4dmnt = cos(2m(3,) cos 2w (2nt + By,) + sin(275,,) sin 27w (2nt + B,,)
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and
sindmnt = cos(2n(3,) sin 27(2nt + (3,) — sin(273,) cos 2w (2nt + By,).

We conclude that 1,cos2m(2nt + (), sin 2w (2nt + 5,,), n € N, is complete in the
space L2[a, a + 1/2]. Therefore, by this argument with @I0) and @II), we find
that f = 0 on both [0,1/2] and [1/2,1]. Finally, we conclude that f = 0 and the
completeness is proved. ([

In the next theorem, we show that if the trigonometric system T, n € Ny, is
constructed in terms of the frequency functions g, defined by ([2.3)), the system is
not orthogonal in general.

Theorem 2.5. Let g,, n € N, be the sequence of functions defined by (ZH). Then,
the system T,,, n € Ny, is not orthogonal unless ¢ € Z.

Proof. 1t suffices to show that T, with ga,,41, n € Ny is not orthogonal unless ¢ € Z.
For n,m € N with n # m, it can be verified that (cos2mga,+1,c0827g2m+1) = 0
only if c € Z. O

3. CHARACTERIZATIONS

In the last section, we present two constructions of piecewise linear spectral
sequences g,, n € Z, with the knot at the half. Our next task is to investigate
necessary and sufficient conditions on such a piecewise linear spectral sequence.
We need the following technical lemma for the proof of necessary conditions.

Lemma 3.1. Suppose that g,, n € Z, defined by (21) with an,c, € 2Z and
0 = 1/2 is a spectral sequence. For each p € 2Z, let A, :={n € Z : a,, = p} and
Cp:={ne Z:c,=p}. Then, the cardinality #A, = #C, = 2.

Proof. By hypotheses, f,, n € Z, is an orthonormal basis for L(I). We then have
the Parseval identity, i.e., for any f € L?(I),
2 1
— [ 1rwpe
0

(3.1) >
nez

In particular, for any p € 2Z, we choose f(t) := ezﬂptx[o,%](t), t € I, where x4

denotes the characteristic function of set A and identity reduces to

(3.2) >

nez

1
/ Ft)e?mio (gt
0

1

/E 627Ti(a"7p)tdt
0

Noting that a, € 2Z,p € 2Z and a, — p € 2Z, by using Lemma 2.1, we conclude
that

1

2 .
53 [} e [0ty
0

2 An = P-

It follows from (B:2)) and (B3) that #.A4, = 2.
Likewise, if for any p € 2Z we choose f(t) := ezﬂptx[l @), t € I, in (BI)), we
conclude that #C, = 2. O
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We now consider our first case and set

L ant+bn; te [0’%)’
(3.4) gn(t) = { ant +dy, te€[3,1],

where a,,, b,, d, € R. Note that given real-valued functions g,,, the system e?™9n

n € Z, constitutes an orthonormal basis of L2(I) if and only if e2milgn—90) p e 7.
does. Without loss of generality, we will assume go = 0 in our discussion.

The following theorem shows that the two constructions presented in Section 2
are essentially all that we can have, if we assume that g, has the form given in

B4).

Theorem 3.2. Suppose that g,, n € Z, are defined by B4) and let G :={g, :n €
Z}. Then, gn, n € Z, is a spectral sequence of I if and only if G = {un,,v, : n € Z},
where u, and v,, n € Z, are defined by
(3.5)

[ 2nt+b,, te€0,3), [ @n+ot+b, telo,
n(t) i= { SR A e T RORSS B B A

with by, dn, bl,, di, and ¢ satisfying one of the following conditions:
(i) (b — b)) — (dn —d)) € Z+ 5 and c = 0.
(ii) by —dn € Z, b, — d), € Z+ 155, and c € R\2Z.

Proof. The sufficient condition is proved by a similar argument used in the proof
of Theorems 2.2 and 2.3.

We now prove the necessary condition. Because the system f,, n € Z, is an
orthonormal basis for L?(I) and go = 0, we have that (f,, fo) = 0, for n € Z\ {0}.
Using (B.4), we conclude for n € Z\{0} that foé eQﬂ(ang")dt—i—f%l e?milanttdn) gy —
0. Thus, (€27 + 273 +dn)) I(a,,,0) = 0. This implies that either I(a,,0) = 0,
which by Lemma 2.1 is equivalent to a, € 2Z\{0}, or > 4 2mi(F+dn) —
which is equivalent to d,, € Z — %+ + b, + %

Associated with sequence a,,, we introduce two sets of exponent functions G1 =:
{gn € G : a, € 2Z} and Gy = {gnéG:an¢22,dn62—%+bn+%}. We
observe that G = G; U G2 and G1 # 0 due to gy € G1.

If Gy = 0, then G = G; and by Lemma 3.1, for each p € 27, #A4, = 2. In
this case, we define the set G by (3.) with ¢ = 0. By the hypothesis of this
theorem, we have that for n € Z, <62”“"('),62””"(')> = 0. On the other hand,
by using [B5) with ¢ = 0, a direct computation leads to <62”i“"('),62”"“"(')> =
%[eQﬂ(b’l_b;l) + e2mildn=d)] Hence, 2 (0n—bn) 4 2mi(dn—dn) — () and thus we have
that (b, — b)) — (dn — d,) € Z + 3, which is condition (i).

If Go # 0, fixed g, € Ga, then for each g, € G1, we have that a,, € 27, a, € 27
and d,, € Z — % + b, + % Furthermore we have

(3.6)
1 1 1

/ eQﬂ'i(gm(t)—gn(t))dt — / 627ri[(am—an)t-l—(bm—bn)]dt+/ eQwi[(am—an)t+(dm—dn)]dt.
0 0 1

Since a,, € 2Z and d,, € Z — G- + b, + %, the second term in the right-hand side
of (B6) becomes

1

2 y Am —Aan — ; —
/ e2millam—an)tH Smg o d—d )] gy 2mildn=ba) (g _ g 0).
0
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Hence, it follows from formula (3.6]) and the hypothesis for the spectral sequence
that [e2™i(bm—bn) _ 27ildm=b)1](q,, — a,,0) = 0.

Again, since a,, € 27, a,, € 27, we have that a,, —a,, € 27 and thus, by Lemma
2.1, I(ay, —an,0) # 0. Thus, e?7m = ¢2™idm  This is equivalent to b,, —d,, € Z for
each g, € G1. By the definition of Gy, we have that G = {g, : an, € 2Z,b, —d,, €
Z}. Tt follows from this equation that for each n € Z, ¢*™("+1t is orthogonal
to e2m9m(t) for every g, € Gi. Hence, we conclude that G contains infinitely
many elements. Now for fixed g; € G2 and for every g, € G2 with n # [, because
dn € Z — % + by + % and d € Z — % + b + %, the orthogonality of f,, and f;
implies 2¢2™*(»=b)[(q,, — a;,0) = 0. This ensures that I(a, — a;,0) = 0, which,
by Lemma 2.1, is equivalent to a,, — a; € 22\{0}. Consequently, a,, € 2Z + ¢ with
¢ =:a; € R\2Z for each n € Z3. Recalling the definition of G2, we obtain that

1_
(3.7) G25={gnEGianEQZ+C,dneZ+bn+ 20}.

The desired condition (ii) follows from (3.8) and (3.9). O

In previous cases, the functions g, are defined in the way that a,, = ¢,,. It is easy
to construct examples in which a,, # ¢,. Note that for any real valued function g,
gn + G, n € Z, is a spectral sequence of [ if and only if g, n € Z, is. For example,

if we choose )

~ o at, te [0, 5),

g(t) = { 2+, teli ],
with those g,, constructed in the last two sections, we can construct many orthonor-
mal bases f,, n € Z, for L2(I). To study this general case, we consider the form

[ apt+b,, te]0,3),

(38) gn(t) = { eat +dn, L€ [L,1]
Theorem 3.3. Suppose that g,, n € Z, is defined by BE) with go = 0, a; = 0,
and let G :={gn :n € Z}. Then gn, n € Z, is a spectral sequence of I if and only
if G = {un,v, :n € Z}, where uy, vy, are defined by

[ 2nt+b,, te]0,3), _f 2nt+0, te0,3),
(3.9) “"(t){andn, teba, W=\ cerd, tebi)

with constants by, ¢y, dy, bl, and d), satisfying the conditions that {c, :n € Z} =
27, ¢y # Cm for n#m and (b, —d},) — (b, — dn) € Z + 5.

Proof. We first prove the sufficiency. Due to (3.9) the orthogonality of e>7%un,
e?™n n € Z, follows from Lemma 2.1 with the assumption {c, : n € Z} = 27,
Cn # ¢m for n # m. The proof of the completeness for the system is similar to The-
orem 2.2. Suppose that <f, 62’”“"> = <f, 62””"> =0,n € Z, and we wish to derive
f = 0. In fact, by (33), we have that 27 A, + e2™n B, = () and > A,, +
e2™idy B = 0, where A, := ]‘0% f(t)e 2274t and B, := fél f(t)e 2mientdt, Be-
cause of the given assumption (b, — d},) — (b, — dn) € Z + 3, the second equa-
tion reduces to eQWi[d;z+(b’l_d’l)+%]An +e2mdn B =0 or equivalently, —e?™%n A, +
e?mid, B = (). Combining this with the first equation, we obtain that A,, = B,, = 0.
Since {¢,, : n € Z} = 2Z, we conclude that f = 0.

Now, we prove the necessity. Since f,, n € Z, is an orthonormal basis of
L3(I), for f € L?(I) we have the Parseval identity (3I). In particular, we choose
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[ = Xo,1)> the characteristic function on the interval [0, 1] in (ZI). Note that the
PR PR
hypotheses go = 0 and a; = 0 imply ‘f(f 62m(a0t+b0)dt‘ = % and ‘f(f 62m(a1t+b1)dt‘

2
= 1. Hence, in this case, identity () reduces to Y oneZn01 ‘foé eQ’Ti(angn)‘ =
0. That is, I(a,,0) = 0, for n € Z\ {0,1}. It follows from Lemma 2.1 that
an € 2Z\{0} for n € Z\{0,1}. By go = 0, the last equation and the orthogonality
of f,, n € Z, we obtain that

i 1
<e27rign(15)7 eQﬂ'igg(t)> :/2 627ri(ant+bn)dt +/ e27ri(cnt+dn)dt
0 3
1
:/ eZﬂ'i(cntern)dt = 0.
3
Furthermore, we have that I(c,,1/2) = 0, for n € Z \ {0,1}. Again, by Lemma
2.1, this implies that ¢, € 22\{0} for n € Z\ {0,1}.
Next we prove ¢ € 2Z. Since az € 2Z\{0} and a; = 0, we have that

-

/5 eQwi[(ag—al)t+(b3—b1)]dt _ O7
0
by Lemma 2.1. Using the orthogonality of f,, n € Z, we conclude that

1
/ e2mil(ca—e)t+(ds—dv)] g — ().
1

2
This is equivalent to ¢5 — ¢y € 2Z\{0}, due to Lemma 2.1. Moreover, since c3 € 27,
we have that ¢; € 27.

Summarizing the discussion above with the assumption that gg = 0, we conclude
that a,,c, € 27, for n € Z. Moreover, it follows from Lemma 3.1 that #.A4, =
#Cp = 2, for each p € 2Z. Therefore, we can assume that G = {up,v, : n € Z},
where u,, is as defined in (B3) and v, is as defined in (B3] with ¢, replaced by ¢/,
and with ¢,, ¢/, € 2Z. Note that ¢, — ¢, € 2Z and

1 Cn = C/

—c — 2 n?
(3.10) I(ey, —c,,1/2) { 0, cnto.
Again, by the orthogonality of f,,, n € Z, we obtain that
1 , / ; /
5e27rz(bnfbn) + 627”(d"7d")_[(0n . C/n’ 1/2) —0.
Consequently, we must have that I(c, — ¢},,1/2) # 0. Employing (BI0) we find
that ¢, = ¢/,. In this case, equation implies that e2™i(bn=07) 4 e2mi(dn—d;) — ()
and hence, (b, —d.,) — (b, —dn) € Z + 3.

For n # m, by assumption, <62”“" , 62”“’"> = 0. Using the definition of function
Un, we have that

(311) <627T’iun , 627rivn> _

1

1 1
. . 2 . .
<e2mun762mum> _ / e2mil(2n—2m)t+(bn —bm)] / e2mil(cn—em)t+(dn—dm)]
0 3

By Lemma 2.1, we see that the first integral in the right-hand side of the above
equation vanishes. Therefore, by this equation and our assumption, we obtain that
e?mildn=dm) (¢, — ¢;,,1/2) = 0, from which we conclude that ¢, # ¢, again by
Lemma 2.1. O
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4. NON-CONTINUITY OF SPECTRAL SEQUENCES

We will prove in this section that the spectral sequences g,, n € Z, of form (2.1),
cannot be continuous except for the classical case. We first develop a technical
lemma.

[

Lemma 4.1. For 0 € (0,1) let
0’ 9)’
6,1

_Joat+b, te
g(t){ ct+d, telf,1]
be continuous and assume that fol 29 dt = 0. Then, either a = ¢ or fa € Z,
(1-0)ceZ.

Proof. Note that the continuity of g implies d = (a—c¢)8+0b. Using this relation and

the hypothesis of the lemma, we have that foe e2miat gy 4 g2mila—c)o fel e2mictdt = 0.
We next show that if either a or ¢ is zero, then both of them are zero. To this

end, we suppose a = 0 and ¢ # 0. Integration of the equation above yields that

Comicp €T — 2Tl 1 , 2mi(1—0)c
O+e ‘ = ——[2mich + e —1]=0.
2mic 2mic
However,
127ich 4+ 2™ 170 1| > |27ich — 1] — [ (D¢ = /1 + (27¢h)2 — 1 > 0,

a contradiction. Likewise, ¢ = 0 implies a = 0.
We next consider the case when a # 0 and ¢ # 0. In this case, we have that

2miaf 2mi(a—c)0
e -1 e ; ;
[627rzc o 6271'169] 0.

2mia 2mic

—27ial

Multiplying both sides by 2wiace

C(]. . 6727ria6) _ a[l _ 6271'1‘(179)0]7

, we have that

which is equivalent to

(4.1) ¢(1 — cos2mafl) = a[l — cos27w(1 — 0)c]|
and
(4.2) csin2maf = —asin27(1 — 6)c.

We conclude from (1) that fa € Z if and only if (1 —0)c € Z and from (@2) that
fa € Z/2 if and only if (1 — 0)c € Z/2.

To complete the proof of this lemma, it suffices to prove a = ¢ under the as-
sumptions fa ¢ Z or (1 — 0)c ¢ Z. By the conclusion stated in the last paragraph
we know that fa ¢ Z is equivalent to (1 —0)c € Z. Hence, in the rest of this proof,
we assume that fa ¢ Z. If 0a € £, then fa € £2\Z and (1 — 6)c € £\Z. That is,
both 20a and 2(1 — 0)c are odd integers. Thus, by (@I), a = ¢. If fa € Z/2, then
(1 —0)c & Z/2. Therefore, (A1) and (£2]) imply

¢(l —cos2mad)  all — cos2mw(1 — 0)c]

csin2ral —asin2m(1 —0)c
Now we have tan mafl = — tan (1 — 6)c, which ensures that maf = —7(1 — 0)c+ 7k
with k € Z. Substituting it into (fZ), we conclude that a = ¢ because (1 — 0)c &
Z/2. O
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With this lemma, we are ready to show our main result in this section. To state
the theorem, we define

[ ant+0b,, t€]0,0),
(4.3) gn(t) { S 1)

Theorem 4.2. Suppose that g,, n € Z, defined by ([@E3)) with go = 0 is a contin-
uous spectral sequence of I. Let G := {g, :n € Z}. Then, G = {h, : n € Z} where
hn(t) =nt+b,, tel, neZ.

Proof. According to Lemma 4.1, either a,, = ¢, or fa, € Z, (1 —0)c, € Z. If
apn, = Cpn, then due to the continuity of g, the corresponding g, (t) = ant+b,, t € I.
Now, since go = 0 and for n # 0, (e*™9n, ?mi%0) = fol e?mi9n (1) gt = 0, we have that
ap, € Z. We denote by Z; the collection of all such a,,. Let G1 :={h(t) =lt+e €
G:le Z} and Gy = G\G;. Then, G = G; UGy. It suffices to show Go = (), since
in this case the completeness of {62ﬂ—ih : h € G1} leads to Z; = Z and furthermore
to the desired result.
Suppose g € G2; we would have a contradiction. To see this, we let

_f at+b, te€]0,0),
9(t) = { ct+d, telf 1]
Then, by the definition of G5 and the continuity of g, we see the properties that (i)
a#c, (i) fae Z,(1—0)ce Z, and (iii) d = (a — ¢)§ + b.
We next consider two cases.

Case 1: ¢ € Z;. In this case, we let h(t) = ct + ¢, t € I. Then, h € G;. By
orthogonality, we have that

6 1
(4.4) <62m9, e2”h> = / e2mil(at+b)—(et+e)] gy 4 / p2mil(ct+d)—(ct+e)] gy
0 6

By a direct computation, equation (£4) becomes
2mi(a—c)0 _
p2mi(b—e) € i a -1 + (1= g)e2mitd=o) — )
2mi(a — ¢)
Note that fa € Z implies €27 = 1 and property (iii) implies

eQﬂ'i(dfe) — e27ri[(afc)0+(bfe)].
By using properties (ii) and (iii), the above identity reduces to

2milb—e) g—2mef P p— [1— €™ 4 2mi(1 — 6)(a — lc)] = 0.
From this, we have arrived at 1 — e>™? 4 27i(1 — 6)(a — ¢) = 0. However,

|1 _ 627ri09 4 27”(1 _ 9)(@ — C)| > |1 —+ 27‘(2(1 — 9)(@ — C)| — |627Ti19| > 0,

a contradiction.

Case 2. ¢ &€ Z;. We first show the claim that if [ € Z7, then 16 € Z. If [ = a,
then 10 = fa € Z due to property (ii). If [ # a, define h(t) = It + e,t € I. Note
that ¢ # Z;. Then

2mi(c—1) _ e27ri(cfl)t9

1
2milg()—h(b)] gy — p2milb—e) ¢ 2mi(d—e) © -0
/0 ¢ N 27i(a — 1) e 2mi(c—1) ’

2ni(a—1)0 _ 1
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which by property (iii) reduces to
2mi(a—1)0 2mi(c—1 27i(c—1)60
€ ( )9 — 1 + 6271'1‘((175)06 ( )._ € ( ) = 0.

2mi(a — 1) 2mi(c —1)

—27il0 _

Finally, it follows from property (ii) that £ =) Ly

1 _e—2mild

= = 0. Since a # ¢,
one receives 1 — e~2™0 = (. That is, 1§ € Z. Our claim is proved.

Now we are in the position to receive a contradiction. Let ho = x|o,9). Then, for
each g € Ga, because of property (ii), we have that (hg,e*™9) = foa e2miat+b) gt —
9[01 e?mi(aft4b) gt = 0. Similarly, for each h € Gy, by our claim, (hg,e?™") =

f(f e2milt+b) gy — Hfol e2mil0t+b) gt — 0. But the completeness of fy,, n € Z, implies
ho = 0, which is a contradiction. O

5. A PIECEWISE CONSTANT SPECTRAL SEQUENCE AND THE WALSH SYSTEM

In this section, we will construct a piecewise constant spectral sequence of I.
From this sequence, we recover the classical Walsh system (cf., [6, [7] &]).

Let J, =:{0,1,...,2" — 1}. Then J,, C J,41 for n € Nyg. We now describe the
construction of the piecewise constant spectral sequence g,, n € Ng. Beginning
with go = 0 on the interval I, we define for j € J, recursively

Gontj(t) = 94(); t € [tn2k, tn,2k+1),
+ gi(t) + 3, t € [tn2ks1,tn2kt2)

for j € J,, where t, = %, k= 0,1,...,27" Clearly, g; is well defined for
j € Jp41 and each g,, n € Ny, is a piecewise constant function with the values in
ZU(Z+3).

Theorem 5.1. Let g,, n € Ny, be given as above. Then, g,, n € Ny, is a spectral
sequence of I and f,, n € Ny, is the Walsh system on I.

Proof. We use the induction on n to prove the orthogonality of system f,, n € Ny,
corresponding to g,, n € Ny. That is, we will prove that <627”gj,€27”g"> =0, for

3l e Jy.
We first consider the case n = 1. Since go =0 and g; = %X[%,l}’ it is easy to see
<e27rig0’e27rig1 =0.

We assume that <62’Ti91,62”i9‘> = 0, for 4, € J, and show that it holds for
j,1 € Juy1. Suppose that both j and [ are in J,,+1\J,,. Hence, there exist jo,lo € Jp
such that 7 = 2" + jg and [ = 2" + ly. In this case, using the induction hypothesis,
we have that (€29, e2™i9!) = (2™9j0 2™10) = (. Suppose that j is in J,11\Jn
and [ € J,. Hence, there exists jo € J,, such that j = 2" + j,. Consequently, by
the definition of gan 4 j,, we obtain that

1
<627mgj , e27rzg;,> — / eZﬂ"L(gzn +io 7g;,)dt
0

2" -1 tn,2k+1 . tn,2k+2 ) .
= Z / 627”(910791,)(#4_/ e2mi(950—91+3) gt |

k=0 tn,2k tn,2k+1
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Since on intervals (¢, 2k, tn,2k+1) and (n 2k+1, tn2k+2)s Cjo.l = Gjo (t) — g1(t) has the
same constant value, we have that
2m—1
<62’”9j,62’”91> — Z 2n1+1 (ezm‘chJ _ echjO’l) =0.
k=0
This advances the induction hypothesis and proves the orthogonality.

To show the completeness, we denote by X, the space of the piecewise constants
with the knots at dyadic points %, k=1,2,...,2" — 1. Note that the dimension
of X, is 2". Also, {e*™9i : j € J,} C Xn, #Jn, = 2" and e*™9i, j € J,, are
orthonormal. We then conclude that {e™%i : j € J,} spans X,,. Since {X,, :n €
No} is dense in L2?(I), the completeness follows.

The identification of f,, n € Ny, with the classical Walsh system on [ can be
verified by an induction on n. O
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